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Abstract. This work is dedicated to the study of the Mobius invariant class of 
constrained Willmore surfaces and its symmetries. We define a spectral deformation by 
the action of a loop of flat metric connections; Bdcklund transformations, by applying 
a dressing action; and, in 4-space, Darhoux transformMions, based on the solution of 
a Riccati equation. Wc establish a pcrmutability between spectral deformation and 
Backlund transformation and prove that non-trivial Darboux transformation of con- 
strained Willmore surfaces in 4-space can be obtained as a particular case of Backlund 
transformation. All these transformations corresponding to the zero multiplier preserve 
the class of Willmore surfaces. We verify that, for special choices of parameters, both 
spectral deformation and Backlund transformation preserve the class of constrained 
Willmore surfaces admitting a conserved quantity, and, in particular, the class of CMC 
surfaces in 3-dimensional space-form. 
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Introduction 



Among the classes of Riemannian submanifolds, there is that of Willmore surfaces, 
named after T. Willmore |60j (1965), although the topic was mentioned by W. Blaschke 
[4] (1929) and by G. Thomsen [55) (1923). Early in the nineteenth century, S. Germain 
[28], [29] studied elastic surfaces. On her pioneering analysis, she claimed that the 
elastic force of a thin plate is proportional to its mean curvature. Since then, the 
mean curvature remains a key concept in theory of elasticity. In modern literature 
on the elasticity of membranes (see, for example, |37] and [40] ) . a weighted sum of 
the total mean curvature, the total squared mean curvature and the total Gaussian 
curvature is considered the elastic energy of a membrane. By neglecting the total 
mean curvature (by physical considerations) and having in consideration that the total 
Gaussian curvature of compact orientable Riemannian surfaces without boundary is a 
topological invariant, T. Willmore defined the Willmore energy of a compact oriented 
Riemannian surface, without boundary, isometrically immersed in M^, to be 



The Willmore functional "extends" to isometric immersions of compact oriented Rie- 
mannian surfaces in Riemannian manifolds by means of half of the total squared norm 
of the trace-free part of the second fundamental form, which, in fact, amongst surfaces 
in M^, differs from W by the total Gaussian curvature, but still shares then the critical 
points with W. Willmore surfaces are the extremals of the Willmore functional - just 
like harmonic maps are the extremals of the energy functional. 

Conformal invariance motivates us to move from Riemannian to Mobius geometry. 
Our study is a study of geometrical aspects that are invariant under Mobius trans- 
formations, with the exception of the study of constant mean curvature surfaces, in 
Sections 17.2.11 and 18. 2i This work restricts to the study of surfaces conformally im- 
mersed in n-dimensional space-forms with n > 3. It starts with a Mobius description 
of space-forms in the projectivized light-cone, following [10] . Such description is based 
on the model of the conformal n-sphere on the projective space P(£) of the light-cone 
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due to Darboux [2T], which, in particular, yields a conformal description of Euclidean 
n-spaces and hyperbolic n-spaces as submanifolds of P(£). We approach then a surface 
conformally immersed in n-space as a null line subbundle A of M""^^'^ = M x M""*"^'^ 
defining an immersion 

A: M ^ F{C) 

of an oriented surface M, which we provide with the conformal structure induced by 
A, into the projectivized light-cone. The realization of all space-forms as submanifolds 
of the projectivized light-cone arises from the realization, cf. [lOj, of all n-dimensional 
space-forms as connected components of conic sections 

Sv^ := {v £ C: {v,Voo) = -1} 

of the light-cone, with Voc G M"^"'^'^ non-zero. S^^ inherits a positive definite metric of 
constant sectional curvature — (voo^oo) from M"^^'-'^ and is either a copy of a sphere, 
a copy of Euclidean space or two copies of hyperbolic space, according to the sign of 
{voo,Voo)- For each Voo, the canonical projection ir : C ^ F{C) defines a diffeomorphism 

(0.1) 7t\s^^ : S,^ ^ P(£)\P(£ n {vo,)^). 

We provide P(£) with the conformal structure of the metric induced by 7r|5„^, fixing 
Voo time-like, independently of the choice of Voo, and, in this way, identify ¥{£,) with 
the conformal n-sphere and make each diffeomorphism (jO.ip - for a general Voo, not 
necessarily time-like - into a conformal diffeomorphism. 

In this work, we restrict to surfaces A in S"" which are not contained in any sub- 
sphere of 5". Such a surface A defines a surface in any given space- form, by means 
of a lift, whose study is Mobius equivalent to the study of A and which will often be 
considered. Namely, given Voo G M""^^'"*^ non-zero, we have, locally, (ex, foo) / 0, and A 
defines then a local immersion 

cToo ■■= {t^Is.J'^ o a = _i-c7 : M ^ S^^, 

C^j Voo ) 

of M into the space-form S^^- 

Having presented our setup, in Chapter [21 we introduce, following [14| . the central 
sphere congruence, a fundamental construction of Mobius invariant surface geometry 
which will be basic to our study of surfaces. The concept has its origins in the nineteenth 
century with the introduction of the mean curvature sphere of a surface at a point, by S. 
Germain |30] . By the turn of the century, the family of the mean curvature spheres of 
a surface was known as the central sphere congruence, cf. W. Blaschke [4]. Nowadays, 
after R. Bryant's paper [9j, it goes as well by the name conformal Gauss map. The 
central sphere congruence of a surface in n-space, 

5:M^Gr(3,i)(M"+i'i), 
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defines a decomposition 

(0.2) d = V+J\f, 

of the trivial flat connection on M"^^'^ into the sum of a connection P, with respect to 
which S and S-^ are parallel, and a 1-form J\f with values in 5 A S-^ . Explicitly, 

P:=V^ + V^^, M:=d-V, 

for V'^ and V"^^ the connections induced by d on 5" and S""*", respectively. Under the 
standard identification 

S*rGr(3^i)(M"+i'i) ^ Rom{S,S^) ^SaS^, 

of bundles provided with a metric and a connection, we have 

(0.3) dS = Af, 

which establishes a characterization of the harmonicity of S by 

Chapter 4 is dedicated to the class of Willmore surfaces in space-forms and its 
link to the class of harmonic maps into Grassmannian manifolds via the central sphere 
congruence. W. Blaschke [4j established the Mobius invariance of the Willmore energy 
of a surface in spherical 3-space. B.-Y. Chen [18j generalized it to surfaces in constant 
curvature Riemnannian manifolds. We present a manifestly conformally invariant for- 
mulation of the Willmore energy of a surface A in n-dimensional space-form, 

W(A) = i / iMA*M), 

following the definition of energy of the mean curvature sphere congruence of a surface 
in spherical 4-space, presented in [12j . The class of Willmore surfaces in n-space is 
then established as invariant under the group of Mobius transformations of S". As 
immediately established by (jO.Sp . and already known to Blaschke [4] for the particular 
case of spherical 3-space, the Willmore energy of a surface in a space-form coincides 
with the energy of its central sphere congruence. Furthermore, a result by Blaschke [4] 
(for n = 3) and N. Ejiri |27j (for general n) characterizes Willmore surfaces in spherical 
n-space by the harmonicity of the central sphere congruence. Via this characterization, 
the class of Willmore surfaces in space-forms is associated to a class of harmonic maps 
into Grassmannians. This will enable us to apply to this class of surfaces the well- 
developed integrable systems theory of harmonic maps into Grassmannian manifolds, 
with a spectral deformation and Backlund transformations, cf. |54j and [56j . 

In many occasions throughout this work, we use an interpretation of loop group 
theory by F. Burstall and D. Calderbank and produce transformations of surfaces 
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by the action of loops of flat metric connections. Specifically, by replacing the trivial 
flat connection by another flat metric connection d on M"+^'\ we transform (in certain 
cases) a surface A C M""*"^'^ into a d-surface A, or, equivalently, into another surface 
(pA, defined, up to a Mobius transformation, for 

4> : (M"+i'\J) ^ {W'+^'\d) 

an isomorphism of bundles provided with a metric and a connection. Many will be 
the examples in this work of such transformations preserving the geometrical aspects 
of a class, i.e., establishing symmetries of integrable systems. Symmetries of integrable 
systems will arise from other constructions, as well. Throughout this work, by trans- 
formation/deformation of a class of surfaces shall be understood a symmetry of the 
system, i.e., a transformation/deformation of the surfaces in the class into new ones 
(possibly isomorphic) still in the class. 

Chapter 3 is introductory of the idea of a surface under change of flat metric 
connection. A first example, due to F. Burstall and D. Calderbank of a symmetry 
of an integrable system arising from the action of a loop of flat metric connections 
establishes the class of Willmore surfaces in space-forms as an integrable system with 
a spectral deformation, a fact that was already known to F. Burstall et al. [14j . 
According to K. Uhlenbeck [56], the harmonicity of S is characterized by the flatness 
of the real metric connection d^ := i:' + A"W^'° + on (R"+^'^)'^, for each A G S^. 
The action of this loop of curvature-free connections defines a 5^-deformation of S 
into harmonic maps, which, as we verify, is the family of central sphere congruences 
corresponding to the 5^-deformation of A defined by the action of the loop. The 
characterization of Willmore surfaces in space-forms in terms of the harmonicity of the 
central sphere congruence gives rise, in this way, to a spectral deformation of Willmore 
surfaces. This deformation coincides, up to reparametrization, with the one presented 
in [H]. 

Backlund transformations of Willmore surfaces will arise from a more complex 
construction, following the work of C.-L. Terng and K. Uhlenbeck |54j . 

In Chapter [5l we introduce constrained Willmore surfaces, the generalization of 
Willmore surfaces that arises when we consider extremals of the Willmore functional 
with respect to infinitesimally conformal variations^ rather than with respect to all 
variations. A variation {At)t of a surface A through null line subbundles of M""*"^'^ 
defining immersions of M into P(£) is said to be infinitesimally conformal if, fixing 
Z G T{T'^'^M) (respectively, Z G T{T^'^M)), locally never-zero, and, for each t, gt in 
the conformal class of metrics induced in M hy At, we have 

^ gtiZ,Z)=0, 



-'^To which references as conformal variations can be found in the literature. 
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Conformal variations, characterized by the gt-isotropy oiT^'^M (respectively, T^'^M), 
for all t, are, in particular, infinitesimally conformal variations. Constrained Willmore 
surfaces form a Mobius invariant class of surfaces with strong links to the theory of 
integrable systems, as we shall explore in this work. 

F. Burstall et al. |14| established a manifestly conformally invariant characteriza- 
tion of constrained Willmore surfaces in space-forms, which, in particular, extended the 
concept of constrained Willmore to surfaces that are not necessarily compact. Chap- 
ter 5 is dedicated to deriving from the variational problem the reformulation of this 
characterization, by F. Burstall and D. Calderbank presented below. The argu- 
ment consists of a generalization to n-space of the argument presented in [7J for the 
particular case of n = 3. Set 

A^'° := A e da{T^'°M) and A^'^ := A © da{T^'^M), 

independently of cr G r(A) never-zero, and then 

A« :=A1-0 + A0'1. 

Cf. [llj . A is a constrained Willmore surface if and only if there exists a real form 
q £ f7i(A A A(i)) with 

(0.4) (Fq = 0, 

such that 

(0.5) cP *J\f =2[qA*J\r\. 

In this case, we may refer to A as, specifically, a q'-constrained Willmore surface and 
to g as a [Lagrange] multiplier to A. Willmore surfaces are the 0-constrained Will- 
more surfaces. The zero multiplier is not necessarily the only multiplier to a con- 
strained Willmore surface with no constraint on the conformal structure. In fact, in 
Chapter [HI we characterize isothermic constrained Willmore surfaces in space- forms by 
the non-uniqueness of multiplier. On the other hand, a classical result by Thomsen 
[55j characterizes isothermic Willmore surfaces in 3-space as minimal surfaces in some 
space-form. 

A multiplier to a surface A in the projectivized light-cone is, in particular, a real 
form q G il^(A A A^^^). For such a q, equations (|0.4|) and (|U.5|) . together, encode the 
flatness of the metric connection 

4 := P + A- W^'O + AAAO'^ + (A-2 - 1) q''^ + (A^ - 1) q^^\ 

on (M"^^'-'^)'^, for all A G C\{0}, or, equivalently, for all A G S*^. Constrained Willmore 
surfaces in space-forms, admitting g as a multiplier, are characterized by the flatness 
of the S'^-family of metric connections on M""*"^'^, in an integrable systems interpre- 
tation due to F. Burstall and D. Calderbank [llj . This characterization will enable 
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US, in Chapter El to define a spectral deformation of constrained Willmore surfaces 
in space- forms, by the action of the loop of flat metric connections d^, as well as a 
Bdcklund transformation, by applying a dressing action. 

Our transformations of constrained Willmore surfaces will be based on the con- 
strained harmonicity of the central sphere congruence. Given d a flat metric connec- 
tion on C"^^ and V a non-degenerate subbundle of C"^^, we generalize naturally the 
decomposition (10. 2p to a decomposition 

d = 'Dv+ Mv 

and, given q G ^^{f\^V © A^F-*-), define then, for each A G C\{0}, a connection 
:= Vy + A-W^-° + \N^^ + (A-2 - + _ 1)^0,1^ 

on C"*^^, generalizing d^ = d'^'^ . We define the bundle V to be {q,d)- constrained har- 
monic if dy'^ is flat, for all A G C\{0}, or, equivalently, for all A G S"^. A simple, 
yet crucial, observation is that, given d another flat metric connection on C*^"*"^ and 
(j) : (C"'"''^ , d) —I- (C"""*"^ , d) an isomorphism of bundles provided with a metric and a 
connection, V is {q, d)-constrained harmonic if and only if (pV is (Ad^g, d)-constrained 
harmonic. The constrained harmonicity of a bundle applies to the central sphere con- 
gruence, providing a characterization of constrained Willmore surfaces in space-forms. 

The transformations of a constrained Willmore surface A in the projectivized light- 
cone we present are, in particular, pairs ((A^'^)*, (A*^'^)*) of transformations (A-'^''^)* and 
(A°'i)* of A^'O and A°'\ respectively. The fact that A^'^ and A°'i intersect in a rank 
1 bundle will ensure that (A^'*^)* and (A^'^)* have the same property. The isotropy of 
A^'^ and A'^'^ will ensure that of (A^''')* and (A^'^)* and, therefore, of their intersection. 
The reality of the bundle A^'*^ n A^'^ and the fact that it defines an immersion of M 
into P(£) are preserved by the spectral deformation, but it is not clear that the same is 
necessarily true for Backlund transformations. This motivates us to define complexified 
surface and, thereafter, complexified constrained Willmore surface. 

The spectral deformation defined by the action of the loop of flat metric connec- 
tions dq coincides, up to reparametrization, with the one presented in |14j . More 
interestingly, we define a Backlund transformation of constrained Willmore surfaces 
in space- forms. We use a version of the dressing action theory of C.-L. Terng and K. 
Uhlenbeck |54j . We start by defining a local action of a group of rational maps on the 
set of fiat metric connections of the type dg''^, with d flat metric connection on C'^"^'^ 
and q G Q^A^S ® A^S-^). Namely, given r = r(A) G r(0(C"+2)) holomorphic at A = 
and A = oo and twisted in the sense that pr{\)p = r(— A), for p reflection across S, we 
define a 1-form q with values in A^S (note that the fact that r(A) is twisted establishes 
that both r(0) and r(oo) preserve S) by 

-1,0 \A „1,0 -0,1 \J „o,i 
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and a new family of metric connections from d'^''^ by dg'^ := r(A) o d^'"^ o r(A)^^. Ob- 
viously, for each A, the flatness of dg'^ is equivalent to that of dg''^. Crucially, if d^'"^ 
admits a holomorphic extension to A G C\{0} through metric connections on C""*"^, 
then the notation dg'^ proves to be not merely formal, for d := d^'*^. In that case, it 
follows that, if A is g-constrained Willmore, then S is (q, (i)-constrained harmonic and, 
therefore, in the case 1 S dom(r), S* := r{l)^^S is -constrained harmonic, for 

q* := Ad^(i)-ig. 

The transformation of S into S* , preserving constrained harmonicity, leads, further- 
more, to a transformation of A into a new constrained Willmore surface, provided 
that 

(0.6) detr(0)|5 = detr(oo)|5. 

Set 

(A*)i'° := r(l)-V(oo)Ai'°, (A*)°'i := r(l)- V(0)A°'^ 

and 

A* := (A*)i'°n(A*)°'i. 

Condition (j0.6p establishes A* as a line bundle (the argument is based on the two 
families of lines on the Klein quadric). The isotropy of A^'^ and A*^'^ ensures that 
of A*. It is not clear, though, that A* is a real bundle. If A* is a real surface, one 
proves that S* is the central sphere congruence of A* and that the bundles (A*)^'*^ 
and (A*)*^'^ defined above are not merely formal. The fact that g is a multiplier to A 
establishes, furthermore, G n^'^^iA^A^'^) and, therefore, (g*)^'° G 0^'°(a2(A*)°'1) C 
q1,0|'^* ^ (A*)(^)). We conclude that, if, furthermore, q* is real, then A* is a q*- 
constrained Willmore surface. 

We then construct rational maps r(A) satisfying the hypothesis of the dressing 
action, together with reality preserving conditions. As the philosophy underlying the 
work of C.-L. Terng and K. Uhlenbeck [54j suggests, we consider linear fractional 
transformations. We define two different types of such transformations, type p and 
type q, each one of them satisfying the hypothesis of the dressing action with the 
exception of condition (j0.6p . Iterating the procedure, in a 2-step process composing 
the two different types of transformations, will produce a desired r(A). A Bianchi 
per mutability of type p and type q transformations of constrained harmonic bundles is 
established. For special choices of parameters, the reality of A as a bundle proves to 
establish that of A*, whilst the reality of q establishes that of q* . For such a choice 
of parameters. A* is said to be a Bdcklund transform of A, provided that it immerses. 
For future reference, it is useful to know that Backlund transformation parameters are 
pairs a, with, in particular, a G C and C C"^^, and that parameters a, and 
—a, pL^ give rise to the same transform. Note that both Backlund transformation and 
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spectral deformation corresponding to the zero multiplier preserve the class of Willmore 
surfaces. 

In Chapter [6l we define, more generally, a spectral deformation and a Backlund 
transformation of constrained harmonic bundles and of complexified constrained Will- 
more surfaces. We complete the chapter by establishing a permutability between spec- 
tral deformation and Backlund transformation. 

In Chapter [71 we introduce the concept of conserved quantity of a constrained Will- 
more surface in a space-form, an idea by F. Burstall and D. Calderbank. A conserved 
quantity of A consists of a Laurent polynomial 



with vq e r(S') real, v G r(S'-'-) and p{l) = + f + u G r(M"'^ ' ) non-zero, which 
is (i^''^-parallel, for all A G C\{0} and some multiplier q to A. Constrained Willmore 
surfaces in space-forms admitting a conserved quantity form a subclass of constrained 
Willmore surfaces preserved by both spectral deformation and Backlund transforma- 
tion, for special choices of parameters. 

The existence of a conserved quantity p{X) of A establishes, in particular, the 
constancy of p{l)- In the particular case of n = 3, we verify that A has constant mean 
curvature in the space-form S'p(i), that is, the surface defined by A in the space-form 
/S'p(i) has constant mean curvature. In fact, in codimension 1, the class of constrained 
Willmore surfaces in space-forms admitting a conserved quantity consists of the class 
of constant mean curvature surfaces in space-forms. Another example of constrained 
Willmore surfaces admitting a conserved quantity is that of surfaces with holomorphic 
mean curvature vector in some space- form in codimension 2. In codimension 2, the 
complexification of S-^ admits a unique decomposition into the direct sum of two null 
complex lines, complex conjugate of each other: given v G r(S'-'-) null, S-*" = (v) © (U). 
Such a V defines an almost-complex structure 



on S"-*". F. Burstall and D. Calderbank [llj proved that a codimension 2 surface in 
a space-form, with holomorphic mean curvature vector with respect to the complex 
structure induced by V"^^, is constrained Willmore. We prove it in our setting, prov- 
ing, furthermore, that, in 4-dimensional space- form, the constrained Willmore surfaces 
admitting a conserved quantity p{X) = X~^v + vq + Xv with v null are the surfaces 
with holomorphic mean curvature vector in the space- form S'p(i), with respect to the 
complex structure on {S-^ , Jv,V^^) determined by Koszul-Malgrange Theorem. 

Chapter 8 is dedicated to relating the class of constrained Willmore surfaces to the 
isothermic condition. The class of isothermic surfaces is a Mobius invariant class of 



p{X) = X + Vq + Xv 
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surfaces. A manifestly conformally invariant formulation of the isothermic condition, 
by F. Burstall and U. Pinkall [13], characterizes isothermic surfaces by the existence 
of a non-zero real closed 1-form rj with values in a certain subbundle of the skew- 
symmetric endomorphisms of M""*"^'^. We establish the set of multipliers to an isother- 
mic g-constrained Willmore surface (A, ry) as the 1-dimensional affine space q + (*r/)]R. 
The constrained Willmore spectral deformation is known to preserve the isothermic 
condition, cf. |14j . We derive it in our setting. As for Backlund transformation of con- 
strained Willmore surfaces, we believe it does not necessarily preserve the isothermic 
condition. This shall be the subject of further work. 

Following the work of F. Burstall, D. Calderbank and U. Pinkall |13j . we 

characterize isothermic surfaces by the flatness of a certain M-family of metric connec- 
tions on M""'"^'^ and define, in terms of this family of connections, both the isothermic 
spectral deformation, discovered in the classical setting by Calapso and, independently, 
by Bianchi; and the isothermic Darboux transformation. 

We dedicate a section to the special class of constant mean curvature (CMC) sur- 
faces in 3-dimensional space- forms. CMC surfaces in 3-dimensional space-forms are 
examples of isothermic constrained Willmore surfaces, as proven by J. Richter }51j . 
with constrained Willmore Backlund transformations; both constrained Willmore and 
isothermic spectral deformations; as well as a spectral deformation of their own and, in 
the Euclidean case, isothermic Darboux transformations and Bianchi-Backlund trans- 
formations. The isothermic spectral deformation is known to preserve the constancy 
of the mean curvature of a surface in some space-form, cf. [14j. Characterized as the 
class of constrained Willmore surfaces in 3-dimensional space-forms admitting a con- 
served quantity, the class of CMC surfaces in 3-space is known to be preserved by both 
constrained Willmore spectral deformation and Backlund transformation, for special 
choices of parameters. We verify that both the space-form and the mean curvature are 
preserved by constrained Willmore Backlund transformation and investigate how these 
change under constrained Willmore and isothermic spectral deformation. We present 
the classical CMC spectral deformation by means of the action of a loop of flat metric 
connections on the class of CMC surfaces in 3-space (preserving the space-form and 
the mean curvature) and observe that the classical CMC spectral deformation can be 
obtained as composition of isothermic and constrained Willmore spectral deformation. 
These spectral deformations of CMC surfaces in 3-space are, in this way, all closely re- 
lated and, therefore, closely related to constrained Willmore Backlund transformation. 
S. Kobayashi and J. -I. Inoguchi |35| proved that isothermic Darboux transformation of 
CMC surfaces in Euclidean 3-space is equivalent to Bianchi-Backlund transformation. 
We believe isothermic Darboux transformation of a CMC surface in Euclidean 3-space 
can be obtained as a particular case of constrained Willmore Backlund transformation. 
This shall be the subject of further work. 
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We present a 1-form r]oo, derived by F. Burstall and D. Calderbank from a surface 
A with constant mean curvature Hoo in a space- form S^^, which estabhshes (A,r/oo) 
as an isothermic surface and for which scahng by H^c provides a multipher, 

to A; and, for each t S M and 

we estabhsh a (/^-conserved quantity to A. 

Lastly, we dedicate Chapter [9] to the special case of surfaces in 4-space. Our ap- 
proach is quaternionic, based on the model of the conformal 4-sphere on the quater- 
nionic projective space, and follows the work of F. Burstall et al. |12] . We consider 
the natural identification of HI with and then the natural identification of with 
= C^. We provide A^C^ with the real structure A^j and define a metric on A^C^ 
by {vi A V2,V3 A ^4) := -det(?;i, ?;2, fa, ^4), for vi,V2,V3,V4 € C^, with det(?;i, t>2, fs, ^4) 
denoting the determinant of the matrix whose columns are the components of vi,V2, 
and V4, respectively, on the canonical basis of C^. This metric induces a metric with 
signature (5, 1) on the space of real vectors of A^C^, 

Fix(A2i) = M^'\ 

Via the Pliicker embedding, we identify a j-stable 2-plane L in with the real null 
line A^L in (Fix(A^j))'^, presenting, in this way, the quaternionic projective space MP^ 
as a model for the conformal 4-sphere, 

Surfaces in are described in this model as the immersed bundles 

a'^L : M ^ 

of j-stable 2-planes in C^. As we are in codimension 2, the complexification of S'^ 
admits a unique decomposition S-^ = ® into the direct sum of two null complex 
lines, complex conjugate of each other. Via the Pliicker embedding, we identify Sj: 
with some bundle 5+ of 2-planes in C^, and write then 

S = S+ A jS+. 

We define a j-commuting complex structure on C^, which we still denote by S, by 
the condition of admitting 5+ as the eigenspace associated to the eigenvalue i (and, 
therefore, j5+ as the eigenspace associated to —i), together with a certain condition 
on the sign. 

Following the characterization of the harmonicity of 5 presented in [12], we es- 
tablish, more generally, a characterization of constrained Willmore surfaces in in 
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terms of the closeness of a certain form, as follows. Under the standard identifica- 
tion sZ(C^) = o(A'^C^), 1-forms with values in A A A^"^^ correspond to S'-commuting 
1-forms with values in Endj(C^/L, L). For such a form q, condition dPq = estab- 
lishes Sq = *q. A surface L in is a g-constrained Willmore surface, for some 1-form 
q with values in Endj(C^/L, L) such that Sq = *q = qS, if and only if 

d*iQ + q) = 0, 

for the Hopf field Q G 0^(Endj(C^)). The closeness of the 1-form *{Q + q) ensures the 
existence of G E r(Endj(C^)) with dG = 2* {Q + q), as well as the integrability of the 
Riccati equation 

dT = pT{dG)T -dF + ApqT, 

for each p G ]R\{0}, fixing such a G and setting F := G — S. For a local solution 
T € r(G/j(C'*)) of the /9-Ricatti equation, we define the Darboux transform of L of 
parameters p, T by setting 

L := T-^L, 

extending, in this way, the Darboux transformation of Willmore surfaces in S'^ pre- 
sented in |12) to a transformation of constrained Willmore surfaces in 4-space. 

We apply, yet again, the dressing action presented in Chapter [6] to define another 
transformation of constrained Willmore surfaces in 4-space, the untwisted Bdcklund 
transformation, referring then to the original one as the twisted Bdcklund transforma- 
tion. We verify that, when both are defined, twisted and untwisted Backlund trans- 
formations coincide. We establish a correspondence between Darboux transformation 
parameters p,T with p > 1 and pairs a,L"; —a,pvL'^ of untwisted Backlund trans- 
formation parameters with real, and show that the corresponding transformations 
coincide. Darboux transformation of constrained Willmore surfaces with respect to 
parameters p, T with p < 1 is trivial. Non-trivial Darboux transformation of con- 
strained Willmore surfaces in 4-space is, in this way, established as a particular case of 
constrained Wilmore Backlund transformation. 

The main new or, at least, unpublishecj^ (to my knowledge) notions and results 
presented in this work can be listed as follows: 

• Section [6.11 (we define constrained harmonicity of a bundle, which will apply 
to the central sphere congruence to provide a characterization of constrained 
Willmore surfaces in space- forms) ; 

• Sections 16.21 and 16.31 (we define complexified surface, in generalization of sur- 
face in a space-form, defining, thereafter, complexified constrained Willmore 
surface); 



'With the trivial exception of the PhD Thesis on which this work is based. 
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• Section ing (we define a C\{0}-spectral deformation of complexified constrained 
Willmore surfaces by the action of a family of flat metric connections; for unit 
parameter, this deformation preserves reality conditions and, when restricted 
to real surfaces, it coincides, up to reparametrization, with the one presented 
in [HI); 

• Sections [63] and [6?6] (we define a Bdcklund transformation of complexified con- 
strained Willmore surfaces, by applying a dressing action; for special choices 
of parameters, this transformation preserves reality conditions); 

• Section 16.71 (we establish a permutability between Backlund transformation 
and spectral deformation of complexified constrained Willmore surfaces); 

• Proposition 16.361 (we prove that the quadratic differential is preserved under 
the corresponding Backlund transformation); 

• Section 17.11 (we introduce the concept of conserved quantity of a constrained 
Willmore surface in a space-form, an idea by F. Burstall and D. Calderbank); 

• Theorems l7.6l and l7.7l (we prove that the class of constrained Willmore surfaces 
in 3-dimensional space-forms admitting a conserved quantity is preserved by 
both spectral deformation and Backlund transformation, for special choices of 
parameters) ; 

• Section 17.2.21 (we prove that, in codimension 2, surfaces with holomorphic 
mean curvature vector in some space-form (already known to be constrained 
Willmore, cf. [llj ) are examples of constrained Willmore surfaces admitting 
a conserved quantity); 

• Proposition I8.2UI and Theorem 18.221 (we establish the class of CMC surfaces 
in 3-dimensional space-forms as the class of constrained Willmore surfaces in 
3-space admitting a conserved quantity); 

• Sections 18.2.31 and 18.2.41 (we verify that both the space-form and the mean 
curvature are preserved by constrained Willmore Backlund transformation of 
CMC surfaces in 3-dimensional space-forms and investigate how these change 
under constrained Willmore spectral deformation; we verify that the classical 
CMC spectral deformation of a CMC surface in 3-space can be obtained as 
composition of isothermic and constrained Willmore spectral deformation); 

• Section 18.1.41 (we characterize isothermic constrained Willmore surfaces in 
space-forms by the non-uniqueness of multiplier and establish the set of mul- 
tipliers to an isothermic (^-constrained Willmore surface (A, rj) as the aflfine 
space q + {*r])u); 

• Theorems l9.12l and l9.13l (we provide two (equivalent) characterizations of con- 
strained Willmore surfaces in 4-space in the quaternionic setting); 
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• Section 19.3.31 (we extend the Darboux transformation of Willmore surfaces in 
S"^ presented in [12| to a transformation of constrained Willmore surfaces in 
4-space); 

• Section 19.3.41 (we prove that Darboux transformation of parameters p, T with 
/9 > 1 is equivalent to Backlund transformation of parameters a, with 
real; Darboux transformation of parameters p,T with p < 1 is trivial). 

Our theory is local and, throughout the text, with no need for further reference, 
restriction to a suitable non-empty open set shall be underlying. 

Foundations of Differential Geometry, Vol.s 1,2, by S. Kobayashi and K. Nomizu 
[36], Riemannian Geometry, by T. Willmore [59], and Selected topics in Harmonic 
maps, by J. Eells and L. Lemaire [23] . are good references to the basic background. 



CHAPTER 1 

A bundle approach to conformal surfaces in space-forms 

Our study is a study of geometrical aspects that are invariant under Mobius trans- 
formations We present a Mobius description of space- forms in the projectivized 
hght-cone, following [lOj. Such description is based on the model of the conformal 
n-sphere on the projective space P(£) of the light-cone £ of ]R"+^'^, due to Darboux 
[21j . which, in particular, yields a conformal description of Euclidean n-spaces and 
hyperbolic n-spaces as submanifolds of P(£). With this, we approach a surface confor- 
mally immersed in n-space as a null line subbundle A of M"'*'^'"'^ = M x M""'"^'-'^ defining 
an immersion A : M ^ P(£) of an oriented surface M, which we provide with the 
conformal structure induced by A, into the projectivized light-cone. The realization of 
all space- forms as submanifolds of the projectivized light-cone considered in this text 
arises from the realization, cf. |10j . of all n-dimensional space-forms as conic sections 
Svoo '■= {v £ C : {v,Voo) = —1} of the light-cone, with Voo G M""'"^'^ non-zero. Sy^ in- 
herits a positive definite metric of constant sectional curvature — (foo) ^oo) from M'^^"^'-'^ 
and is either a copy of a sphere, a copy of Euclidean space or two copies of hyper- 
bolic space, according to the sign of (wooi^oo)- For each Voo, the canonical projection 
TT : £ ^ P(£) defines a diffeomorphism tt\s^^ '■ Sy^ P(£)\P(£n (foo)"*")- We provide 
P(£) with the conformal structure of the (positive definite) metric induced by it\s^^, 
fixing Voo time-like, independently of the choice of v^o, and, in this way, identify P(£) 
with the conformal n-sphere and make each diffeomorphism tt\si,^ - for a general Voo, 
not necessarily time-like - into a conformal diffeomorphism. 

By metric on a K- vector bundle P, with IC G {M, C}, we mean a non-degenerate 
section of ^^(P, IC). With no need for further reference, given a vector bundle P, 
provided with a metric, the metric considered on the complexification P'^ of P shall be 
the complex bilinear extension of the metric on P. In particular, 

(ai + iPi,a2 + if32) = (ai + «/3i,a2 + iP2 ), 

for ai, /3i £ r(P), for i = 1,2. More generally, throughout this text, when appropriated 
and unless indication to the contrary is provided, we will move from real tensors to 
complex tensors by complex multilinear extension, preserving, therefore, reality con- 
ditions and, in general, notation. With no need for further reference, given V and W 

"'^With the exception of the study of constant mean curvature surfaces, in Sections 17. 2. II and 18. 21 below. 



1 



2 



A. C. QUINTINO 



vector bundles provided with a metric, we shall consider Hom(V, W) provided with the 
canonical metric induced by V and W, the metric given by 



for a,l3E: r(Hom(y, W)), with /?* denoting the transpose of p. 

As usual, by metric on a manifold M we mean a metric on the tangent bundle TM, 
as a R-bundle. Two positive definite metrics g and g' on a manifold M are said to be 
conformally equivalent if g' = e^g, for some u £ C°°(M;]R). A class of conformally 
equivalent Riemannian metrics on M is said to be a conformal structure on M. When 
provided with a conformal structure, M is said to be a conformal manifold. A mapping 
of M into a manifold N provided with a metric (, )jv defines a section g^p of S'^ {TM, M) , 
given by 



for X,Y E T{TM), which we refer to as the metric induced in M by (f). If the metric 
{,)n is positive definite and cf) is an immersion, then the metric g^ is positive definite. 
In the case M is provided with a Riemannian metric g, (p : {M,g) (N, (, )jv) is said 
to be conformal if g^ is a positive definite metric conformally equivalent to g. 

Our study is a study of geometrical aspects that are invariant under conformal 
diffeomorphisms or Mobius transformations. It is, in particular, a study of angle- 
preserving transformations, dedicated to submanifolds of an ambient space equipped 
with a conformal class of metrics but not carrying a distinguished metric. Our point 
of view is that of Mobius geometry, where there is an angle measurement, but, in 
contrast to Euclidean geometry, there is no measurement of distances. This lack of 
length measurement has interesting consequences. For example, from the point of view 
of Mobius geometry, S'^yjx} and M" are no longer distinguished, as the stcrcograpliic 
projection of pole x G S^, of S"^\{a;} onto M", is a conformal diffeomorphism. We 
refer to invariance under Mobius transformations as Mobius invariance or conformal 
invariance. 

For m G N, let W^'^ be the (m + l)-dimensional Minkowski space with signature 
(m, 1), i.e., a real (m + l)-dimensional vector space equipped with a metric ( , ) with 
respect to which there exists an orthogonal basis ei, ...,em+i with 



As usual, we refer to a vector v G W^'^ such that {v, v) = (respectively, {v, v) < 0, 
{v,v) > 0) as a light-like (respectively, time-like, space-like) vector. Let JC be the 
light-cone in W^'^, 



{a,P) := tr (/3*a), 



g^{X,Y) := {dx4>,dY4>)N, 




C = {veMr'\{Q} : {v,v)=0}. 
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an m-dimensional submanifold of M™'' , and, in the case m > 1, let and £ be the 
connected components of £@ Let P(£) be the projectivized hght-cone, 

an (m — l)-dimensional submanifold of P(M™'^). 

Recall the sectional curvature K{p) of a 2-plane p in the tangent space T^M to a 
Riemannian manifold M at a point x £ M, 

K{p) = -{R{Xi,X2)Xi,X2), 

for R the curvature tensor of M (provided with the Levi-Civita connection), indepen- 
dently of the choice of an orthonormal basis Xi,X2 of T^M . It is opportune to establish 
some (usual) notation: given X,Y,Z,W in T{TM), 

R{X, Y, Z, W) := -{R{X, Y)Z, W). 

If K{p) is constant for all planes p in TxM and for all points x £ M, then M is said 
to be a space of constant curvature. If K(p) is constant for all planes p in T^M but 
possibly depends on x G M, we say that M has constant sectional curvature K = K{x), 
with X £ M. That is always the case when M is 2-dimensional, in which case K is 
famously said to be the Gaussian curvature of the surface M. 

By space-form we mean a connected and simply connected complete Riemannian 
manifold of constant sectional curvature. For simplicity, we may use n-space to refer 
to n-dimensional space-form. Two space-forms with the same curvature are isometric 
to each other. Fix n G N. Our model of flat n-space is the Euclidean space M"". Given 
r G M"^ , our model of n-space of curvature is the n-sphere 

5"(r) :={xGM'^+i : {x,x) = r^}, 

whereas that of n-space of curvature — is the hyperbolic n-space consisting of 
either of the two connected components of 

i?"(r) := {x £ M"'i : {x,x) = -r^}. 

1.1. Space-forms in the conformal projectivized light-cone 

Following [lOj . we present a Mobius description of spheres, Euclidean spaces and hy- 
perbolic spaces in the projectivized light-cone. We start by realizing all n-dimensional 
space- forms as connected components of conic sections of £ C M"+^'^. 

Let C be the light-cone in R"+^'-'^. Fix Voo £ M"^^'"*^ non-zero. Set 

'S'doo ■■= {v £ C: {v,Voo) = -1}, 
^Non-coUinear elements vo,Voo € jC are in the same component if and only if {vo,Voo) < 0. 
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the conic section of the hght-cone given by the intersection of £ with the hyperplane 
{v G M"+^'^ : {v,V(x>) = ~1} of M"'"'"^'^, which is an n-dimensional submanifold of 
]^n+i,i_ Q[yQ^ veC, 

and, for v G S^^ , 

The fact that {v,Voo) 7^ establishes the non-degeneracy of the subspace {v,Voo) of 
]^n+i,i^ or, equivalently, a decomposition 

(1.1) W'+^^' = {v,voo)ens,oo- 

The nulhty of v estabhshes then {v, 2-dimcnsional space with a metric with 

signature (1,1), estabhshing, therefore, TyS^^ as isometric to M". Sy^ inherits a 
positive definite metric from M"+^'-'^. 

Proposition 1.1. S>u^ is either a copy of an n-sphere, a copy of Euclidean n-space or 
two copies of hyperbolic n-space, according to the sign of {voo,V(x,). 

In the proof of the proposition, we will show, in particular, that has constant 
sectional curvature — (foo^oo), and that, if v^o is space-like, then Sy^ D is a copy 
of hyperbolic n-space, as well as Sy^ fl JC~ . 

Proof. If v^^ is light-like, then, choosing vq G Sy^, the map v i-^ v — vo + {v, vo)voo 
defines an isometry 

whose inverse is given by x ^ x + vq + ^{x, x)voo- 

Now contemplate the case Voo is not light-like. In that case, (voo) is non-degenerate, 
so we have a decomposition M"+^'^ = ('yoo)©(^oo)"'"- Set r' := (t^oo, t'oo)"^- For G Sy^, 
write V = —r'v^o + v-^ with v-^ _L v^o and note that = {v,v) = r' + {v^,v^). In the 
particular case Voo is time-like, the projection v defines a diffeomorphism 

Sy^^S^ir)c{v^)^^R-+' 

onto the sphere of radius r := sZ—r' in {voo)^ — which we easily check to be an 

isometry. In the case Voo is space-like, the projection v i-^ defines an isometry 

Sy^^H^ir)c{voo)^=W^'\ 

for r := ^/r'. □ 

Now contemplate the canonical projection tt : £ — ^ P('C), which we may, alterna- 
tively, denote by tTjC- Note that, given v E C, 

(1.2) KerdTry = {v), 
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SO we have an isomorphism d-K^ : {v)-^/{v) = d-Ky{T^C), given by u + {v) i— > dTTy{u), 
for u E (f )"'"• As d7rv{TyC) is an n-dimensional subspace of T^„^P(£), we conclude that 
T(^y)F{C) = d-K^inC), 

(1.3) dTT, : {v)^/{v) ^ r(,)P(£) 

and, therefore, that tt is a submersion. 
The map vr defines a diffeomorphism 

(1-4) 7r\s^^:S,^^F{/:)\F{Cn{v^)^) 

whose inverse is given by 

{v) ^ n {v) = - — 3— V. 

Lemma 1.2. // Voo is time-like, then C n (foo)"'" =0- // foo is light-like, then C n 

{Voo)-^ = {Voo)- 

Proof. If v^o is time-hke, then (i^oo)"*" is space-hke and, therefore, contains no 
hght-hke vectors. 

On the other hand, recahing that there are no nuh subspaces of ]R"+^'^ with di- 
mension higher than 1, we conclude that, if Voo is light-like, then (f,Uoo) 7^ 0, for all v 
in C\{voo), completing the proof. □ 

Hence: 

Proposition 1.3. Once restricted to S^^, the canonical projection vr : £ — > P(£) 
defines a diffeomorphism onto F{C), F{C)\{{voo)} or P(£)\P(£ n (I'oo)"'"), according as 
Voo is time-like, light-like or space-like, respectively. 

This will lead us to a conformal description of spheres, Euclidean spaces and hyper- 
bolic spaces in the projectivized light-cone. Our next step is to provide the projectivized 
light-cone with a conformal structure. 

We provide F{jC) with the conformal structure Cp(£) defined by the metric go-, 
fixing a a never- zero section of the tautological bundle P(£)p(£) = (OieP(£)- This 
is well-defined and, furthermore, makes each diffeomorphism ()1.4p into a conformal 
diffeomorphism. Indeed, given a, a' : P(£) ]R"+-^'^ never-zero sections of P(i2)p(£), 
we have a' = fa, for some never-zero / E C°°(P(£)p(£), M), and then 

5.' {X, Y) = ifdxa + {dxf)a, fdya + {dyfy) = f^g^{X, Y), 

as {(7, a) vanishes and, therefore, so does {a, da). On the other hand, for non-zero 
Voo E M"+^'\ the diffeomorphism {ttIs,^)'^ ■ F{C)\F{C n (uoo)"^) ^ 5'^,^ is a never- 
zero section of P(£)p(£) inducing in P(£) a positive definite metric from the one in 
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We refer to the unit sphere 5" in M""'" , when provided by the conformal class of 
the round metric, as the conformal n-sphere. By providing ¥{C) with the conformal 
structure Cp(£), we make the map 7r|s„^ : = S^^ IP'(^)) defined by 

X ^ {Voo + x), 

for Voo unit time-like, into a conformal diffeomorphism, identifying the conformal n- 
sphere with the conformal projectivized light-cone, 

in a model due to Darboux [21j . In this model of the conformal n-sphere, the /c-spheres 
in S"" (intersections of 5" with {k + l)-dimensional affine spaces), for < A; < n, 
are described as the submanifolds P(£ Pi V) with V non-degenerate {k + 2)-dimensional 
subspace of M"+-^'^ with signature (k + 1,1) (see, for example, [53], Appendix A); 
hyperbolic n-spaces are described as the submanifolds consisting of either of the two 
connected components of 

with Voo space-like; and Euclidean n-spaces are described as those consisting of 

S^\{x}^F{C)\{{voo)} 

with X €z S"" and Voo light-like. 

1.2. Conformal surfaces in space-forms 

Throughout this text, let n > 3, £ be the light-cone of M""'"-^'-'^, M be an oriented 
surface and M"'*"^'-'^ denote the trivial bundle M x M"+^'^. 

1.2.1. Oriented conformal surfaces: generalities. Suppose M is provided 
with a conformal structure C. 

Remark 1.4. The Levi-Civita connection is not a conformal invariant. In fact, (see, 
for example, [59j, §3.12j, given g, g' := e'^'^g G C, for some u G C°°(M, M), the Levi- 
Civita connections V and V, on {M,g) and {M,g'), respectively, are related by 

(1.5) V'xY = VxY + iXu)Y + {Yu)X - g{X, Y){duy , 

for all A", y € T{TM), with (du)* denoting the contravariant form of du with respect to 
g, (du)* G r(TM) defined by g{X, (du)*) = dxu, for all X G r{TM). The conformal 
variance of the Levi-Civita connection will, however, as we shall see, constitute, no 
limitation to the development of our theory of conformal submanifold geometry. 

As an oriented conformal surface, M is canonically provided with a complex struc- 
ture and the corresponding (1, 0)- and (0, l)-decomposition. Unless indicated otherwise. 
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these shall be the underlying structures on (M,C). In this section we recall these basic 
concepts and a few basic facts on Riemann surfaces. 

The canonical complex structure. The fact that M is an oriented Riemannian 
surface enables us to refer to 90° rotations in the tangent spaces to M, a notion that 
is obviously invariant under conformal changes of the metric. We define then what 
we will refer to as the canonical complex structure on (M, C), J £ T(End(TM)), by 
90° rotation in the positive direction. This terminology is not casual: J is an almost- 
complex structure, compatible with the conformal structure and, as it is well-known in 
the ambit of Riemannian geometry, parallel with respect to the connection induced in 
End(rM) by the Levi-Civita connection of {M,g), for each g £C; making (M, J) into 
a complex manifold, according to Newlander-Nirenberg Theorem. 

The (1,0)- and (O,l)-decomposition. The almost-complex structure J gives 
rise to a decomposition 

(1.6) TM^ = T^'^M e r°'^M, 

for T^''^M and T'^'^M the eigenspaces associated to i and — i, respectively, of the com- 
plex linear extension of J to TM^ , 

that is, 

T'^'^M = {X - iJX), T'^^'^M = {X + iJX), 

fixing X S T{TM) locally never-zero. We refer to a section of T^'^M as a (l,0)-vector 
field and to a section of T^'^M as a (0, l)-vector field. The bundles T^'^M and T^'^M 
are maximal (with respect to the inclusion relation) isotropic subbundles of TM'^. It 
is immediate and useful to observe that, in view of the parallelness of J, 

(1.7) vr(r^'°M) c Ji^(r^'°M) , vr(r°'^M) c J7^(r°'^M), 

for V the Levi-Civita connection on {M,g), fixing g £ C. 

N.B.: The decomposition (|1.6|) is a particular case of a canonical decomposition, 
which is worth recalling: given V a non-degenerate complex 2-plane, V admits a unique 
decomposition y = V+ © y_ into the direct sum of two null complex lines. Namely, 
fixing an orthonormal basis f i, ^2 of V , the set of lines y_} coincides with the set 
of lines {{vi + iv2), (vi - ^^2)}, 

V = {vi + iv2) (£) {vi - iv2). 
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The non-degeneracy of V establishes V+ H (V^-)"*" = {0}. In the particular case V is 
real, we can choose the vectors vi and V2 to be real, in which case the spaces and 
V- are complex conjugate of each other. 

Conformality. Given X G T{TM) never-zero, {X, JX) constitutes a direct or- 
thogonal frame of TM with {X^X) = {JX,JX), for all ( , ) G C Hence a positive 
definite metric ( , ) on M is in the conformal class C if and only if, fixing X G T{TM) 
locally never-zero, 

{X, X) = {JX, JX), {X, JX) = 0; 

or, equivalently, 

{Z, Z) = 

(respectively, {Z,Z) = 0), fixing Z € T{T^'^M) (respectively, Z G T{T^''^M)), locally 
never-zero. The conformality of a metric on M is equivalent to the isotropy of T^'^M or, 
equivalently, of T°'^M, with respect to that metric. In particular, given an immersion 
of M into a Riemannian manifold and i ^ j E {0, 1}, the conformality of (f> [with 
respect to any metric in C], E C, can be characterized by 

{d''^cj),d''^(P) =0, 

fixing i ^ j £ {0, 1}, where we use (d''-'^, d^'-'^) to denote g(f>\Tij mxT^'J M- the para- 
graph below, a characterization of the conformality of (p in the light of a holomorphic 
chart of M is presented. 

Holomorphicity. Let z = x + iy : M ^ Che a chart of M. Throughout this text, 
let gz denote the (positive definite) metric induced in M by ^; : M — (C, Re( , )c), 

gz = dx^ + dy^. 

We set, as usual, 

5a: ■= dz~^{l), Sy := dz~^{i), 

defining an orthonormal frame Sx,Sy of TM with respect to gz {{dx,dy) is the frame 
of (TM)* dual to {Sx,Sy)). The coordinates x,y are said to be conformal coordinates 
if the metric gz is in the conformal class C, or, equivalently, 

JSx = 

the chart z : (AI, J) ^ C is cither holomorphic or anti-holomorphic, respectively, 
depending on the orientation on M. 

Suppose z is a holomorphic chart of (M, J). In that case, J6x = 6y, and, therefore, 

■= i^x - iSy), Sz := - {Sx + idy) 
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defines a never-zero (l,0)-vector field and, respectively, a never-zero (0, l)-vector field. 
Hence 

and, therefore. 

It is, perhaps, worth remarking that, as (1,0)- and (0, l)-vector fields, respectively, 6z 
and Sz verify 

(1.8) J6z = i6z, JSz = -iSg. 
The fact that 6z, 5z constitutes a frame of TM'^ with 

(1.9) [Sz,S,]=0 

will be useful on many occasions. 

Given a mapping rj of M, we shall, alternatively, write rjx, % and rjz for, 
respectively, dr]{5x), dr]{5y), dr]{5z) and dr){5z)- In view of the holomorphicity of z, the 
conformality of a mapping r] oi M into a Riemannian manifold can be characterized by 

{Vz,Vz) = 0, 

or, equivalently, 

iVz, Vz) = 0; 

whereas the holomorphicity of a map rj G C°°{M,C) can be characterized by 

Vz = 0. 

We complete this section with a basic remark on change of holomorphic coordinates. 
Let Lu be another holomorphic chart of (M, J). The fact that (dz, dz) is the frame of 
{{TMf-y dual to {8z,6z) makes clear that 

dw = Uzdz 

and, in particular, that the metric induced in M by a; relates to the one induced by z 

by 

(1-10) guj =1 u^z ? 9z- 



The Hodge *-operator. Let P be a vector bundle over M, provided with a 
metric, and p £ {0,1,2}. Given /x G nP{P) and rj e n'^-P{P), we define a 2-form 
(/X A 77) G fi^(C) by, in the case p = 1, 

(/^A77)(x,y) := (/xx,?7y) - {fiY,Vx) 
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and, in the case p = 2, 

{f^^v)(x,Y) ■= (^(x,y),^), 
for X,Y £ r(TM); and, in the case p = 0, {fi A rj) := (rj A fi). Note that, in the 
case p = 1, {fi A ij) = —{r] A fx). Fix a metric g £ C and provide L(TM,P) with the 
metric canonicaUy induced by (TM,g) and P. Given k G {0,1,2}, define a metric on 
A''{TM,P) by setting 

(6 A ... A Cfc, 71 A ... A 7fe) := det((^i, 7^-)), 

for G T(L(TM, P)). Recall the Hodge *-operator on p-forms over M, when 

provided with the metric g, transforming a form /i G Q^{P) into the form */i G r2^~P(P) 
defined by the relation 

(/" Ar?) = {*fi,r])dA, 
for all ry G r2^~^(P), with dA denoting the area element of {M,g). Recall that 

for s the number of negative eigenvalues of the metric tensor of P. It is useful to observe 
that, in the particular case P is the trivial bundle End(M"+^'^) := M x End(R"+^'^), 
s = 2(n + 1). 

Lemma 1.5. The Hodge *- operator on 1- forms over a surface is invariant under con- 
formal changes of the metric on M . 

Before proceeding to the proof of the lemma, it is opportune and useful to observe 
how the volume element changes under conformal changes of the metric. 

Lemma 1.6. Let N be an n-dimensional oriented manifold and g and g' := e^g, for 
some u G C°°{N,M), be conformally equivalent positive definite metrics in N. Then: 

dvol(Ar^g/) = (e")5 dvol(Ar,g), 

Proof. Let {Xi)i be a direct orthonormal frame of {TN,g) and (^i)i be the frame 
of (TN)* dual to (X,),. Then 

dvol(Ar^g) = 6 A A 

On the other hand, clearly, [-^= Xi)i is a direct orthonormal frame of {TN,g') with 
dual frame {Ve^ and, therefore, dvol(7v,g') = (\/e")"'Ci A A □ 

Now we proceed to the proof of Lemma II. 5[ 

Proof. Let gi and g2 '■= e^gi, for some u G C°°(M, M), be conformally equivalent 
positive definite metrics in M. For i = 1,2, let *j and dAi denote, respectively, the 
Hodge *-operator and the area element of (M, gi), and ( , )j denote the Hilbert-Schmidt 
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metric in L{{T M , gi) , P) . Fix ^,1] £ Cl^{P). The proof will consist of showing that 

(1.11) {nAr]) = {*2H,v)idAi. 

By definition of *2, and according to Lemma 11.61 (/i A r?) = {*2 fi,ri)2 e^dAi. On 
the other hand, given an orthonormal frame Xi, X2 of {TM, gi ), Xi, X2 is an 
orthonormal frame of (TM, §2) and, therefore, (*2 Z^, v)2 = ^ (*2 Z^, completing the 
proof. □ 

The Hodge *-operator on 1-forms over (M,C) is closely related to the canonical 
complex structure in (M, C) in a well-known result in the ambit of Riemannian geom- 
etry: * acts on forms uj £ ^}^{P) by 

(1.12) *io = -ioJ. 

(1,0)-, (0,1)- and (l,l)-forms. The decomposition (11.60 provides the (standard) 
decomposition of a 1-form into its (1,0) and (0, 1) parts, as well as that of a 2-form into 
its (2, 0), (1, 1) and (0, 2) parts. Recall that there are no non-zero (2, 0)- or (0, 2)-forms 
on a surface. 

Let P be a vector bundle over M, provided with a metric, and ^ be a 1-form with 
values in P. Since ^^'^ and ^^'^ are the complexifications of, respectively, a complex 
linear and a complex anti-linear sections of Hom(rM, P), we have, by equation (jl.l2p . 

so that *^ = — and, therefore, 

e''° = ^(c + ^*e), e'' = l{c-i*o, 

having in consideration that *^ = Note that = S,^'^. In particular, ^ is real 
(^ = if and only if ^^'^ = 

1.2.2. Conformal immersions of surfaces in the projectivized light-cone. 

Having modeled the conformal n-sphere on the projectivized light-cone of M"+^'^, and, 
in this way, all n-dimensional space- forms on submanifolds of IP(-C), we approach a 
surface conformally immersed in a space-form as a null line bundle A defining an im- 
mersion of an oriented surface, which we provide with the conformal structure in- 
duced by A, into the projectivized light-cone. In this work, we restrict to surfaces 
in 5" which are not contained in any subsphere of S"". Such a surface defines a 
surface in any given space-form, by means of a lift, whose study is Mobius equiva- 
lent to the study of the surface and which will be often considered. Namely, given 
Voo G M"^-'^'^ non-zero, we have, locally, {cr, Voo) 7^ 0, and A defines then a local immer- 
sion CToo := (7r|5„^ )~^ o A = a : M ^ S^^, of M into the space-form 5„<^. 
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Let A be a null line subbundle of M"^^'^. In particular, A defines a smooth map 
A : M ^ IP('C), by assigning to each p in M the corresponding fibre, Ap. If A is an 
immersion, then A induces naturally, from the conformal structure on f(C), a conformal 
structure in M, which we denote by C\, making 

A: (m,Ca) ^p(/:) 

into a conformal immersion of M into the projectivized light-cone. 

Proposition 1.7. If A : M P(£) is an immersion, then, given a never-zero section 
a of A, the metric induced in M by a : M ^ M"+^'^ is in the conformal class C\ of 
metrics, 

9(7 e Ca- 

Proof. For to unit time-like vector, (to)"'" is an Euclidean space and, therefore, 
(fj, to) is never-zero. Furthermore, {T^c\st )~^A = —{a,tQ)~^ a, and, therefore. 



[a, toy [a, to) 

As (cr, fj) = = {a, da), we conclude that, for AT, y G T{TM), 



{dx{{TTc\sJ ^A),dY{{TTc\st,) ^A)) = j-^{dxa,dYa) 
or, equivalently, 

gAX,Y) = {a,tof{dxA,dYA)t, = {a,tofg'j^{X,Y), 

for ( , )tQ the (positive definite) metric induced in P(£) by {TTc\sto)~^ (pos- 
itive definite) metric induced in M by A from ( , )tQ . We conclude that g^ is a positive 
definite metric conformally equivalent to G Ca- □ 

Given a a never-zero section of A, A = vr^ cj and, therefore, dA = d{'irc)a da. Hence, 
if A is an immersion, then so is a, and, conversely, if a is an immersion, then, in view 
of (|1.2p . A is an immersion if and only if A is in direct sum with da{TM). Set 

A(^) := {a,da{ei),da{e2)) =A + da{TM), 

independently of the choices of a never-zero section a of A and of a frame ei, 62 of TM. 
This is, indeed, well-defined: given a never-zero A G r(M), 

dx(Acr) = Xdxcr + {dxX)o' = Xdxa mod(fj). 

Proposition 1.8. A : M ^ P(£) is an immersion if and only i/rankA^^^ = 3. 

Proof. Fix a a never-zero section of A. If rankA^^^ = 3, then rank da{TM) = 2, 
or, equivalently, a is an immersion, and da{TM) is in direct sum with A. Hence A is 
an immersion. 
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Conversely, if A is an immersion, then so is a, in which case da{TM) is a bundle 
of Euclidean 2-planes and, therefore, rankA^^-* =3. □ 

In the case A : M ^ P(£) is an immersion, A(M) consists of a surface [conformally 
immersed] in which we refer to, alternatively, as the surface A. We restrict 

ourselves to surfaces A in S'^ for which 

(1.13) A(M) ^ 5^ 

for all k < n, and, in particular, to surfaces which do not lie in any 2-sphere. This 
ensures, in particular, that, for a general non-zero foo G M"+^'^, given a G r(A) never- 
zero, we have, locally, (cr, Voo) 7^ 0. In fact, if {(Jp, Voo) = for all p G M, then 
A(M) C P(£ n (voo)'^), which, in the case Voo is time-light or light-like, is impossible, 
according to Lemma 11.21 and, in the case Voo is space-like, contradicts (|1.13p (in the 
case foo is space-like, P(£ n (i^oo)"*") is an hypersphere in 5"). 

A surface A defines a local immersion of M into P(£)\P(£ H (woo)"'") and then, via 
the diffeomorphism ttcIsvoo • ^""oo ~^ P(>C)\P(£ H (voo)"*")) a local immersion 

of M into the space-form S*^^, which we refer to as the surface defined by A in S^^. 
The surfaces cJoo, with Voo G M"^^'-'^ non-zero, defined by A, form a family of Mobius 
equivalent surfaces, whose study is Mobius equivalent to the study of the surface A. 



If A : M — + P(£) is an immersion, then A defines a surface in spherical n-space. Since n > 3, we can 
choose Voo £ -C such that Ap 7^ (t'oo), 

ApeP(£)\{{^;^)}-5"\{a;o}, 

for aU p £ M, showing that A defines, furthermore, a surface in Euchdean n-space. In the case M is 
compact, A(M) C S" is a compact 2-dimensional manifold and, therefore, S'"\A(M) is a non-empty 
open subset. This shows that A(M) avoids some hypersphere in S" , or, equivalently, that we can 
choose a space-like vector Woo for which Ap ^ (uoo) ,Vp € M. For such a Woo, A defines a surface in 
P(£)\P(£ n (voo)^) and, locally (on a connected component of Af), in hyperbolic n-space. 



CHAPTER 2 



The central sphere congruence 

Following [14j . we introduce the central sphere congruence, a fundamental con- 
struction of Mobius invariant surface geometry, which will be basic to our study of 
surfaces. The concept has its origins in the nineteenth century with the introduction of 
the mean curvature sphere of a surface at a point, by S. Germain j30j . The terminology 
reflects the central role played by the mean curvature of a surface. By the turn of the 
century, the family of the mean curvature spheres of a surface was known as the central 
sphere congruence, cf. W. Blaschke |4]. Nowadays, after R. Bryant's paper [9], it goes 
as well by the name conformal Gauss map. 

We start by recalling some basic concepts in Riemannian geometry. Given a Rie- 
mannian manifold M and an immersion / : M — > M, the pull-back bundle f*TM 
splits into the direct sum Tj © Nf, where Tf and A'^^ denote, respectively, the tangent 
bundle, df{TM), and the normal bundle, {df{TM))-^, to /. Let ttt^ and ttn^. denote 
the orthogonal projections of f*TM onto Tf and Nf, respectively. The normal bundle 
is provided with the connection 

V ^ = TTNf o V-' Ir(Af^), 

where yf"^^^ denotes the pull-back connection by / of the Levi-Civita connection on 
TM. Recall the second fundamental form of /, 11 S T{L'^{TM, Nf)), defined by 

n(x,y) = 7r^^(v^'™(iy/), 

and the mean curvature vector of / (or of f{M) C M, the surface M immersed in M 
by /), 

n = UTgUeT{Nf), 

with tr^^. indicating trace computed with respect to gf. Recall that 

dYf-Vy dxf = dyx.Y]f, 

for all X,Y ^ T{TM), establishing, in particular, the symmetry of 11. Recall the 
fundamental equation in Riemannian Geometry: 

(2.1) 7rT,(v^*™4f(y)) = d/(v™y). 
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for V the Levi-Civita connection of M when provided with the metric induced by / 
from the one on M; for all X,Y ^ T{TM). Fix a unit ^ G T{Nf) and recall the shape 
operator G r(End (TM, Tj)), of / with respect to ^, given by 

A«(X) = -vrT,(V^*™0, 
and the mean curvature of / (or of f{M)), with respect to ^, 

= itr^€ G r(M). 

For an isometric immersion, the second fundamental form and the shape operator with 
respect to ^ are related by 

(2.2) (n(x,y),o = (^^(x),y). 

In particular, for an isometric immersion, 

Equation (|2.2p establishes, on the other hand, the symmetry - and consequent diag- 
onalizability - of the shape operator of an isometric immersion. The shape operators 
and A~^ are symmetrical and, therefore, share eigenspaces and have symmetrical 
eigenvalues. Recall that, in the case / is an isometric immersion of M into M = M.^, 
the eigenvalues ki and /c2 of A^ are called the principal curvatures of /, defined up to 
sign; that a point p in M at which the principal curvatures are the same is said to be 
umbilic; and that, away from umbilic points, the directions defined by the two lines 
consisting of the common eigenspaces of A^ and A~^ are called the principal directions 
of /, whilst for umbilic points all directions are said to be principal. In particular, the 
mean curvature of / : M ^ with respect to either of the two unit normal vector 
fields to / is given, up to sign, by 

(2.3) H = tl±!^, 

the arithmetic mean of the principal curvatures. It is opportune to recall that, in 
the case / defines an isometric immersion of M in Euclidean 3-space, the Gaussian 
curvature of the surface f{M), or, equally (cf. theorema egregium of Gauss), that of 
M, can be obtained as 

(2.4) K = detA^ = kik2, 

fixing ^ a unit normal vector field to /. For that, and for further reference, recall the 
Gauss equation, 

R{X, Y, Z, W) - R{df{X),df{Y),df{Z),df{W)) 
= {UiY,W),U{X,Z)) - {U{X,W),U{Y,Z)), 
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for X,Y,Z,W G T{TM); relating the curvature tensors R and R of {M,gf) and M, 
respectively. It establishes, in particular, that, if M has constant sectional curvature 
K = K{x), for X G M, then the Gaussian curvature K oi M relates to K by 

(2.5) K-i? = (n(Xi,Xi),n(X2,X2))-(n(Xi,X2),n(Xi,X2)), 

fixing an orthonormal frame Xi,X2 of {TM,gf). Now consider the particular case 
M = M^, fix ^ G T{Nf) unit and consider Xi,X2 to be a frame along principal directions 
of /, say A^Xi = kiXi, for i = 1,2, (whose existence is established by the symmetry 
of A^). Then, according to U{Xi,Xi) = ki^, for i = 1,2, and n(Xi, Xg) = and 

the conclusion follows then from (j2.5p . 

Remark 2.1. Suppose g and g' are conformally equivalent positive definite metrics on 
M , say g' = e^'^g, for some u G C°°{M, M). Following (jl.Sp . we get that the connections 
V and V , induced in the pull-hack bundle f*TM by the Levi-Civita connections on 
{M,g) and {M,g'), respectively, are related by 

VxY = VxY + {{rdu)Y)df{X) + {{rdu)df{X))Y - g{df{X),Y)r{dur, 

for X £ T{TM), Y £ T{f*TM), f*du the pull-back by f of du, 

{f*du)Z := (x ^ duf^,){Z,)) G C°°(M,M), 

given Z £ T{f*TM); and, analogously, f*{du)* the pull-back by f of {du)* . R follows 
that the second fundamental forms 11 and 11' of the immersions by f of M into (M, g) 
and {M,g'), respectively, are related by 

(2.6) Yi\X,Y) = Jl{X,Y)-gf{X,Y)TTNj{r[duY), 

for all X,Y £ T{TM), with gf denoting the metric induced in M by f from the metric 
g. Consequently, 

(2.7) n' = e^2"°/7^ _ e-2«°/^^^(/*(rf^)*)^ 

relating the mean curvature vectors 7i' and 7i of f : M ^ {M,g) and f : M ^ {M,g'), 
respectively. The conformal variance of the mean curvature vector will, however, con- 
stitute no limitation to the development of our conformal submanifold theory, as we 
shall see. 

Let A C M"^^'"*^ be a surface in the projectivized light-cone. 

2.1. Central sphere congruence and mean curvature 

Bryant [9] established the existence of a congruence of 2-spheres, named the confor- 
mal Gauss map, tangent to a Riemann surface isometrically immersed in 5"^, sharing 
the mean curvature at each point with the surface. This congruence of spheres can 
be generalized to surfaces conformally immersed in S*" by means of the central sphere 
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congruence, which we present in this section, following |14j . 

A bundle V C M"^"*^'^ of (3, l)-planes is said to be an enveloping 2-sphere congruence 
of the surface A if the 2-spheres ¥(C D Vp) C ¥{C) = 5", for p G M, have first order 
contact with A, i.e., A^^) C V. 

Definition 2.2. We define an enveloping 2-sphere congruence to A, said to be the 
central sphere congruence, by 

S := {a,de,a,de2a,^de,de,a) C M"+^'S 

i 

independently of the choices of a never-zero a £ r(A) and of a local orthonormal frame 
ofTM with respect to the metric g^. We may, alternatively, use the notation S\ 
for S. 

We shall now recognize that this is, in fact, well-defined. Fix a a never- zero sec- 
tion of A and (ei)j an orthonormal frame of {TM^Qfj). First of all, observe that, by 
differentiating {a,d(.-a) = we get {a^de^deiO') = —{deiCr,di.^a) = —1, for i = 1,2, and, 
consequently, 

(2.8) (a,5^4,de,cT) = -2, 

i 

which, together with (cr, o") = = (a, da), shows that "^ide.deiCr is not a section of 
A(^). Thus S = A(i) e de,de,a). Let us now show that A^^) (X]. de,de,cr) does not 
depend on the choices of a and {ei)i. Consider the Hessian of a : {M,g^) M"+-^'-^, 
the section Vda of S'^{TM,R''+^'^), given by Vda{X,Y) = dxdya - daiV^Y), for V 
the Levi-Civita connection on {M,g„). Writing tr^^ for the trace with respect to the 
metric g^, we have 

^4,4,^7 = tig^da + daiY^V^^Ci) = (tigyda) modA^^), 

i i 

showing that A*^^-* © ■ de^de^cr) does not depend on the choice of (ej)j. On the other 
hand, given A G r(M) never-zero, the metrics induced by a and a' := Xa are related by 
g^^' = X^gcT, so that {X~^ei)i constitutes an orthonormal frame of {TM,g^'). Now 

^dx-ie^dx-ie^ = X-^J2deA^'^ + >''^Yiide,X)ide,(T) + {de,de,X)a) 
i i i 

= J];de.4,cT)modA« 

i 

shows that 

i i 

showing the independence of A^^^ © de^de.a) with respect to the choice of a. 
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To recognize that S consists of a bundle of (3, l)-spaces in M"+^'^, we just need to 
verify that it is a non-degenerate rank 4 bundle, for a S r(S') is light-like. The fact that 
A is an immersion gives rankA^-^^ = 3, whereas, by equation (j2.8p . rank dgi'^ei'^) = 
1. Thus ranks' = 4. On the other hand, given i,j G {1, 2}, 



(de^de^a^de^a) 



= -- de^{de^a,de,(j) 
= 0, 

and, therefore, idejCr,J2kdekdei^a) = 0. It follows that the matrix of the metric on S 
in the frame a, de^cr, d^-^a, de^de^cr is 

/ 

10 

1 

-2 



V- 



-2\ 



a j 



for some a E M, whose determinant is —4, which shows that S is non-degenerate. 
Lastly, and explicitly, we have A^-*^) C /S, which completes this verification. 



Remark 2.3. Observe from the previous verification that the definition of S is, fur- 
thermore, independent of conformal changes of the metric g^. In particular, given a 
holomorphic chart z = x + iy of {M,Ca), we have 

S" = ((T, Ux , O'y , CTxx '^yy) ■ 

Note that (Jxx + (^yy = ^(^zz- It follows that the complexification of the central sphere 
congruence of A is given by 

Although the mean curvature vector is not a conformal invariant (cf. Remark 12. ip . 
under a conformal change of the metric on 5", it changes in the same way for the 
surface M immersed in 5*^ by A and each 2-sphere P(£ n Sp), with p E M, canonically 
immersed in 5". The condition azz G r(S') establishes that, at each point, the surface 
A and the sphere P(£ H Sp) share the same mean curvature vector. S is, in this way, 
a congruence of osculating spheres to the surface A: for each p E M, P(£ n Sp) is the 
unique 2-sphere in S^ tangent to A(M) at A{p) whose mean curvature vector at A{p) 
is the mean curvature vector of M at p. 

The central sphere congruence of A defines naturally a map 

5:M^6;:=Gr(3,i)(]R"+i'i) 
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into the connected component of the Grassmannian of order 4 of ]R"+^'^ constituted by 
the subspaces with signature (3,1). Throughout this text, let vr^ and TTg± denote the 
orthogonal projections of M""'"^'^ onto S and S-^, respectively. Let T and T-*- be the 
bundles over Q whose fibres at each V & Q are, respectively, V and V'^. The tangent 
bundle to ^ at T is identified with the bundle Hom(r, T-*-) via the bundle isomorphism 
given by 

(2.9) X^{p^TTT^{dxp)), 

for -Krp^ the orthogonal projection of ]R"+-'^'^ onto V^. This is indeed well-defined, 
as, given p G r(T), [p ^ 7rj.± (dx/o)) is tensorial. This identification makes Q into a 
pseudo-Riemannian manifold^ Under this identification, the pull-back bundle S*TQ is 
identified with the pull-back by S of Hom(T, T-*-), 

S*TG ^ Hom(S, S^). 

Proposition 2.4. The central sphere congruence of A is conformal with respect to the 
conformal structure Ca induced in M by A. 

Before we proceed to the proof of the proposition, fix u a never-zero section of A and 
z a holomorphic chart of (M, Ca) and let us spend some moments contemplating the 
orthogonality relations of the frame {o", c^, cxj, cxzz} of S, beyond the very well-known 
{a, cr) = and subsequent 

{a,az) = = (o-,o-2). 
The conformality of a : (M, Ca) R"^-'^'^ gives 

{(^z, o-z) = = {Uz, Uz), 
and differentiation shows then that 

{<yz,'yzz) = = {az.,azz)- 
The fact that g^ is conformally equivalent to gz ensures that 

(2.10) (cr^, 0-5) = ^ (5<t((5x, 4) + ga{5y, 5y)) 

is never-zero, whilst differentiation of (o", 0"^) = shows that 

{cF,azz) = -{(^z^CFz)- 

As for {(Tzz-,<^zz)^ nothing can be ensured in a general situation. As a final remark, 
we introduce a specific choice of a never-zero section of A, in relation to the chart z, 
that provides an extra specificity on the orthogonality relations presented above and 
that will, for that reason, be useful in some moments in the future. As we know, each 

-'^This identification is the particular case Q = Gr(3 (R""*"^'^) of a standard procedure to induce a 
pseudo-Riemannian structure in a general Grassmaiuiian Q = Gr(r,s)(R''''). 
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never-zero section of A induces in M a metric conformally equivalent to the metric gz 
induced by z. If we make a choice of one of the two components of the hght-cone, say 
C~^, then there is a unique section : M ^ of A whose induced metric coincides 
with the metric induced by z, 

9a- = 9z- 

We refer to cr^ as the normalized section of A with respect to z. According to (|2.1U|) . 
(fjfjO"!) is constantly equal to i, 

In particular, (cr|, (t|)z = = {al,al)z or, equivalently, 

K,^y = 0. 

Now we proceed to the proof of Proposition 12.41 

Proof. Fix a holomorphic chart z = x + iy oi {M,C\). The proof will consist of 
showing that {Sz, Sz) = 0, or, equivalently, that tr(S'* Sz) = 0. 

Fix a never-zero section a of A. According to the orthogonality relations of the 
frame a, Uz, (Tz, Ozz of 5, we have (o", Oz)^ H S = {a, cjz). On the other hand, 

(2.11) Sz{a) = TTs^ic^z) = = T^s^i'^zz) = SzicTz), 

and, therefore, {o;az) C leers'^. It follows that Im5* C {ken: Sz)^ H S C {cr,az) and, 
consequently, by (|2.1ip . that 

Sz Sz = 0, 

which completes the proof. □ 

It was Bryant [5] who established the existence of a congruence of 2-spheres tangent 
to a Riemann surface isometrically immersed in S^ and with the same mean curvature 
as the surface at each point. Bryant named it the conformal Gauss map. This justifies 
the alternative terminology, after Bryant's paper of conformal Gauss map for the 
central sphere congruence, although the central sphere congruence carries, not only 
first order contact information, but second order as well. 

2.2. The normal bundle to the central sphere congruence 

The bundle S-^, normal to the central sphere congruence of A, can be identified 
with the normal bundle to A, when regarded as a surface in a space-form, via an iso- 
metric isomorphism of bundles with connections, as we present next, following |14j . 
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We provide S and S"*- with the connections V'^ and V'^^, respectively, defined by 
orthogonal projection of the trivial flat connection d on M"^^'^, 

:= TTs o d\r(s), V'^^ := vr^i o d|p(5_L), 

which we immediately verify to be metric connections. 

Fix a non-zero Voo in M""^^'^ and consider the surface Uoo : M S^^, in the space- 
form Sy^, defined by A. For simplicity, we write goo, rather than ga^^^ the metric 
induced in M by (Too, as well as A^oo for the normal bundle to cToo- Let Hoc and Tioo 
denote, respectively, the second fundamental form and the mean curvature vector of 
(Too- We shall keep this notation throughout this text. 

Proposition 2.5. The normal bundle N^o to is identified with the bundle S-^ 
normal to the central sphere congruence of A, 

by the isomorphism 

of bundles provided with a metric and a connection defined by 



Proof. The pull-back bundle by aoo of the tangent bundle TS^^ consists of the 
orthogonal complement in M"^^'"*^ of the non-degenerate bundle ((Too,Woo) (cf. section 
II. ip . Let vttVoo denote the orthogonal projection of 

onto A'oo. Since the metric in Sy^ is the one inherited from M"+^'^, Hoo is simply given 
by 

UooiX,Y) = TTNocidxdYCToo), 

for X,Y £ r(TM), so that, for ^ G r(A^oo) and {ei)i an orthonormal frame of (TM, goo), 
{iiHi'^e.de^cFoo) = 2{i,Hoo) and, therefore, by Woo)<7oo, f^e,4,o-oo) = 0. 

Together with the fact that 

Noo C (T^TSy^ = {aoo, Voo)''', 

this shows that ^ + (^,'Hoo)o"oo is, in fact, a section of 5-*-. 

Clearly, Q is isometric, and, therefore, injective, as Noo is non-degenerate. Now 

rank A'^oo = rank cr^TS'^^ — rank dcToo (TM) = n — 2 = rankS""*" 

shows that Q is an isometric isomorphism. Furthermore, for G r(A'^3o)) 

V^^(Q(C)) = TTg^idC) + d{C,noo)TTs±(Too + (C, Woo)vr5x(daoo) = TTs^idC), 
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whilst 

To show that Q preserves connections, we just need to verify that d^ — vtat^ (d^) G r(S'). 
That is immediate: for ^ G r(A'^3o) C r(((Too, Woo)"*")! f^'? is still a section of ((Too, foo)"*"; 

and, therefore, 

□ 

2.3. The Gauss-Ricci and Codazzi equations 

2.3.1. The exterior power A^M"+^'^ et al.: a few utilities. This section con- 
sists of a collection of useful, well-known facts involving exterior products. 

The space A^M""''^'^ can be identified with the orthogonal algebra o(M"'"'"^'^), 

(2.12) A^M^+i'i ^o(M"+i'^), 
via 

(2.13) w ^ {vi ^ V2){w) := {w,vi)v2 - {w,V2)vi, 

which assigns to vi A V2 a skew-symmetric transformation. We shall consider this 
identification throughout this work. 

Under the identification (|2.12|) defined by (|2.13|) , given a non-degenerate subbundle 
V of M"+^'\ we have 

T{V A V^) = {e G r(o(M"+i'i)) : ^{V) C V^,^{V^) C V}, 

as well as 

r(A V © A V^) = G r(o(M"+i'i)) : ^{V) C V, ^(V^) C V^}, 

and 

(2.14) o(M"+^'^) = aV© aV^©T/ AT/^, 

for the trivial bundle o(M"^"'^'^) := M x o(M"'+-'^'^). It is immediate and very useful to 
observe that, given ^ G r{V A V-^), 

for {£,\yy the transpose of .^|^ G r(Hom(y, V-^)) with respect to the metric on M"+^'^. 

Given V and W subbundles of M""*"^'^, provided with connections and V^, 
respectively, the bundle ^ A is provided with the metric induced from the one on 
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End(M""'"^'^) and, canonically, with the connection given by 

V{v A w) := (V%) Aw + vA {V^w), 

for V G r{V),w G T{W). In the particular case V = M"+^'^ = W and = 
is a metric connection, V coincides with the connection canonically induced by in 
End(M"+^'^), over sections of the trivial bundle M x A^R^+i'i =: A^M^+^'i ^ o(M''+^'^). 
If is metric and V-^ is provided with a connection, the correspondence 

(2.16) V^v\v 

defines a bundle isomorphism V A V-^ Hom(F, V^) preserving metrics and connec- 
tions, providing an identification 

V AV^ ^Rom{V,V^) 

of bundles provided with a metric and a connection. In fact, given v,v* G r(^)) 
v-^,v^ G r{V^), 7] = V Av-^ and rf = v* A v^, 

{Vr]\v)v* = V^^{t]v*)-7]{V^v*) 

= V^^{v,v*)v^ -{v,V^v*)v^ 

= {v, v*)V^^v^ + d{v, v*)v^ - {v, V^v*)v^ 

and, therefore, as is metric, 

{Vri\v)v* = {v,v*)V^^v^ + {V^v,v*)v^ = (Vr?)t;*; 

whilst, on the other hand, {r]*\vY ° v\v^ — iv*Y\v^ ° vlv^ — ^^^d, therefore, 

{r]\v,il*\v)=t^{{il*\vf or]\v) = i^{{rff or]) = {r],rf). 

It will be useful to note that, as a straightforward computation shows, given a, 6 G 
M"+^'^ and T G o(M"+^'i), 

(2.17) [T,aAh] = {Ta)Ab + aA{Tb), 

for the Lie bracket in o(M'^+i'i); as well as, for T G 0(M"+i'^), 

(2.18) kdT{aAb) = TaATb. 

Given a vector bundle P over M whose fibres are Lie algebras and lJi,r] & ^^{P), 
we define a 2-form [/x A ry] G il^ (P) by 

[mA?7](x,y) := [Aix,»7y] - W,r]x] 
for X, r G T{TM). Note that 

[r? A /x] = [^i A r?] 
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and that 

In the case P is a bundle of endomorphisms. we define another 2-form with vahies in 
using composition of endomorphisms to multiply coefficients in the 

exterior product: 

1^ A 77(x,y) := I^xVy - fJ-YVx, 
for all X,Y. Note that, in that case, 

(2.19) [m A ??] = ^ A r/ + 7? A /U. 

Suppose M is provided with a conformal structure C. Observe that 

(2.20) [nA*ri]=-[*nAri]. 

For this, fix a (locally) never-zero Z G r(ri'°M) and verify that [n A *t]]{Z,Z) = 
A r)]{Z,Z), or, equivalently, that -[/i A {riJ)]{Z,Z) = [(/xJ) A ri]{Z,Z), which 
is, in fact, an immediate consequence of the fact that Z and Z are eigenvectors of J 
associated to the eigenvalues i and —i, respectively. In particular, 

(2.21) [*iJ,A*ri] = [iiAri]. 

Note that, if n and r] are both either (1, 0)-forms or (0, l)-forms, then \p A r]] vanishes: 

(2.22) [//'^Ar/^'O] = = [/'I A??^'!], 

for all n and r]. Note also that, given ^1,^2 e fJ^(o(M"+^'^)) and T e End(M"+i'i), 

(2.23) [ Adr 6 A Adr 6 ] = Adr [ 6 A 6 ] ■ 
Lastly, suppose that and are connections on M""^^'-*^ related by 

= + A, 

for some A G f2^(End(M""'"^'^)). The respective curvature tensors, i?^^ and B^^ , are 
related by 

(2.24) R^' =e:^' +d^'A+^[AAA], 

whilst the corresponding exterior derivatives, d^^ and d^^ , relate by 

(2.25) d^'e = d^'e + [^A^], 

for ^ G n^(End(M"'"'"^'^)). As a final remark, note that, in the case is a metric 
connection, the connection is metric if and only if A is skew-symmetric. 

2.3.2. The Gauss-Ricci and Codazzi equations. The central sphere congru- 
ence S : M ^ ^^(3,1) (IR"'^''^'^) of a surface in n-space defines a decomposition d = V+M 
of the trivial flat connection on M""^^'^ into the sum of a connection T>, with respect 
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to which S and S-^ are parallel, and a 1-form M with values in S* A S^. Explicitly, 
V := V"^ + V"^"'", for V'^ and V*^^ the connections on 5" and S-^, respectively, defined 
by orthogonal projection of d, and M := d — V. The flatness of d encodes two structure 
equations on T> and M. 

Define a connection V on M"''"^'^ by 

P := o TTs + V^"^ o 7r5± . 

For simplicity, and only temporarily, denote tt^ and tt^x by ()-^ and O"*-, respectively. 
Given ^ G r(M"+i'i), 

d^x = {diFf + {djl)^ + {dji^f + {dji^)^ =Vn + (d/F)^ + {d/i^f 

and, given r] G r(M"+^'^), 

{{d^^^)^,v) = {dfi^,V^) = -if^^,dri^) = -i,,,idri^f). 
It is then clear that, for fi,r] e r(M"+^'^), 

d{fi,r]) = {dii,r]) + {ji^dvi) = {Vh,t]) + {l^,Vr)y, 
P is a metric connection. Thus 

(2.26) d = V+M 
defines a 1-form N G Q^(o(M"+^'i)). In fact. 

We may, alternatively, use, specifically, the notations P5 and Ms for, respectively, T> 
and M. It is very simple but very useful to note that 

(2.27) MA = 0. 

Indeed, given a G r(A) never-zero, Ma = tt^x o da and da G fl^{S). By the skew- 
symmetry of M, it follows, in particular, that ImM C A-*- and, consequently, that 
MS^ cSnA^ = A(i). Hence 

(2.28) ATg J^^(AW AS^). 
The flatness of d, characterized by 

= R^ + d'^M+^[MAM], 

encodes two structure equations, as follows. The P-parallelness of S and S-^ establishes 
V{r{SAS^)) C n^{SAS^) and, therefore, d^M G Q'^{SaS^). Together with the fact 
that V is metric, it establishes, on the other hand, Bp G il^(A^5© A^S'-'-). By equation 
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([XTT]) . we verify that [M A M] G 0^(A^S' © a'^S^). According to the decomposition 
([2Ji]) . it follows then that: 

Proposition 2.6. (Gauss-Ricci equation) 

+ ^[Af AAf]=0; 

and 

Proposition 2.7. (Codazzi equation) 

dPM = 0. 



CHAPTER 3 



Surfaces under change of flat metric connection 

In many occasions throughout this work, we use an interpretation of loop group 
theory by F. Burstah and D. Calderbank and produce transformations of surfaces 
by the action of loops of flat metric connections. Specifically, by replacing the triv- 
ial flat connection by another flat metric connection d on M"+^'\ we transform (in 
certain cases) a surface A C M"^"*^'^ into a d-surface A, or, equivalently, into another 
surface (^A, defined, up to a Mobius transformation for (f) : {R^~^^'^,d) {W''''^^'^ ,d) 
an isomorphism of bundles provided with a metric and a connection. Many will be the 
examples in this work of such transformations preserving the geometrical aspects of a 
class, i.e., establishing symmetries of integrable systems. This tiny chapter is merely 
introductory of the concept of (/-surface. 

Recall that the flatness of a bundle (over M) ensures the existence of a local frame 
(defined on a simply connected component of M) made up of parallel sections. Re- 
call as well that, if the bundle is also provided with a metric with respect to which 
the connection is a metric connection, then there exists an orthonormal local frame 
constituted by parallel sections. 

Let d he a flat metric connection on M*^"^^'^. Let B = {ei)i and B = {ei)i be 
orthonormal local frames of M""*"^'^, parallel with respect to d and d, respectively, 
dci = = dei, for i = 1, ...,n + 2; with 6^+2 and e„+2 time-like. Define an isometry 
^bb' {W^'^^'^,d) (W''~^^'^,d) of bundles, preserving connections, 

(j)^l^od= d0(j)^l^, 

by setting (/'^^(ej) = e^, for i = 1, ...,n + 2. Observe that, although (pg^ depends on the 
choice of the frames B and B, it is uniquely determined up to a Mobius transformation. 
For that, first suppose B' = (e^)j is another d-parallel orthonormal local frame of M""*"^'^, 
with e^_,_2 time-like, define T S r(0(M.""^^'^)) by T{ei) = e[, for all i, and note that 
't'BB' ~ '^^BB ^^'^ that T is constant: 

Tod = <P^s'^b\°^ " ^BB' °'^°^b\ = (^°4>bb' 't^B^ = d°T. 



At some point, we shall omit the indication "up to a Mobius transformation" and assume a Mobius 
geometry point of view. 
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A similar argument shows the independence, up to a Mobius transformation, of 
with respect to the choice of the frame B. Observe, on the other hand, that any isomor- 
phism 4) : (M"+^,d) (M."+^,d) of bundles provided with a metric and a connection 
is of the form (p^^^ for some B and B: fixing an orthonormal d-parallel local frame 
B = {ei)i of M"+^'^ and setting B := (<^(ei))j, we define an orthonormal d-parallel local 
frame of M""*"^'-*^ such that (f> = (f)^^. 

Throughout this text, given a vector bundle P, provided with a metric, and con- 
nections V and V' on P, by isomorphism (P, V) (P, V) shall be understood iso- 
morphism of bundles provided with a metric and a connection. 

Definition 3.1. Given V C M'*"'"^'^ and an isomorphism 

the bundle V := (j)gV is said to he the transformation of V defined, up to a Mobius 
transformation, by the fiat metric connection d. 

Henceforth, we shall omit the indication "up to a Mobius transformation" and 
assume a Mobius geometry point of view. 

Remark 3.2. Obviously, given V and V connections on M""'"^'^ and (p an endomor- 
phism of M"+-^'-'^, the hypothesis ^ o V o (f)"^ = d = ^ o V o (f)~^ forces V = V. 
In particular, given a fiat metric connection d ^ d on W^'^^'^ and isomorphisms 
(j)^ : (M"+i'\d) ^ (M"+i'\d) and (f)^ : {W'+^'\d) {W'+^'^,d), 

"I'd ^ '^J- 

Of course, this does not exclude the possibility of, given a subbundle V o/M""*"^'^, the 
transformations of V defined by (p^ and (p^ being the same. 

Let us concentrate on the particular case V = A, a null line bundle, not necessarily 
defining an immersion into the projectivized light-cone; and on its transformation 

A := </.jA, 

into another null line subbundle of M""'"'^'^. 

Definition 3.3. We say that A is a d-surface i/rankAj^ = 3, for 

{'^^deia,de2(T), 

defined independently of the choices of a never-zero a € r(A) and of a local frame (e.j)i 
ofTM. In the particular case d = d, we shall, alternatively, omit the reference to d. 

It is, perhaps, worth remarking that a d-surface is not necessarily a surface. 
The fact that preserves the connections d and d establishes 

(3.1) {<t>d^f'^=<t>d{^f). 
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and, therefore, rankA'^^) = rankAj\ and, ultimately: 

Proposition 3.4. A is a surface if and only if A is a d-surface. 

An alternative perspective on the transformation of A into 0jA, is, in this way, 
that of the transformation 

A c (M'^+^'S d)^Ac (M"+^'S d), 

consisting of the change of the trivial flat connection on M**"*"^'^ into the flat metric 
connection d. 

In what little is left in this section, we introduce a few concepts on d-surfaces. 
Suppose A is a d-surface. In that case, given a never-zero section a of A, we define a 
positive definite metric by 

giiX,Y) := idxajya), 

for X,Y e r{TM). Indeed, 

(3.2) 9i = g4>,aeCj,=:Ci 
Definition 3.5. We define the d-central sphere congruence of A by 

(3.3) S"^ := {a, de^a, de^a, ^ deidei^) = (p^^ Sj^, 

i 

independently of the choices of a never-zero a G r(A) and of a local orthonormal frame 
(ei)i ofTM with respect to g^. 

The non-degeneracy of 5^ ensures that of S"^. Let tt^j and vr^gj^x be the orthogonal 
projections of 

onto and (S"')"'", respectively. We define a connection on M""*"^'-*^ by 

and a 1-form G J^i(End(M"+i'^)) by 

N^:=d-V^. 

Note that 

(3.4) P'^' = </.t1 o o </),-, = r^'N-^c^-,. 



CHAPTER 4 



Willmore surfaces 

Among the classes of Riemannian submanifolds, there is that of Willmore surfaces, 
named after T. Willmore |60] (1965), although the topic was mentioned by W. Blaschke 
[4] (1929) and by G. Thomsen [55) (1923). Early in the nineteenth century, S. Germain 
[28j . [29j studied elastic surfaces. On her pioneering analysis, she claimed that the elas- 
tic force of a thin plate is proportional to its mean curvature. Since then, the mean 
curvature remains a key concept in theory of elasticity. In modern literature on the 
elasticity of membranes (see, for example, |37j and |40j ). a weighted sum of the total 
mean curvature, the total squared mean curvature and the total Gaussian curvature is 
considered the elastic energy of a membrane. By neglecting the total mean curvature 
(by physical considerations) and having in consideration that the total Gaussian cur- 
vature of compact orientable Riemannian surfaces without boundary is a topological 
invariant, T. Willmore defined the Willmore energy of a compact oriented Riemannian 
surface, without boundary, isometrically immersed in M^, to be W = / H^dA. The 
Willmore functional "extends" to isometric immersions of compact oriented Riemann- 
ian surfaces in Riemannian manifolds by means of half of the total squared norm of the 
trace- free part of the second fundamental form, which, in fact, amongst surfaces in M^, 
differs from W by the total Gaussian curvature, but still shares then the critical points 
with W. Willmore surfaces are the extremals of the Willmore functional. W. Blaschke 
[4] established the Mobius invariance of the Willmore energy of a surface in spherical 
3-space. B.-Y. Chen jl8] generalized it to surfaces in constant curvature Riemnannian 
manifolds. We present a manifestly conformally invariant formulation of the Willmore 
energy of a surface in n-dimensional space- form, >V(A) = \ fj^j{MA*M). The class of 
Willmore surfaces in n-space is then established as invariant under the group of Mobius 
transformations of As already known to Blaschke [4] for the particular case of 

spherical 3-space, the Willmore energy of a surface in a space-form coincides with the 
energy of its central sphere congruence. Furthermore, a result by Blaschke [4] (for 
n = 3) and N. Ejiri [27\ (for general n) characterizes Willmore surfaces in spherical 
n-space by the harmonicity of the central sphere congruence. Via this characterization, 
the class of Willmore surfaces in space-forms is then associated to a class of harmonic 



In fact, we verify the Mobius invariance of the WiUmore energy of a general surface and establish then 
the Mobius invariance of the class of Willmore surfaces. 
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maps into Grassmannians. This enables us to apply to this class of surfaces the well- 
developed integrable systems theory of harmonic maps into Grassmannian manifolds, 
with a spectral deformation and Backlund transformations, cf. |54] and |56j . We define 
in this way a spectral deformation of Willmore surfaces, which we verify to coincide, up 
to reparametrization, with the one presented in |14j . as well as Backlund transforma- 
tions, the latter arising from a more complex construction, presented in a chapter below. 



4.1. The Willmore functional 

In this section, we present a manifestly conformally invariant formulation of the 
Willmore energy of a surface in a space-form. 

We start by recalling the classical concept of Willmore energy of an isometric im- 
mersion of a Riemannian surface into a Riemannian manifold. 

Consider a Riemannian manifold (M, g) and an immersion f : M ^ M. Provide 
M with the metric (7^ induced by / from g, making / into an isometric immersion. 
Recall the trace- free part of the second fundamental form of /, 

= u- g^.^ne T{L\TM, Nf)). 

Suppose M is compact. The Willmore energy of / is defined to b^ 

W(/) := / \U'\'dA, 
JM 

for 

|n0|2 := J^(nO(x„x,),nO(x„x,)), 

defined independently of the choice of a local orthonormal frame (Xj)j=i^2 of TM, and 
dA the area element of M. Let g' be a metric on M conformally equivalent to g, 
gi _ g2M^^ fQj. gome u G C°°(M,M). Let g'^ denote the metric induced in M by / from 
g' and 11' denote the second fundamental form of / : M ^ {M,g'). Following (j2.7p . 
we conclude that the trace-free part of the second fundamental form is invariant under 
conformal changes of the metric, 

= (tf)'. 



In fact, the Willmore energy is classically defined as half of the total squared norm of the trace-free 
part of the second fundamental form. In either case, it generalizes the Willmore energy of a surface in 
R^, as defined by T. Willmore, only up to some constant and, in this case, some scaling (as we shall 
verify later on). Although not sharing extremes, all these different energies share extremals. The reason 
for this scaling of the Willmore energy by 2 is avoiding some scaling when comparing the Willmore 
energy of a surface to the energy of its central sphere congruence, to take place in section IT3l below. 
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for n'^ and (n*^)' the trace- free parts of 11 and 11', respectively. Ultimately, we conclude 
that 

(I(n0)'r)' = e-'"°^|n0|2, 

with ' indicating, yet again, "with respect to g' ". On the other hand, according to 
Lemma II. 6^ 

dA' = e^''°UA, 

relating the area element dA' of {M,g'j) to the area element of {M,gf). Under a 
conformal change of the metric, the square of the length of n*^ and the area element of 
M change in an inverse way, leaving the Willmore energy unchanged. It follows that: 

Theorem 4.1. The Willmore energy is a Mobius invariant. 

The Mobius invariance of the Willmore energy of a surface in spherical 3-space 
was first established by W. Blaschke [3]. B.-Y. Chen [18j generalized it to surfaces in 
constant curvature Riemannian manifoldj^. 

Next we present a manifestly conformally invariant formulation of the Willmore 
energy of a surface in a space-form. Let A C M""''^'^ be a surface in the projectivized 
light-cone. We consider o(M"'''^'^) provided with the metric induced by End(M"'''^'^): 
given a,/3 G o(M"+"^'^), (a,/3) = — tra/?. Fixing a conformal structure in M, and 
having in consideration the invariance of the Hodge *-operator on 1-forms over M 
under conformal changes of the metric on M, we have well-defined a 2-form (J\f A *J\f) 
over M with values in M. 

Definition 4.2. We define the Willmore energy of A to be 

W(A) :=i / (AAa*AA), 

with respect to the conformal structure induced in M by A.. 

The previous definition follows the definition of energy of the mean curvature sphere 
congruenc^ of a surface in spherical 4-space, presented in |12j . Now fix a non-zero 
in M""*"^'^ and consider the surface a^o '■ M —>■ S^^, in the space-form Sy^, defined by 
A. The immersions A and Uoo are related by 

A = vr^ls,,^ o cjoo 

via the conformal diffeomorphism 7r£ 1 : Sy^ ^ P(£)\P(£n (voo)"*")- Hence the Will- 
more energy of A : M — > {¥{C), h), fixing h £ Cp(£), coincides with the Willmore energy 
of (Too. The Willmore energy of the conformal immersion A : {M,C\) (P(£),Cp(£)) 
consists of the Willmore energy of A as an immersion of M into the projectivized 
light-cone provided with a metric in Cp(£) (chosen arbitrarily), as established next: 

*^We shall compute the Willmore energy in this special case later on in this section. 

^For the relationship between the mean curvature sphere congruence and the central sphere congruence, 

see Section [9.1.3l 
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Theorem 4.3. The Willmore energy of the conformal immersion A coincides with the 
Willmore energy of aoa, 

(4.1) W(A) = W((Joo). 

Proof. The WiUmore energy of a^o is given by |n^pdyloo) for IlJ^ the trace- 
free part of IIoo and d^oo the area element of M when provided with the metric ^oo. 
On the other hand, {J\f A *AA) = — (*AA AAA) is a conformahy invariant way of writing 

[M ^*N) = {N,N)gdAg, 

for (7 in Ca, with dAg denoting the area element of (M, g) and ( , )g denoting the Hilbert- 
Schmidt metric on L((rM, 5), o(M"+^'^)). In particular, {N ^*^^) = [M ,M)g^dAcyo- 
The proof of the theorem will consist of showing that {M,M)g^ = 2|n[^p. 

For simplicity, set a := 'iTg± o d o G r2-'^(End(M"^"'^'^)). According to equation 

Af = M\s +^f\s^ =a-a\ 
where t indicates the transpose with respect to the metric on M"+^'^. Fix a local 
orthonormal frame of TM with respect to goo- Obviously, aa = 0, so 

(AA,AA),^ = Y.{Afx.,AfxJ = -Y,^t{NxMx,) = 5](tr(ax.a^J +tr(a*,^axj) 

i i i 

and, therefore, 

(Ar,Ar),^ =2 5^tr(a^^axj5), 

i 

having in consideration that a^^.axi vanishes on S""*". Recall that, if {ei)i and (ej)j are 
dual basis of a vector space E provided with a metric ( , ) (possibly with signature), i.e., 
bases related by {ei,ej) = 5ij,yi,j, then, given fi £ End(£'), tr(;u) = X]i(/^(6«)i ^^O- We 
shall now get two dual frames of S, in order to compute tv{ax^axi\s)- Observe that, 
together, the conditions (fioo , (5"oo ) = 0, (o"oo,<5"oo) = — 1 and ((Too , (^o-qo ) = determine 
uniquely a section iToo of S. In fact, as d(Tao{TM) is a bundle of (2, 0)-planes, its 
orthogonal complement in S is a bundle of (1, l)-planes, 

((ifToo(TM))^n5 = M^'S 

which, by the nullity of o"oo, restricts doo to two light lines, one of which is (cJoo). 
The condition (cToo,o'oo) = —1 shows that a^o is not in (cJoo) and, ultimately, deter- 
mines (Too. The metric relation between cJoo and (Too shows that (Too ^ A^^^ telling us 
that ((Too , (ixi Coo ; c^X2 c''oo 5 (Too ) forms a frame of S. The dual frame of S is the frame 

(-(Too,dXi0-oo,dx20'c3o,-(Too). ThuS 

iv{a^Xi(^Xi\s) = (aXi«Xi((Too), -(Too) + (aXi(dxi(Too),aXi(dxiCroo)) 

+ {aXi{dx2<^oo)-,aXi(dx2(yoo)) + [axMoo] , -aXiic^ 00)) 
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and, consequently, 

tr{ax^ax,\s) = {ax, {dx, ctqc ) , ax, {dx, o"oo ) ) 

3 

= ^(A/'x,(rfXjO-oo),A6c,(dx,o-oo))- 
i 

Now recall the identification between N^o and S-^ via the isometric isomorphism 
Q, presented in Proposition 12.51 For ^ G A'^jo C (o"oo, Woo)"*") 

establishing (/i, tt^^ (uoo) + Q('Hoo)) = 0, for all ^ e S-*-, and, therefore, 

(4.2) 7rsx(7;oo) = -Q(Woo). 

Let ttNoc denote the orthogonal projection of M"'^"'^'^ = daoo(TM) © A^oo © {voo,(^oo) 
onto For arbitrary X,Y £ T{TM), write dxdyf^oo = 7 + f? + Pvoo + Actoo, with 

7 G r((i(Too(rM)), 7? G r(A''oo) and /?, A G r(M.). In fact, we can be more precise: 

/? = -{dxdY(7oo,Croo) = (dy (Too, dx (Too) = goo{X,Y). 

By equation ()4.2p . vr5±(dx'iy0"oo) = '^s^i'n) ~ goo{X,Y)Q{7ioo)- On the other hand, 
r] - Q{vi) = (??,Woo)o"oo G r(S') and, therefore, vr5.±(?7) = Q (vtat^ (dxdy<7oo))- Thus 
7r5x((ixdYCToo) = Q{T^Noo{dxdY(Too) - goo{X ,Y)Hoo) , or, equivalently, 

AAx(dyaoo) = Q(n[^(X,y)). 

It follows that 

(4.3) |n^|2 = Y.{MxMx,cToo)MxMx,(yoo)), 

id 

completing the proof. □ 



We complete this section by computing the Willmore energy of a compact surface 
immersed in M^, specially popular in the literature. Consider an immersion / of M 
into and provide M with the metric gj induced by /. Fixing an orthonormal frame 
Xi,X2 of TM, we have 

|n0|2 = ^{u{Xi,Xj)-Sijn,u{x^,Xj)-5^Jn) 

= Y,{u{Xi,x,),u{Xi,Xj)) - 2{Y,^iXi,Xi),n) + 2\n\^ 
= Y,{u{Xi,Xj),u{x^,x,))-2\n\^, 

id 
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and, consequently, 

|nO|2_2|H|2 = Y.{U{Xi,Xj),U{Xi,X,))-J2i^iXuXi),U{Xj,Xj)) 
= Y,{U{Xi,Xj),UiXi,X,))-Y,mXi,Xi),U{Xj,Xj)) 

= 2(n(Xi,X2),n(Xi,X2))-2(n(Xi,Xi),n(X2,X2)). 

Hence, by equation ()2.5p . 

|n°|2 = 2{\n\'^ -K + K) 

and, therefore, 

Wif) = 2 [ i\n\'^ - K + K) dA. 

In the particular case M = M^, we get twice as much the famous Willmore energy of a 
compact surface immersed in M^: 



W(/) = 2 / (i/2_K)dA 
Jm 



where denotes the square of the mean curvature of / (with respect to either of the 
two unit normal vector fields to /). Amongst compact surfaces without boundary in M^, 
and since for these the total Gaussian curvature is a topological invariant (cf. Gauss- 
Bonnet theorem), the Willmore functional shares critical points with the functional W 
given by 

W{f) := / H'^dA, 

which is what T. Willmore |60j defined as the Willmore energy of a compact surface, 
without boundary, immersed in M'^. 



4.2. Willmore surfaces: definition and examples 

Willmore surfaces are the critical points of the Willmore functional. In view of the 
Mobius invariance of the Willmore energy, Willmore surfaces form a Mobius invariant 
class of surfaces. Minimal surfaces in 3-dimensional space-forms, and so their Mobius 
transforms, are examples of Willmore surfaces. 

Let A C M"'*"^'"'^ be a surface in the projectivized light-cone. Suppose M is compact. 

Definition 4.4. A is said to be a Willmore surface if 

for every variation {At)t of A through immersions of M in P(£). 
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Classically, a Willmore surface is defined to be an immersion f : M ^ M oi M 



f through immersions ft : M ^ M. It is immediate from Theorem 14. II that conformal 
diffeomorphisms transform Willmore surfaces into Willmore surfaces. 

Theorem 4.5. The class of Willmore surfaces is Mobius invariant. 

In particular: 

Proposition 4.6. A is a Willmore surface if and only if, fixing foo G M"'^^'-'^ non-zero, 
so is the surface in S^^ defined by A. 

In Section 14.61 we extend the concept of Willmore surface to surfaces that are, in 
particular, not necessarily compact. We verify that minimal surfaces in space-forms, 
and so their Mobius transforms, are examples of Willmore surfaces (see Section [8.2p . 
In particular, the stereographic projection of a minimal surface in 5" is a Willmore 
surface in W^. The Clifford torus is embedded in as a minimal surface. It projects 
stereographically onto the \/2 anchor ring, which is then a Willmore surface in (as 
well as its Mobius transforms). 

B. Lawson |39j proved that there are minimal embeddings into of surfaces of 
arbitrary genus. Thus there exist in Willmore surfaces of arbitrary genus. But 
are all Willmore surfaces in obtainable as stereographies projections of minimal 
surfaces in 5^? The answer is "no". In fact, J. Langer and D. Singer |38j showed 
that there are infinitely many closed curves on 5^ whose corresponding Hopf torus is 
a Willmore surface in S^. And U. Pinkall |50] showed then that, with one exception, 
the Willmore surfaces obtained by stereographic projection of these Willmore tori in 

cannot possibly be obtained by stereographic projection of minimal surfaces in S^. 
The exception is the \/2 anchor ring. 

4.3. Willmore energy vs. energy of the central sphere congruence 

Under the standard identification S*TQ = IIom(S', S"-*-) = S A S"*-, of bundles pro- 
vided with a metric, dS = M, which establishes the Willmore energy of a surface 
conformally immersed in a space-form as the energy of its central sphere congruence. 

Recall that, given P a compact oriented Riemannian manifold and Q a pseudo- 
Riemannian manifold, the energy of a smooth map <f) : P ^ Q is defined as 



for the Hilbert-Schmidt norm \d(j)\ of d(j) G r(IIom(rP, (jfTQ)) induced by the pseudo- 
Riemannian structures of P and Q, and dvolp the volume element of P. If we think of 
the map (/> as a way to confine and stretch an elastic P inside Q, then -E(</>) represents 



into a Riemannian manifold M, for which 4r 



W{ft) = 0, for every variation [ft)t of 
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an elastic deformation energy. As observed, in particular, by J. Eells and J. Sampson 

m- 

Lemma 4.7. In the case P is 2- dimensional, the energy of (j) : P ^ Q can be invari- 
antly defined with respect to a conformal class of metrics in P. 

Proof. If P is 2-dimensional, then under conformal changes of the metric on P, 
the volume element and the square norm of d(f) vary in an inverse way. In fact, given 
g and g' := e^g, for some u G r(M:)) conformally equivalent metrics on P, we have, 
according to Lemma 11.61 

dvol(p_<;/) = e''dvol(p_g), 

whereas, clearly, 

□ 

We are then, in the case M is compact, in a position to discuss the energy E{S,C\) 
of the central sphere congruence S : M — > ^ of a surface A : M — > P(>C), when providing 
M with the conformal structure C\ induced in M by A. As already known to Blaschke 
[4] in the particular case of spherical 3-space: 

Theorem 4.8. The Willmore energy of a surface A : M ^ P(£) conformally immersed 
in the projectivized light-cone coincides with the energy of its central sphere congruence 
S:M^g, 

W{A) = E{S,Ca). 

The proof of the theorem will be immediate after a few considerations, as follows. 

Under the identification S*TQ = Hom(S', S'-'-), of bundles provided with a metric, 
defined in Section [2.11 we have {dxS)S, = TTs^{dxO = J^xS,, for ^ G r(S'), and, 
therefore, dxS = Mx\sj given X G T{TM). Under, furthermore, the identification 
Hom(S', S"-*-) = 5 A S*-*", of bundles provided with a metric, defined in Section [2.3.11 we 
have dxS =Mx, for all X £ T{TM). Hence, under the identification 

S*Tg ^ Hom(5, S^)^SAS^, 

of bundles provided with a metric, we have 

(4.4) dS = Af 

and, therefore, fixing a metric on M, 

\dS\^ = \Af\\ 

The proof of Theorem 14.81 is now immediate: 
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Proof. Fixing a metric in Ca, 

(AAa*AA) = -{*AfAM) = {M,M)dA = \dS\^dA. 

□ 



4.4. Willmore surfaces and harmonicity 

Willmore surfaces are the extremals of the Willmore functional, just like harmonic 
maps are the extremals of the energy functional. The Willmore energy of a surface 
conformally immersed in a space-form coincides with the energy of its central sphere 
congruence. Furthermore, a result by Blaschke [4] (for n = 3) and N. Ejiri [2Tj (for 
general n) characterizes Willmore surfaces isometrically immersed in spherical n-space 
by the harmonicity of the central sphere congruence. This characterization will enable 
us, in the sections below, to apply to the class of Willmore surfaces conformally im- 
mersed in space-forms the well-developed integrable systems theory of harmonic maps 
into Grassmanian manifolds and to prove that Willmore surfaces constitute an inte- 
grable system. 

Recall that, given P a compact oriented Riemannian manifold and Q a pseudo- 
Riemannian manifold, a smooth map (p : P ^ Q is said to be harmonic if it extremises 
the energy functional, 

for every variation (0t)t of (j) through smooth maps from P to Q. The associated 
Euler-Lagrange equation is 

(4.5) trV# = 0, 

where ^dcf) denotes the Hessian of 4>, the section of S'^{TP,(j)*TQ) defined by 
Vd^{X,Y) := V^*^^#(y) - d(j){vYY), 

for the Levi-Civita connection V^''^ on P and the connection induced in the 

pull-back bundle 4'*TQ by the Levi-Civita connection on Q. The section := tr Vd0 
of (p^^TQ is called the tension field of (p. Behind the characterization of the harmonicity 
of (f) provided by equation (j4.5p is the classical formula 

(4.6) ^ ^(00 = - /(</>, trV#)dvolp, 

dt\t=o Jp 

relating the variation of energy through a variation of (p to the respective variational 
vector field, 

<P := ^, cPt G T{<P*TQ). 
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Equation (j4.6p will be useful in the future. It will also be useful to recall that, as we 
travel along all the variations of (/>, the variational vector field (p travels along all the 
sections of 4>*TQ: given rj G T{(I)*TQ), by setting 

(ptip) := exp^(p)(t??p) 

for t £ M,p € P, we define a variation {(j)t)t of (j) through smooth maps from P to Q 
for which cp = r]. 

Although the Levi-Civita connection is not a conformal invariant, the harmonicity 
of a map defined on a 2-dimensional manifold is preserved by conformal changes of 
the metric on that manifold. In fact, as observed by J. Eells and J. Sampson [26] . 
energy and, therefore, harmonicity of a map of a surface are preserved by conformal 
diffeomorphisms. It is well known that 

(4.7) *d(p = -*{trVd(l)), 
denoting \J^*'^Q by V, which leads us to the following: 

Lemma 4.9. In the case P is 2-dimensional, the equation 

(4.8) d^ *d(p = 

constitutes a characterization of the harmonicity of (p, manifestly invariant under a 
conformal change of the metric on P. 

Proof. Equation (j4.8p provides a characterization of the harmonicity of accord- 
ing to equation (j4.7p . On the other hand, in the case P is 2-dimensional, the Hodge 
♦-operator on 1-forms over P is a conformal invariant. Since d^ depends only on the 
pseudo-Riemannian structure on Q, we conclude that, under a conformal change of the 
metric on P, remains invariant (and so does then the harmonicity of 0). □ 

There is then no ambiguity in the following statement. Let A C M"^^'^ be a surface 
in the projectivized light-cone. Suppose M is compact. 

Theorem 4.10. A is a Willmore surface if and only if its central sphere congruence 
S : M ^ Q is harmonic with respect to the conformal structure induced in M by A. 

The characterization of Willmore surfaces isometrically immersed in spherical n- 
space by the harmonicity of the central sphere congruence is due to W. Blaschke [4] 
(for n = 3) and N. Ejiri |27j (for general n). The proof of Theorem 14.101 we present 
next is a generalization in the light-cone picture of the proof presented in [12], in the 
quaternionic setting, for the particular case of surfaces in 5^. The conclusion will follow 
easily from three useful lemmas we present next. 
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Lemma 4.11. Let {h.t)t he a variation of A through immersions of M in P(£) and 
{St)t be the corresponding variation of S through central sphere congruences. Then 

(4.9) ^(^*) = 1 E{St,CA), 

for E{St,C\) the energy of St : M ^ Q when providing M with the conformal structure 
Ca. 



Proof. Write Ct for the conformal structure induced in M by A^, writing also Ca 
for Cq. According to Theorem l4.8l for each W(At) = E{St,Ct). The proof will consist 
of showing that 

dt\t^o «i|t=o 

For each t, 

E{SuCt)= I \{dSudStMAt= I UdStAndSt), 

for the Hilbert-Schmidt metric on Hom((TM, (74), Hom(S't, S^-*-)), dA^ and *t the 
area element and the Hodge *-operator of {M,gt), respectively, fixing gt £ Ct- Thus 

— E{St,Ct) = - {{dS A *dS) + {dS A idS) + {dS A *dS)), 
dt \t=Q 2 

abbreviating ^| by a dot and writing * for *o. Now we verify that 
(4.10) {dS A idS) = 0. 

Fix X G r(TM) locally never-zero, so that X, JX provides a local frame of TM, for J 
the canonical complex structure in (M, Ca)- The 2-form (dS A*dS) vanishes if and only 
ii{dSA*dS){X,JX) = 0, or, equivalently, {dS AidS){X +iJX, X -iJX) = 0. For each 
t, let Jt £ r(End(TM)) be the canonical complex structure in (M, Ct), writing also J for 
Jq. Differentiation at t = of *tdSt = -{dSt)Jt gives *dS + *dS = -{dS)J - {dS)j = 
*dS — {dS)J and, therefore, 

ids = -{dS)j. 

Hence equation (j4.10p holds if and only if —{dxo,iS,djj^i^oS) + {dx^,oS,djj^o,iS) = 0, 
for := X + iJX and X^'^ := X - iJX. Now differentiation at t = of jf = -I 
gives 

jj = -jj 

and, consequently, that J intertwines the eigenspaces of J: given X G r(TM), 

J{j{X ± iJX)) = -j{J{X ± iJX)) = ±ij{X ± iJX), 

respectively, showing that j{T'^^'^M) C T^'^M, j{T^^^M) C T^'^M. By the confor- 
mality of 5 : (M, Ca) — > G, it follows that [dxo,iS,d j^ifiS) = = {dx^-oS^d jxo,iS). 
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We establish (|4.1U|) and, consequently, that 



- E{St,Ct) = / {{dS A*dS) + {dS A*dS)) 
d f 1 



(dStA*dSt) 

= i5;(5i,CA), 

completing the proof. □ 

Lemma 14.111 establishes, in particular, that A is a Willmore surface as soon as 
S : (M, Ca) — > ^ is harmonic. However, it does not prove Theorem 14. 10^ as a variation 
of the central sphere congruence is not necessarily a variation through central sphere 
congruences. 

Lemma 4.12. Let {At)t be a variation of A through immersions of M in P(£) and 
{St)t be the corresponding variation of S through central sphere congruences. For each 
t, let at he a never-zero section of At, writing also a for ctq. The variational vector 
fields of {(yt)t and {St)t are related by 

Proof. Let S : Mx] - e,e[^ g be defined by S{p,t) := Stip). Under the 
identification of S*TQ with Hom(S', S"-*-) defined by (|2.9p for the case T = S, given 
^ : Mx] — e,e[-^ R"+^'^ such that := {x ^ ^(x,0)) is a section of S, we have 
d'S(^pfi){u, k){^o{p)) = 7rg±(d^(p o)(^i ^))) for all p £ M, u G TpM and € M. In partic- 
ular, for ^ defined by S,{p,t) := (Tt{p), for u = and k = {d/dt)t=o, we get 

d{Snoi{d/dt)t=oMp) = 7Ts^{d{eUid/dt)t=o), 

for SP := {t ^ S{p, t)) and := (t ^ ^{p, t)). Equivalently, 

{d/dt)t=o St{p)a{p) = iTs±{id/dt)t=ocrt{p)). 

□ 

Remark 4.13. Lemma \4-l^ establishes, in particular, that t^s^ct does not depend on 
the variation {(Tt)t of a, only on the variation {{o't))t = (A()t of (a) = A. Furthermore, 
given a variation {cr[)t = {XtO't)t of a, with Xt G r(M) never-zero for all t, the respective 
variational vector field a' relates to a by a' = (^|^ ^^t)(^Q + Aotr and, therefore, 

a = a modA. 

Given z a holomorphic chart of (M, Ca), we use to denote the tension field of 

T, = ti.V'dS G T{S*TG), 



CONSTRAINED WILLMORE SURFACES 



45 



for V^dS the Hessian of S : (M, g.^) ^ Q and tr^ indicating trace computed with respect 
to Qz G Ca- For simphcity, let V denote the pull-back connection on S*TQ induced by 
the Levi-Civita connection on Q (when provided with the pseudo-Riemannian structure 
defined in Section I2.ip . 



Lemma 4.14. Given z a holomorphic chart of {M,Ca), 

(4.11) 4Vs.S, = T, = AVs,S,. 

It follows that, under the usual identification S*TQ = Hom(S', S-^), 

(4.12) A^^^Ckerr^ 
and, consequently, 

(4.13) Imr* C A. 



Proof. Fix a holomorphic chart z = x + iy of {M,Ca). First of all, note that, as 
6x , Sy is an orthonormal frame of (TM, g^), we have 

T. = VsJ, - dSiVfJ.^ + Vs,Sy - dSiVfJy), 

for V^^ the Levi-Civita connection on {M,gz). On the other hand, for J the canonical 
complex-structure in (M, Ca), {M,gz,J) is a Kahler manifold and, therefore, 

JM'J. + VfM,) = VfJ6, + VfV<5, = Vfjy - V%5, = [6x, 6y] = 0. 

Thus 

By the symmetry of the Hessian, 

Vs^Sy - dSiVfJy) = Vs^Sx - d5(Vg5,), 

or, equivalently, by the torsion-free property of the Levi-Civita connection, 

VsJy-Vs,Sx = dS{[6x,Sy])=0. 

This establishes ()4.1ip . Next observe that, whilst, for a never-zero section a of A, 
(o-22,cr) = (cr,<7z)z - {az,crz) = 0, as weh as {azz,(Tz) = \ {(yz,CFz)z = 0; for the par- 
ticular case of the normalized section cr^ of A with respect to z, we have, furthermore 
(cTf^,cr|) = [al,al)z — (<t|,c7|j) = 0, as ((t|,(j|) is constant. Hence T^si'^lz) orthog- 
onal to fj^, o"! and ct|, so that 7rs(o"|^) G r(A) and, therefore, {Tys{'^lz))z G F(5). It 
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follows that 

= 4(vf (5.-af)-5,(v£a,^)) 
= 4(vf (vr^xK^,)) -^.(vr^KJ)) 
= -4vr5x((7r5(c7^J)5) 
= 0. 

The orthogonality of -ks^'^Iz) to <^2 ^1 establishes that of irsicr^z), establishing, 
ultimately, 

Tzial) =4{Vs,Sz)al = -47r<.x((7r5(a|,)),) = 0. 
On the other hand, 

Tzia^) = 4(vf (7r5x(a|)) - TTs^ial,)) = 0. 
We conclude that A^^^ C ker Tz and, consequently, that 

Imr* C (kerrj^ D S C (A^^))^ n 5 = A. 

□ 

Now we proceed to the proof of Theorem I4.1UI 

Proof. Suppose S : {M,C\) — > ^ is harmonic. Then, in particular, given an 
arbitrary variation {At)t of A through surfaces in the projectivized light-cone, we have 

(4.14) ^ E{SuCa) = 0, 

dt\t=o 

for the corresponding variation {St)t of S through central sphere congruences. By 
equation (j4.9p . we conclude that A is a Willmore surface. 

Conversely, suppose that A is a Willmore surface. Fix a holomorphic chart z of 
(M, Ca). To prove that 5 : {M,C\) ^ ^ is harmonic, we consider the usual identifica- 
tion S*TQ = Hom(S', 5-*") and show that G r(Hom(S', S"-*")) vanishes. For that, and 
aiming for a contradiction, suppose that is non-zero. Then so is r* G r(Hom(5'-'", A)). 
Fix a never-zero section o" of A and a variation {(Tt)t of a through smooth maps 
at: M ^ C with & £T{{a)^) = r(A(i) 5"^) a section of 5"-^ such that T^^{Trs±a) = \a 
for some positive A G C°°(M, M). Define a variation of A through surfaces in the pro- 
jectivized light-cone by setting At := {at), for each t. Let {St)t be the corresponding 
variation of S through central sphere congruences and S be the corresponding varia- 
tional vector field. According to Lemma 14.121 T^S{a) = Xa. On the other hand, yet 
again according to (j4.13|) . tr(T* S) is simply the component of r* S{a) with respect to a. 
Hence tr(r* S) = A is positive. Lastly, the fact that A is a Willmore surface intervenes 
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to establish (j4.14p . On the other hand, according to equation (j4.6|) . 

(4.15) ^ E{St,CA) = - [ {S,T,)dA, = - [ tr(riS)dA„ 
for dAz the area element of {M,gz)- It follows that 

(4.16) / tr(T* 5) dA^ = 0, 

Jm 

which contradicts the conclusion of the positiveness of tr(r* S), completing the proof. 

□ 

4.5. The Willmore surface equation 

Having characterized conformal Willmore surfaces in the projectivized light-cone 
by the harmonicity of the central sphere congruence, we have, in particular, deduced 
the Willmore surface equation for a conformal immersion A : M — > P(£): 

cf''^' *dS = 0, 

for V"^*"^^ the pull-back connection on S*TQ induced by the Levi-Civita connection on 
Q (when provided with the pseudo-Riemannian structure defined in Section 12. ip . It is 
well-known (see, for example, [15j ) that the usual identification S*TQ = Hom(S', S-*-), 
of bundles provided with a metric, respects connections^ i.e., V"^ consists of the 
connection induced canonically in IIom(S', S"-*") by V'^ and V"^"*", 

for ah i G r(Hom(5,5^)). That is, 

(4.17) yS'Tg ^ 

for the connection induced naturally in Hom(S', S"-*-) by the connection T) on M""*"^'^. 
Note that the connection induced naturally in S" A S-^ by P coincides with the one 
induced naturally by V"^ and V'^"'". By (j4.4p . we conclude that, under the usual iden- 
tification 

(4.18) S*Tg^Yioui{S,S^)^ S ^S^, 

of bundles provided with a metric and a connection, d'^ * AA = 0, or, equivalently (cf. 
(j2.25p ). d*N = 0, provides a characterization of Willmore surfaces in the projectivized 
light-cone. In view of AA^'° = ^ (AA i * AA) (and, therefore, AA°'^ = \{M - i*M)), 
Codazzi equation establishes 

(4.19) d^AA^'O = i * AA = -d^A^O'i. 



■^This is the particular case (j) — S and Q — Gr(3 ij (R""'"^'^) of a fact regarding a general map (j) : M 
into a general Grassmannian Q — Gr(r_s) (K*'''). 
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It follows that: 

Theorem 4.15. Willmore surfaces in the projectivized light-cone are characterized, 
equivalently, by any of the following equations: 

i) d*Af = 0; 

ii) d'^ *M = 0; 
Hi) <PN^'^ = 0; 
iv) d^M^'^ = 0. 

Remark 4.16. According to Lemma \4.14[ together with (j4.17p . the harmonicity of the 
central sphere congruence S : {M,C\) Q of k can he characterized by Vs^Sz = 0, 
or, equivalently, (Dg^Sz) cTzz = 0, fixing a never-zero section a of K and a holomorphic 
chart z of {M, C\) . 

Remark 4.17. Let Voo £ M"^^'^ be non-zero and a^o '■ M — > S^^ be the surface defined 
by A in the space-form Sy^. Let A^o be the Laplacian in N^o and A^o ■= A'^ o A^q, 
for Aao mapping a unit G r(A''oo) to aIo, the shape operator o/uoo with respect to ^. 

cf m, 

is a Willmore surface equation for aoo, providing, therefore, yet another Willmore 
surface equation for A. One which takes us out of the path of this text, though. 

We dedicate what is left in this section to contemplating the variational Willmore 
energy, supposing M is compact. Let {At)t be a variation of A through immersions of 
M in ¥{C) and W be the corresponding variational Willmore energy, 

dt\t^o 

For each t, let at be a never- zero section of Aj, writing also a for fjo- Let a be the 
variational vector field of the variation {crt)t- Differentiation of {at, at) = establishes 
(cj, a) = 0. In view of Remark 14.131 define 

(4.20) A G r(Hom(A, A^/A)) 

by Ao" := amodA. The notation is not casual. In fact, under the isomorphism 

dn^ : A^/A ^ TaF{C) 
(cf. (ll.Sp l. the variational vector field of {At)t is dmodA G F (Horn (A-*- /A)). Set 

u:=TrAG F(Hom(A,5^)), 

for the canonical projection 

vr : F(Hom(A,A^/A) = Hom(A, A^/A)) F(Hom(A, 5^)) ^ F(Hom(A, 5^)). 
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Observe that 

va = 7r5±(Acj) = vr^xcr. 

Having said so, let {St)t be the variation of S through central sphere congruences 
corresponding to the variation (Aj)j of A and S be the corresponding variational central 
sphere congruence. Fix a holomorphic chart z of (M, Ca)- According to Lemma I4.1H 
together with (j4.15|) . 

W = - f tr(T* S) dA^ 

JM 

and, therefore, by Lemma 14.141 followed by Lemma 14.121 



/ {tIS a,azz){(y,(yzz) ^dAz = - {cr,Tzazz){(^,(^zz) ^dAz- 
JM JM 



IM JM 

The skew-symmetry of Tz G r(Hom(5, S*-*-) = 5 A S-^) establishes then 



/ {Tz'Ks^(T,azz){(y,(yzz) ^dAz. 
JM 



Let *z be the Hodge *-operator on forms over {M,gz). According to equation (|4.7|) . 
d^^ * dS = — *z Tz and, therefore, under the identification (j4.18p . 

(4.21) Tz = *zd'^ *Af eT{S AS^). 
It follows that 

W = / i{*zd^*M)ua,az-zK<T,az-z)'^dA,. 

JM 

As we know, since Af takes values in S A 5-*" and S and are P-parallel, the 2-form 
dP *J\f takes values in 5 A 5-*-, and so does, therefore, *z dP *J\f. In view of equations 
(j4.12p and (j4.2ip . we conclude, furthermore, that 

(4.22) *z d^ *Af en^{AAS^). 
Hence {*z d^ * M) o ly e r(End(A)) and 

W = [ ii{{*^(P *M)ov)dAz 

JM 

{u, {*zd^*Mf)dAz 

M 

{*z d^ * M, v) dAz 

M 

and, ultimately, 

W = - [ {{cP*M)Av). 

JM 

As *zdP * -1^ vanishes on A^^^ , we have 

{*zd^ *M,k-v) =iv{{*zd^ *Mf{k- v)) = -ti{*zd^ *M o{k-u)) = 
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and we conclude that the variational Willmore energy relates to the variational surface 
by 

(4.23) W = - [ {{cF*M)AA). 

As a final remark, note that, according to Lemma |4. 1 II and ()4.15p . on the other hand, 
W = - Jj^^{S, T^) dA^ and, therefore, by (fOTT) . 

W = - [ {{(F*M)AS). 
Jm 

4.6. Willmore surfaces under change of fiat metric connection 

Let A be a null line subbundle of the trivial bundle M x M"'''^'^, not necessarily 
defining an immersion into F{C). Let d be a flat metric connection on M""'"^'^. 

Definition 4.18. Suppose A is a d-surface. A is said to be a Willmore d-surface if 

d^'*^Af^ = 0, 

where *j denotes the Hodge ^-operator on l-forni,s over (M, C^). 

This definition is a generalization of the characterization of a Willmore surface in 
the projectivized light-cone provided by * = 0, corresponding to the particular 
case d = d and M is compact. 

Let (j) : (M"+^'\(i) (M"+^'\d) be an isomorphism. As observed in Section El A 
is a d-surface if and only if (j)A is a surface. Furthermore: 

Proposition 4.19. Suppose A is a d-surface (or, equivalently, (pA is a surface). In 
that case, A is a Willmore d-surface if and only if <j)A is a Willmore surface. 

Proof. Set A = 0A. By ([231), relating Vj^ to and A/"^ to Af^, we have, given 
X,Y £ T{TM), 

The fact that = (cf. (|3.2p ) completes the proof. □ 

4.7. Spectral deformation of Willmore surfaces 

Let (j) : M ^ Gr^,, ,,)(M^''^) be a map into the Grassmannian Gr(r .,)(MP'''). Let vr^ 
and 7r^± be the orthogonal projections of M^''' onto (f) and (f)-^, respectively. Provide 
(f) and (f)-^ with the connections := vr^ o d o vr^ and V^^ := 7r^± o d o tt^±, respec- 
tively. Set := -\- V^^ and A/^ := d — V^. Under the standard identification 
(f)*TGr(j.^g-^{W'''i) =Hom(0, 0-*-) = (pAcj)-^, of bundles provided with a metric and a con- 
nection, d(j) = M(f„ so that the harmonicity of (p with respect to a given conformal struc- 
ture in M, in the case M is compact, is characterized by d^'i' *Af(f) = (noting that the 
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connection induced naturally in (j) /\(j3-^ by and V^^ coincides with the one induced 
naturally by 1*0). K. Uhlenbeck [56j proved that the harmonicity of (j) is characterized, 
equivalently, by the flatness of the metric connection d/^ := 2?^ + + AA/"^'^, for 

each A G S"^. Furthermore, such loop of flat metric connections gives rise to a S"^ -family 
of harmonic maps into Gr(^_5)(MP''?), cf. [56] . Harmonic maps into Grassmannian man- 
ifolds come in S'^-families. In this section, we show that, if S : M ^ ^ is harmonic, 
then the 5^ -deformation of S defined by the loop of flat metric connections dg, with 
A G S*^, is the family of (harmonic) central sphere congruences corresponding to the 
S"^ -deformation of A deflned by the loop d/^. The characterization of Willmore surfaces 
in space-forms in terms of the harmonicity of the central sphere congruence gives rise, 
in this way, to a spectral deformation of Willmore surfaces in space-forms. As we shall 
verify in section [6.4.11 below, this deformation coincides, up to reparametrization, with 
the one presented in |14] . 

Let A C M."'"'"^'^ be a surface in the projectivized light-cone. Consider M provided 
with the conformal structure C\. For each A E S"^, deflne a connection on M""'"^'"'^ by 

:=P + A"Wi'° + AAAO'\ 

noting that, d^ is, indeed, real: V and N are real and, as A is unit, A = A~^, so that, 
given /i G r(M"+^'^), = d^^i. 

The next result is, in view of Theorem 14.101 the particular case (/> = 5 of the 
characterization of the harmonicity of a map (j) : M ^ Q va terms of the flatness of the 
S^-family of metric connections d^, by K. Uhlenbeck |56j . 

Theorem 4.20. A is a Willmore surface if and only if d^ is a flat connection, for each 
A G SK 

Proof. According to (j2.24p . and having in consideration that there are no non-zero 
(2, 0)- or (0, 2)-forms over a surface, the curvature tensor of d^ is given by 

Rd' =rD + X-^d^M''' + A d^AAO'i + 1 [AA A AA]. 

By Gauss-Ricci and Codazzi equations, it follows that R'^^ = (A^^ — X) d^Af^'^ . We 
conclude that d^ is flat for all A in if and only if d^N^'^ = 0, which, according to 
Theorem I4.15[ completes the proof. □ 

Since N is skew-symmetric, the fact that 2? is a metric connection ensures that 
so is d^. Therefore, if A is a Willmore surface, the family of connections d^, with 
A G /S^, consists of a S'^-family of flat metric connections, defining then a S'^-family of 
transformations of A, by setting, for each A G S^, 

Aa := (/-^aA, 



52 



A. C. QUINTINO 



for some isomorphism : (R"+^'\(i^) ^ (M"+i'\(i). Observe that, for each A e S\ 
A\ consists of a transformation of A into another surface. In fact, given a never-zero 
section a of A, we have 

(4.24) d^a = Va = da, 

and, therefore, A^\^ = A^^^, showing that, A is a d^-surface for all A € S*^. Furthermore: 

Theorem 4.21. If A. is a Willmore surface, then so is the transformation Ax of A 
defined by the fiat metric connection d^, for each A G 5^. 

Proof. Suppose A is a Willmore surface, in which case such a transformation A^ 
of A is defined. Fix X £ and a a never-zero section of A. First of all, note that, 
according to (j4.24p . gf" = g„ and, therefore, = Ca. For simplicity, write 5'*', 
and M'^ for, respectively, S'^^ , and AA^^ . The proof will consist of showing that 
dP^ *J\f^ = 0, for * the Hodge *-operator on 1-forms over (M, Ca). The result will then 
follow from Proposition 14.191 

The crucial observation is that the d^-central sphere congruence of A coincides with 
the central sphere congruence of A, 

(4.25) 5^ = S, 

as we shall see next. For that, it is enough to fix an orthonormal frame (ej)j of TM 
with respect to and to show that '^id'^.deiCr = '^ide^de^cr, or, equivalently, that 
^iiX^^Mlfde^cr + XMei^ de^cr) = 0> having in consideration that J^i'^etdeiCr = 0. Set 
Z := ei—i 62- Note that, given a 2-tensor T on M, T{ei, Ci) = ^ {T{Z, Z)+T{Z, Z)), 
so that, in particular, if T is symmetric, T{Z, Z) = T{ei, ei) = T{Z, Z). Note that 
the 2-tensor {{X,Y) t-^ Mxidya)) is symmetric: given X,Y £ T{TM), 

Mridxcr) -Mxidycr) = -irs±{d[x,Y]'^) = 0. 

Choosing the frame (61,62) to be direct, we have Jei = 62 and Je2 = —61, for J the 
canonical complex structure in (M, Ca), and, therefore, Z G T{T^'^). It follows, on the 
one hand, that 

^AT^fd^^a = \ (AT'/d^a + Af^'dza) = ^Af'/d^a, 

i 

and, on the other hand, 

M^'^d-^a = Me^de^a + iMe^de2<^ — ^AAggdeiO" + A/'e2de2cr = A/"e.'°de^cr. 

i 

Analogously, 

^M^'dza = Y,^fe:'de.a=M^'dza. 
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Thus 

i i 

completing the verification of (|4.25|) . Now note that, as M intertwines S and 5-*", we 
have 

TTS O O ITS = ITS O d O TTS, Trgl_ O d'^ O TTgi = TTgi O do ■jrgj_ . 

We conclude that 

= V 

and, consequently. 
Hence 

d^^Af^ = X-'d^*M'^^ + \d^*M^'' = 

= -zX~^d^M^'^ + iXd^M^'^ = 

= _,(A-i + A)d^AAi'0, 

which, according to Theorem 14.151 completes the proof. □ 

The harmonicity of S : (M, Ca) — > G, characterized, cf. K. Uhlenbeck |56) . by the 
flatness of dg (spelt out with respect to Ca), for all A G 5^, establishes, equivalently, 
the flatness of 

for all A,^ G S^, or, equivalently, the harmonicity of (/'^aS : (M, Ca) G, for all 
A. According to (j4.25p . the S'^-deformation <j)^\S of S is the family of central sphere 
congruences corresponding to the S^-deformation (p^xA of A. On the other hand, in 
view of (|4.24p . gcp^^A = da and, therefore. 

Hence the harmonicity of S with respect to Ca establishes the harmonicity of (pi^xS 
with respect to C^^^a, for all A. The loop of flat metric connections d'^ defines, in 
this way, a conformal S'^-deformation of a Willmore surface into a family of Willmore 
surfaces. As we shall verify in Section 16.4.11 below, this deformation coincides, up to 
reparametrization, with the one presented in |14] . 



CHAPTER 5 



The constrained Willmore surface equation 

In this chapter, we introduce constrained Wihmore surfaces, the generaUzation of 
Willmore surfaces that arises when we consider extremals of the Willmore functional 
with respect to infinitesimally conformal variationslll rather than with respect to all 
variations. The topic is mentioned very briefly in [59j. Some results on constrained 
Willmore surfaces are contained in |51j . |14j . [7] and [llj . Constrained Willmore sur- 
faces in space forms form a Mobius invariant class of surfaces, with strong links to 
the theory of integrable systems, which we shall explore throughout this work. F. 
Burstall et al. jl4j established a manifestly conformally invariant characterization of 
constrained Willmore surfaces in space-forms, which, in particular, extended the con- 
cept of constrained Willmore to surfaces that are not necessarily compact. This chapter 
is dedicated to deriving the characterization mentioned above, or rather a reformula- 
tion of it by F. Burstall and D. Calderbank 'llj, from the variational problem. 

Let A C M"^"*^'^ be a surface in the projectivized light-cone. Provide M with the 
conformal structure Ca, induced by A. Suppose M is compact. 

5.1. Constrained Willmore surfaces: definition and examples 

Constrained Willmore surfaces are the critical points of the Willmore functional 
with respect to infinitesimally conformal variations. They form a Mobius invariant class 
of surfaces. Willmore surfaces and constant mean curvature surfaces in 3-dimensional 
space-forms, and so their Mobius transforms, are examples of constrained Willmore 
surfaces. 

A variation {h.t)t of A through immersions of M in P(£) is said to be a confor- 
mal variation if it preserves the conformal structure induced in M, or, equivalently, it 
preserves the isotropy of r^'°M (respectively, T^'^M), i.e., fixing Z £ T{T^'°M) (re- 
spectively, Z e r(r°'iM)), locally never-zero, and, for each t, gt in the conformal class 
of metrics induced in M by A^, 

gt{Z,Z)=^. 



To which references as conformal variations can be found in the literature. 
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The constraint on the conformal structure we are interested in is weaker than confor- 
mahty. 

Definition 5.1. A variation {At)t of A through immersions of M in P(£) is said to 
be an infinitesimally conformal variation if, fixing Z G T(T^'^M) (respectively, Z £ 
T[T'^'^M)), locally never-zero, and, for each t, gt in the conformal class of metrics 
induced in M by At, we have 

Note that this is, indeed, a good definition, as, given A = (t i-^ Aj), with At : M — > M 
positive for each t, 

^ \tgt{Z,Z) = \'{0)g{Z,Z)+X{0)^ gt{Z,Z), 

with g G Ca, so that ^Xtgt{Z, Z) = A(0)^|^ o^*^'^' ^'^^ which vanishes if and only if 
does. 

Definition 5.2. The surface A is said to be a constrained Willmore surface if 

for every infinitesimally conformal variation {At)t of A through immersions of M in 
P(£). 

It is immediate from Theorem 14.11 that conformal diffeomorphisms transform con- 
strained Willmore surfaces into constrained Willmore surfaces. 

Theorem 5.3. The class of constrained Willmore surfaces is Mobius invariant. 

In particular: 

Proposition 5.4. A is a constrained Willmore surface if and only if, fixing a non-zero 
Voo G M"'^-'^'^, so is the surface in S^^ defined by A. 

In Section 16.3.11 we extend the concept of constrained Willmore surface to surfaces 
that are, in particular, not necessarily compact. 

Willmore surfaces are, obviously, examples of constrained Willmore surfaces. But 
there are more: constant mean curvature (CMC) surfaces in 3-dimensional space-forms 
are constrained Willmore (and also isothermic). Section \^?2\ is dedicated to this spe- 
cial class of surfaces. We believe one can obtain non-isothermic, non- Willmore con- 
strained Willmore surfaces as Bdcklund transforms of non-minimal CMC surfaces in 
space-forms, following Section 18.1.51 below, but this is not clear, though (it shall be 
the subject of further work). Section [7.2.21 is dedicated to another class of constrained 
Willmore surfaces, that of codimension 2 surfaces with holomorphic mean curvature 
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vector in space- forms. 

5.2. The Hopf differential and the Schwarzian derivative 

In |14j . a characterization of constrained Willmore surfaces, isothermic surfaces 
and constant mean curvature surfaces in space-forms in terms of the Hopf differential 
and the Schwarzian derivative is estabhshed. It is a uniform characterization of these 
three classes of surfaces and, for this reason, it will be presented in this text, in parallel 
to what is our main approach. In this section, we introduce the Hopf differential and 
the Schwarzian derivative, cf. |14j . 

Fix z = X + iy a holomorphic chart of M and consider , the normalized section 
of A with respect to z. Write 

with a,b,c,d S r(C). By the orthogonality relations of the frame {cr, o"^, ct^, dzf}, we 
have 

and, therefore, 6 = 0; on the other hand, 
and, therefore, c = 0; and 

showing that d = 0. Thus uf^ satisfies an equation 

(5.1) ^|^ = _icv^ + fe^ 

defining a complex function 

:=4(aL,cTy er(C), 

the Schwarzian derivative with respect to z, and a section 

F :=7r5x(a,^jGr(5^), 

of the complexification of the normal bundle to the central sphere congruence of A, 
called the Hopf differential of A with respect to z@ 

It is useful to understand how the Hopf differential changes under a change of 
holomorphic coordinate. Let lo be another holomorphic chart of M. Following equation 

^The terminology for the latter is motivated by the relation established in Lemma IA.2I below, in 
Appendix [X] 
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p.lUp . we have 

ct"' =1 I a^ 

so that fj^ = u)~^ \ ujz\z + \ \ ^^^5 consequently, 




Hence 

(5.2) A;'^ = F 

We complete this section with a fundamental result of conformal surface theory. 
As established in 

Lemma 5.5. //Ai,A2 : M — > P(£) = 5" are two conformal immersions inducing 
the same Hopf differential, Schwarzian derivative and normal connection V^''' , then 
there is a Mobius transformation T such that A2 = TAi. (In the particular case of 
codimension 1 (i.e., n = 3), the condition on the normal connection is vacuous.) 



5.3. The Euler-Lagrange constrained Willmore surface equation 

F. Burstall et al. [14j established a manifestly conformally invariant characteriza- 
tion of constrained Willmore surfaces in space-forms, which, in particular, extended 
the concept of constrained Willmore to surfaces that are not necessarily compact. In 
this section, we derive, from the variational problem, a reformulation of this charac- 
terization, due to F. Burstall and D. Calderbank The argument consists of a 
generalization to n-space of the argument presented in [7] for the particular case of 
n = 3. 

As established in [llj : 

Theorem 5.6. The surface A is a constrained Willmore surface if and only if there 
exists a real form q £ Q^(A A A*-^-*) with 

(5.3) d^q = 
such that 

(5.4) d'^ *M =2[qA*M]. 

In this case, we may refer to A as, specifically, a g-constrained Willmore surface and 
to q as a [Lagrange] multipliej^ to A. 

''Named after the method of Lagrange muhipUers for finding the critical points of a function subject 
to a constraint. 
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Willmore surfaces are the 0-constrained Willmore surfaces. The zero multipher is 
not necessarily the only multiplier to a constrained Willmore surface with no constraint 
on the conformal structure. The uniqueness of multiplier is discussed in section 18.1.41 

Remark 5.7. Let q he a 1-form with values in A A A^^\ According to ()4.22p . 

(5.5) d'^ *Ar en^{AAS^). 

On the other hand, in view of (j2.17p . we conclude from (j2.28p that 

(5.6) [qA*M]en^{AAS^). 

In particular, both dP *J\f and [qA*J\f] vanish on A^^^ and are, therefore, determined by 
the respective restrictions to {u)®S-^ , fixing u G S'\A-'- (in particular, foru = Ozz, fixing 
a £ r(A) never-zero and z a holomorphic chart of M). Equation ()2.15p establishes, 
furthermore, that both dP *J\f and [qA*M] are determined by the respective restrictions 
to (u), fixing u G S\A-^. In particular, equation (|5.4p holds if and only if, fixing such 
a u, {d^ * M)u = 2[qA *M]u. 

The proof of Theorem 15.61 we present follows essentially from the so called Weyl's 
lemma (see, for example, |44| . §9), which, in particular, establishes the image of the 
operator d as the orthogonal space to the vector space of the holomorphic quadratic 
differentials, with respect to some non-degenerate pairing. We start by establishing 
a 1 — 1 correspondence between quadratic differentials and real 1-forms taking values 
in A A A^^) whose (l,0)-part takes values in A A A"'"*^ (for A^'^ as defined next). We 
verify that condition (j5.3p on q forces g^'" to take values in A A A^'^ and that, under 
the correspondence above, condition (j5.3p is equivalent to the holomorphicity of the 
quadratic differential q. And then we proceed to the proof of the theorem, showing that 
A is a constrained Willmore surface if and only if there exists a holomorphic quadratic 
differential q satisfying equation (j5.4p . under the correspondence mentioned above. 

First of all, fix a never-zero section cr of A and a holomorphic chart z of M. Inde- 
pendently of the choice of such a a and such a z, set 

and 

A°'i := {a, a,), 

defining in this way two isotropic complex rank 2 subbundles of S, complex con- 
jugate of each other. In view of the non-degeneracy of 5", given i ^ j G {0,1}, 
ranks = rank A*'-' -|- rank (A*'-')-'-, showing that the isotropy of A-'^''^ and A'^'^ estab- 
lishes, furthermore, their maximal isotropy in S, 

(A^'O)^ n 5 = A^'O, (A0'i)^n5 = A°'i. 
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Note that 

A = Ai'°nA°'^ 

Clearly, 

Ai'O AA1=o = (cjAcj,) = AAA^'O, 

as well as 

^0,1 ^ ^0,1 ^ ^ ^ ^ ^0,1 _ 

The orthogonality relations of the frame a, Oz , o"f of 

A(^) = (a,a^,c7s) 

show that a Nciz and a NUz are linearly independent and, therefore, that 

AA aW = AAAi'°eAAA°'i. 

Remark 5.8. Given ^ a section of A A A^'^ (respectively, AAA'^'-'^j, ^ vanishes every- 
where outside (cTzjCTzz) (respectively, {ctzjCTzz)) and 

^az = Xcr, ^azz = Xcfz, 

(respectively, ^az = Ao", ^u^g = XcTz), for some X G C°^(M, R). In particular, ^ is 
determined by ^az (respectively, ^az), or, equivalently, by £,azz, or, yet again, equiva- 
lently, by ^u, fixing u G 5\A-'-. 

Observe that 

(5.7) r(Ai'°) C 17i'°(A^'°), r(A°'i) C J1°'HA°'^). 

Indeed, given A, ^ G r(C), Vs, (Aa^ + fial) = A^ ct^ + (A + /x^) + fi vr^^J G T{A^'°) 
and, similarly, we verify that Vs^iXa^ + fia^) G r(A'^'^). Following (j5.7p . we get 

(5.8) pi'°r(A AA^'O) C 17^'°(AAAi'°), r(A A A°'i) C 0°'^(A A A°'i). 

Observe, on the other hand, that, as is a section of 5, Ms^crg = ^^^{ds^crz) = 0, 
and, therefore, in view of dZ^ZD, AAi'°A°'i = 0, or, equivalently, Af^'^A^'^ = 0, 

(5.9) AA^'OaO'I = = AAO'^AO'I. 

It is opportune to observe that, in view of the skew-symmetry of and of the maximal 
isotropy of A^''' and A*^'^ in S, it follows, in particular, 

(5.10) AAi'°5^ C A°'\ Af^'^S^ C A^'O. 

Now recall that a quadratic differential is a 2-tensor represented locally, in the 
domain of z, as Q := f^dz^ + f^dz^, with G C°^(M, C). We may refer to Q as t/ie 
quadratic differential defined locally by f^dz'^. The transformation rule for under 
change of holomorphic coordinates is 

(5.11) r = t^.-v^ 
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given another holomorphic chart uj. Q is said to be holomorphic if is holomorphic@ 
We denote the vector space of holomorphic quadratic differentials on M by H^{K). It 
is well-known that the vector space of holomorphic quadratic differentials on a compact 
Riemann surface is finite dimensional (see, for example, |34j). 

Given a 1-form g € 0^(A A A^^^), we define a quadratic differential by 

qq := q'^dz'^ + q^dz"^, 

for q' G C7°°(M, C) defined bji 

(5.12) q'a:=-2qs^a,. 

We shall verify that this is, indeed, well-defined. The independence of (j5.12p with 
respect to a is a consequence of the fact that qA = 0. On the other hand, the fact that 
az is a section of A"*- ensures that qs^Cz € T{{a)), determining q^ G r(C). 

A simple, yet crucial, observation is that, in view of Remark 15.81 in the case q^'^ S 
ri-^''^(A A A'^'-'^), q^ is, equivalently, defined by 

(5.13) q'T = -2qs^{Vs^r), 

for every r G r(A'^'^). 

Conversely, a quadratic differential Q = f^dz'^ + f^dz^ determines a real 1-form 
g G Oi(A A A(^)) with gi'O e rji'°(A A A^'^) and Q = by setting q^^az := -\ f'a. 
We have established a 1 — 1 correspondence 

(5.14) q^qg 

between real forms q G ^^"'^(AaA^^'') with q^'^ G r2"'^'*^(AAA'^'^) and quadratic differentials. 

Lemma 5.9. Suppose q £0,^{AA A^^^) is real and q^'^ G 0^'°(A A A°'^). In that case, 
the quadratic differential qq is holomorphic if and only if cPq = 0. 

Proof. In view of equation (jl.9p . the 2-form dPq vanishes if and only if 

d^q {5z,h) = T^s, o qs-, - qs^ o ^5, - ^<5,- o qs, + qs, o 1^5^ 

does. As q is real and takes values in A A A°'^, g"'^ = g^'O G r2°'-'^(A A A^'°) and, 
therefore, 

^1,0^0,1 ^ ^ ^o.iAi.o. 

and, on the other hand, 

qS^ = 0. 



^Noting that, given another holomorphic chart uj, = uj^ ^/|, so that vanishes if and only if so 
does /|. 

■^Scaling qs^crz by —2 will avoid some extra scaling in future equations. 
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In particular, as S"*" is P-parallel, 

for all s-*" G r(S'-'"). On the other hand, having in consideration that tts{(7zz) ^ ^{^) 
and according to equation (j5.13p . 

We conclude that qq is holomorphic, ql = 0, if and only if dPq {5z,5z) vanishes. In 
its turn, by the reality of q (and that of V and of o"^), 

<Pq{5z,5z)al = -<Pq{5z,5z)al. 

Lastly, we contemplate 

(fq{6z,Sz) = Vs.iqs^a^z) - Q5,{T^sicrlzz)) - T^S.iqs.crlz) + 9<5,(7rs(<7|^g)). 
First of all, 

1 11 

^sKzz) = 2 c'cT^ + k')-z = - 2 cV| --4a' + Trs{kl), 

so that 

Together with {k^.af) = = (A;^,crfg), differentiation of {k^,a^) = = {k^,a^) shows 
that (A;|,c7^) = = (A;|,(Tf), or, equivalently, that 

(5.15) TTskI G r(Ai'O). 

Hence qs^k§ = 0. On the other hand, 

'i^sMX-z) = -\ q'T^sicjlz) - \ il = \^q"'^" - 1 ql ^1- 

We conclude that 

(f'q{6z,Sz) <jlz = -^ql(^z + ^ ql 

vanishes if and only if q^ does, which completes the proof. □ 

The next result establishes, in particular, that if g is a multiplier to A then q^'^ 
takes values in A A A'''-'^. 

Lemma 5.10. Given q £ il^{AA A'--^^) real, 

i) ifcPq = then G ^^^'^(A A A^'^) or, equivalently, q°'^ G n°''^{A A A^-O); 

ii) dPq = if and only if dPq^'^ = 0, or, equivalently, dPq^'^ = 0; 
Hi) dPq = if and only if dP * q = ^. 

Before we proceed to the proof of the lemma, observe that a section ^ of A A A^^^ is 
a section of AaA^''^, or, equivalently, ^ is a section of AaA^'^, if and only if ^(uz) = 0. 
Now we proceed to the proof of Lemma 15.101 
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Proof. To prove i), we prove, equivalently, that, if dPq = 0, then qs^cr^ = 0. First, 
if (Pq = 0, then, in particular, dPq {Sz, Sg) cr^ = 0, or, equivalently, 

establishing 

(5.16) qs^al = qs.al 
In its turn, cPq {5z,Sz) erf = implies 

t^sAqs.ctz) - qs-A^si^^zz)) - T^sAm^O + m.^-z = o, 

or, equivalently, 

On the other hand, the orthogonality relations between o"^, , o"| and a^z show that 

(5.17) qal- = iiGz + rial, 
for some /i,?7 G il^(C). Hence 

^sAq5,<yl) + fis^z = '^sM.^z) - 

It is obvious that a section of A A A*^^-* transforms sections of A^^^ into sections of A, so 
that, in particular, both qs^CTz and qs^cr^ are sections of A. By (j5.7p . we conclude that 
^<5z(^<5zCrf ) + fJ-s^cTz is a section of A^'° n A°'^ = A. Write 

(5.18) qs.at = AcT^ 

with A G r(C). Then A^cr^ + (A + fJ-sJcr^ = 'ycr^, for some 7 G r(C). In particular, 
A = —fJ-s^ . Equation (j5.17p shows, on the other hand, that q = — 2/u Aa^ — 2r] A (t| 
and, consequently, equations ()5.16p and ()5.18p together give A = ^5^, completing the 
proof of i). 

Next we prove ii). If dPq vanishes, then, following i), and in view of (15. Sp . 

cPq''' e n^A A AO'I), cPq''' G Q^A A A^'"), 

which, as AA A^''^ and AA A*^'"*^ are complementary in AA A*^"*^-*, forces dPq^'^ and dPq^'^ 
to vanish separately, dPq^'^ = = cPcp'^. On the other hand, as q is real, 

<Pq'^'\5z.5z) = -<Pq''^{5z.5z), 

so that dPq^'^ vanishes if and only if dPq^'^ does. In particular, if dPq^'^ vanishes, then, 
obviously, so does dPq = dPq^'^ + dPq^'^ . 

As for in), it is immediate from ii), as *q = —iq^'^ + iq^'^ G il"'^(A A A*-"*^^) is real, as 
well as q. □ 
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The 1 — 1 correspondence given by (j5.14p estabhshes, in particular, a correspondence 
between holomorphic quadratic differentials and real forms q G r2^(A A A^^^) with 
cPq = 0. 

Lastly, we proceed to the proof of Theorem 15.61 



Proof. Let (Af)t be a variation of A through immersions of M into the projec- 
tivized light-cone and A G r(Hom(A, A-'-/A)) be the corresponding variational vector 
field, cf. (j4.20p . The variation (Af)j is infinitesimally conformal if and only if 

^ (a!(Ai)(5,),d(Ai)(5,-)) = 0, 

or, equivalently, 

(A,-, As) =0, 

noting that ^ and ds^ commute, as z is independent of t. Write 

A = dK{X) + V 

with X G r(TM) and v G r(Hom(A, S*-*")) as defined in Section [4.51 Let vrj^^ and vt^Va 
denote the orthogonal projections of A*rP(£) = T\(BN\ onto T\ and A^a, respectively. 
By equation (j2.ip . 



and, therefore, (A^, A^) = (dA(%X), A^) - {A" {62), A^). Let be the projection of 
X onto r^'°M. By the isotropy of T°'^M and in view of ^Jij, it follows that {At)t is 
infinitesimally conformal if and only if 

(5.19) ((iA(%Xi'0) - .4^(5,-), As) = 0, 

for Aq := A'^ — H'^I, the trace- free part of the shape operator A'^. Equation (j2.2p shows 
that, as the second fundamental form is symmetric, so is the shape operator, 

{A''X,Y) = {X,A''Y), 

for all X,Y £ T{TM); and, therefore, so is as well the trace- free part of the shape 
operator. It follows that 

AqJ = — J Aq, 

showing that Aq intertwines the eigenspaces of J. In view of the isotropy of T^'^M, we 
conclude that equation holds if and only if {dA{ds,X^'°) - A^{6z),dAiY)) = 0, 

for all Y G T(TM), or, equivalently, 

dA{dX^'^) = {A^of'K 

According to ^jUTHJl) . Af^^^u G Jl°'i(Hom(A, A^-O)) = nO'^{Rom{A,dA{T^''^M)/A)). Thus 
(A/^^i^, As) = (— Ag((5s), As). We conclude that infinitesimally conformal variations 
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through immersions are characterized by the equation 

or, equivalently, 

for A := -dA-i oAT^'i. 

Having said so, recall equation ()4.23p . establishing 

W =<^(F *M,A >=« (P *M,u^ 

for <C , ^ the non-degenerate pairing between 2-forms over M and normal variations 
defined in . We conclude that A is constrained Willmore if and only dP * J\f -L<^ ^ > 
{v : Av € ri^(Im9)}l§ The reference to the pairing shall be omitted from now on. 

From this point, the proof of the theorem consists of a straightforward general- 
ization to n-space of the argument presented in [7] for the particular case of n = 3. 
Basically, in [7j, it is presented a pairing between the space of quadratic differentials 
and the space of J-anti-commuting endomorphisms of TM, with respect to which, by 
Weyl's lemma, 

(5.20) lmd = {H^K)^. 

In view of equation ()5.20p . A is constrained Willmore if and only li v ^ {A*H^{K))^ , 
or, equivalently, 

(P *N (^n^{{A*H\K))^^). 
As M is compact, H^{K) is finite dimensional and, therefore, 

{A*H°{K))^^ = A*H^{K). 

We conclude that the surface A is constrained Willmore if and only if there exists some 
homomorphic quadratic differential q such that dP * J\f = A*q. The final conclusion 
follows then, after some computation involving the pairings mentioned above. □ 

5.4. A constrained Willmore surface equation on the Hopf differential and 

the Schwarzian derivative 

Theorem 15.61 consists of a reformulation of the characterization of constrained Will- 
more surfaces in space-forms established in |14] . which we deduce in this section. 

Let q G il^(A A A^^)) be real with q^^^ G n^'^{A A A°'^). According to Remark[521 
equation (|5.4|) holds if and only if, fixing a holomorphic chart z of M, 

* M{5,, 6,) al-, = 2[q A *N]{5,,5^) 0%-,, 

^The Willmore surface equation follows immediately as the particular case where no constraint is 
considered. 
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or, equivalently, 

{Vs^ o Afs, - Ms, o Vs^ + Vs^ oNs.-Ns.oVs^) al, = 2[qs,,Ars,M, + 2[qs^,Afs,]al,. 
On the one hand, 

On the other hand, 

Ms, o Vs^a^g = Ms, o Trs{al^)z = -^c'Ms.al + Ms, o nskl 

Note that, as erf and fifj are sections of S, Ms,cr^ = vr^x (d^-uf ) = 0. Together with 
([227]), this estabhshes AA°'1a1'° = 0. By (fET5]l . it follows that Ms.oVs.cr^^ = c^F. 
Lastly, 

[qs,,MsMz = -^S.Q&.'yl-z = \ q'Ms.al = ^ q'¥^IBTz = \ g^F. 
We conclude that equation (j5.4p holds if and only if 

Re(Vf^Vf^fc^ + i W) = Re(FF). 

Equation (33b) in [14j . establishing the reality of Vf_^Vf_^A;^ + \c^k^ ^ leads us to the 
following constrained Willmore surface equation in terms of the Hopf differential and 
the Schwarzian derivative, presented in [14]0 

Lemma 5.11. Let q be a real 1-form with values in A A A*^"*^^ with g^'^ G r2"'^'''(A A A*^'"^). 
A is a q- constrained Willmore surface if and only if, fixing a holomorphic chart z of 
M, q^ is holomorphic and 

(5.21) vtF + |fc^ = Re(FA;^). 

The surface A is constrained Willmore if and only there exists a holomorphic map 
g C°°{M,C) satisfying equation ()5.2ip . in which case, the quadratic differential 

defined locally by q^dz^ is, under the correspondence given by (|5.14p . a multiplier to 

A. 



The argument above shows that the constrained WiUmore surface equation on a holomorphic quadratic 
differential, presented in [14: with no reference to a multiplier, is equivalent to equation (|5.4p . under 
the correspondence given by (|5.14|l . 



CHAPTER 6 



Constrained Willmore surfaces: spectral deformation and 

Backlund transformation 

In [llj . F. Burstall and D. Calderbank present a characterization of constrained 
Willmore surfaces in spherical space in terms of the flatness of a certain loop of metric 
connections. In view of this characterization, we characterize constrained Willmore 
surfaces in space-forms in terms of the constrained harmonicity of the central sphere 
congruence, generalizing the characterization of Willmore surfaces in space-forms in 
terms of the harmonicity of the central sphere congruence. This will enable us to define 
a spectral deformation of constrained Willmore surfaces in space-forms, by the action 
of the loop of flat metric connections above, as well as a Backlund transformation, by 
applying a dressing action. Both Backlund transformation and spectral deformation 
corresponding to the zero multiplier preserve the class of Willmore surfaces. We es- 
tablish a permutability between spectral deformation and Backlund transformation of 
constrained Willmore surfaces in space- forms. 

Let d be a flat metric connection on C*^"*"^. It is obvious, but, nevertheless, oppor- 
tune to remark that d defines a connection on M"^^'^, i.e., d preserves the reality of 
sections of C"+2 = (M^+^-i)^, if and only if d is real, 

d = d. 

Equally basic is to remark that, if di and d2 are real connections on C""*"^, then an 
isomorphism cp : {C^'^'^,di) (C""'"^,(i2) is real, 

^ = 0, 

if and only if it defines an isomorphism (j) : (M"^^',(ii) (M""*"^'^, ^2). Note also 
that the real bundles in C"^^ - those preserved by complex conjugation - are the 
complexifications of bundles in M"+i'i: given W C C"+2 real, 

w = wn M"+^'^ ®wn «"+^'^ = {wn 1"+^'^)^. 

Throughout this chapter, let F be a non-degenerate subbundle of C"^^, 
and Try and vr^/i denote the orthogonal projections of C""''^ onto V and V-^, respectively. 
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Fix a conformal structure C in M. 

6.1. Constrained harmonicity of bundles 

A multiplier to a surface A in the projectivized light-cone is, in particular, a real 
form g e $7^ (A A A^^)). For such a q, equations (|5.3p and (|5.4p . together, encode the 
flatness of the connection ■= V + A-W^-^ + AAA^'i + (A"^ - 1) q^'^ + (A^ - 1) q^'\ 
on (M"+^'^)^, for all A G C\{0}, or, equivalently, for ah A G S^. Constrained Willmore 
surfaces in space-forms, admitting g as a multiplier, are characterized by the flatness 
of the S^-family of metric connections d^ on M""*"^'^, in an integrable systems interpre- 
tation due to F. Burstall and D. Calderbank [llj . This characterization will enable us 
to define a spectral deformation of constrained Willmore surfaces in space-forms, by 
the action of the loop of flat metric connections d^, as well as a Bdcklund transfor- 
mation, by applying a dressing action. Our transformations of constrained Willmore 
surfaces will be based on the constrained harmonicity of the central sphere congruence. 
Given d a flat metric connection on C*^"^^ and V a non-degenerate subbundle of C"^^, 
we generalize naturally the decomposition (j2.26p to a decomposition d = Vy + Mv 
and, given q G Q}{f\^V © A^V^-*-), define then, for each A G C\{0}, a connection 
:= Vy + \-^M^^ + + (A-2 - 1)^1.0 + (a2 - l)gO'i, on C"+2, generalizing 

(ig = d^'*^. We define V to be {q, d)- constrained harmonic if dy'^ is flat, for all A G C\{0}, 
or, equivalently, for all A G S"^. A simple, yet crucial, observation is that, given d an- 
other flat metric connection on C*^^^ and (j) '■ (C'^'^^)'^) an isomorphism 
of bundles provided with a metric and a connection, V is {q, d) -constrained harmonic 
if and only if (pV is {Ad^pq, ti) -constrained harmonic. The constrained harmonicity of 
a bundle applies to the central sphere congruence, providing a characterization of con- 
strained Willmore surfaces in space- forms. 

Consider the decomposition 

d = V^+M^ 

for T^y the connection on C""*"^ defined by 

T>y := TTV O d O TTV + TTyX O do VTyX . 

Note that, as d is a metric connection, so is Vy-. given r/, /x G r(C"'^^), 
d(r/,/i) = d{TTvri,'n-vfJ') + d{TTy±rj,7ry±fi) 

= (rf(7ry??), vry/i) + (vryr/, d{^Tv^J')) + {d{7ry±r]),7ry±^) + (vTyxr/, d{7ry±fi)) 

= (P^r?,^) + (r/,P^/i). 
Equivalently, 

A/y := d — Vy = VTyX odoTTv + TTV°do TTy± 
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is skew-symmetric, 

In the particular case d = d, the trivial flat connection, we shall omit the reference to 
d. 

Next we present the concept of constrained harmonicity of a bundle, which will 
apply to the central sphere congruence to provide a characterization of constrained 
Willmore surfaces, in view of the characterization of these surfaces in terms of the 
flatness of a certain loop of metric connections presented in which we shall address 
later on. In fact, the following definition encodes the characterization of constrained 
harmonicity for a general bundle in terms of the flatness of a loop of metric connections 
generalizing the one above, as we shall verify later on. 

Let g be a 1-form with values in A^V © A^V-^ C o(C"+^). 

Definition 6.1. V is said to be (g, d)-constrained harmonic if 
ii) d^v^M^ = 2[qA*M^]. 

By d- constrained harmonicity of V we mean the existence of a multiplier to V with 
respect to d, i.e., a 1-form q with values in /\^V®f\^V-^ for which V is (g, d) -constrained 
harmonic. In the particular case oi d = d, we shall, alternatively, omit the reference to d 
and refer simply to constrained harmonicity or, when specifying q £ Q^{a'^V (B A^F"*-), 
to q-constrained harmonicity. We shall refer to (0, (i)-constrained harmonic bundles, 
alternatively, as d-harmonic bundles. 

It is useful to observe that, as Afy and q take values in F A V-^ and a'^V © a'^V-^, 
respectively, and V and V-^ are 2?^^-parallel, 

(6.1) d'^y *Af$,[qA*Af^]en\v AV^), 
whereas 

(6.2) d^'vq^^O,cFiqO^^[q/,q]en\A'V(BA'V^). 

The same argument establishes both R^v and [Afy A Afy] as 2-forms with values in 
^^(A^y © A^y-^) and d^vj\f^ as a 2-form with values in Vl'^{V A V^). We conclude 
that the flatness of d encodes both 

Proposition 6.2. (Gauss-Ricci equation) 

^""^ AAA^] =0; 

and 
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Proposition 6.3. (Codazzi equation) 

dpiM^ = 0. 

According to the Codazzi equation, 
making clear that: 

Proposition 6.4. The d-harmonicity of V is characterized, equivalently, by any of the 
following equations: 

i) d^i*M^ = Q] 

ii) d^^(AA^>'0 = 0; 
Hi) d<{M^f^^ = Q. 

Define, for each A G C\{0}, a metric connection on C"^^ by 

:= + A-i(AA^)i'0 + A(AA^>'i + (A-^ - l)q^'^ + (A^ - l)gO>i. 

In the particular case of (7 = 0, we shall omit the reference to q in dy'^ . 

In the particular case d = d and V = the complexification of the central sphere 
congruence of a surface A, we shall, alternatively, omit the reference to S and refer to 
dy^ as , 

:= p + A^W^'O + AA^O'i + (A-2 - + (A^ - l)q^^\ 

Of course, the set of connections d^q, with A G S*^, defines a group, using multiplication 
of parameters to define the group law. According to if g is a real form taking 
values in A A A^^^ , then the flatness of the loop of metric connections d^ characterizes 
A as a g-constrained Willmore surface. 

Before proceeding any further, we dedicate a few moments to some useful general 
remarks about the family of connections dy'^ . First note that 

J^"^ = d. 

Note, on the other hand, that, in view of the Py-parallelness of V and V'^ , together 
with the intertwining of V and V-^ by My, and the fact that q preserves V and V-^ , 
we have 

Vy^" =vi + (A-2 - + (a2 - My^" = X-\M^f'^ + \{M^f'\ 

Set 

„ \-2„i,o I \2 n,i 

q\ .— \ q ' + A q ' . 
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Then 

and, ultimately, 

(6.3) {d\;Tv'' = 4'''- 

It will also be useful to observe that, given another flat metric connection d on C"''"^ 
and an isomorphism ^/^ : (C"''''^,d) — > {^~^'^,d) of bundles preserving connections, we 
have 

(6.4) vl,y = ijovio^-\ AA|y =V'AA^V-' 
and, therefore, 

(6.5) d'^^ = ^P o d'y^'^-'' o 

Remark 6.5. // V is real, then, obviously, so is , so that, in particular, Ify = 
Try, viyr = vTyx and therefore, if d is real, then Vy = Vy, My =J\fy. IfV, q and d 
V 



are real, then so is dy^ , for all A G 5-^. 



The characterization of the harmonicity of V , as a map into a Grassmannian, in 
terms of the flatness of the S^-family of metric connections dy, cf. K. Uhlenbeck 
|56j , generalizes to a characterization of d-constrained harmonicity, as follows (see also 
Remark WTi 



Theorem 6.6. V is {q,d)- constrained harmonic if and only if dy'^ is aflat connection, 
for each A G C\{0}. 

The proof of the theorem will consist of showing that the (g, d)-constrained har- 
monicity of V establishes and, in fact, encodes, in view of the flatness of d (Gauss-Ricci 
and Codazzi equations), the flatness of dy'^ , for all A € C\{0}. 

Proof. For simplicity, write and A/y for Dy and J\fy. The curvature tensor of 
dy^ is given by 



2 



for 5^ :=4'''-Py. Since there are no non-zero (2, 0)- or (0, 2)-forms over a surface, 

and Gauss-Ricci equation establishes then 

R^'v^ = d^^Sl + (A-^ - A)([,^'%<'^] - A AA^]) + \{2-X-'- X')[<1 A 
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In its turn, Codazzi equation gives 

We conclude that 

R^v" = {cpy *My - 2[q A *Mv]) 

+ - 1) cF-q''' + (A2 - 1) + 1 (2 _ _ a2) a g]. 

By dll]) and ([621), it follows that R'^v" = if and only if both 

(6.6) i {cP^ *Mv- 2[q A *Mv]) = 

and 

(6.7) (A-2 - 1) d25v^i,o ^ (^2 _ ^) ^»vg0,i + 1 (2 - A"2 _ ^2) A g] = 

hold. Organizing equations (jG.Op and (j6.7p by powers of A leads us to the final conclu- 
sion of the equivalence between the flatness of dy'^ for all A G C\{0} and the {q, d)- 
constrained complex-harmonicity olV . □ 

Remark 6.7. From the proof of Theorem \6.b\ we readily verify that the {q, d)- constrained 
harmonicity ofV is equivalently characterized by the flatness of dy"^ for all X £ S^. 

Theorem 16.61 will play a crucial role in what follows in the chapter. 

6.1.1. Spectral deformation of constrained harmonic bundles. Having ob- 
served that the {q, (i)-constrained harmonicity of V ensures the flatness of the metric 
connection dy'^ on C"""*"^, it is natural to ask about the dy'^-constrained harmonicity of 
V. 

Theorem 6.8. If V is {q,d)- constrained harmonic then V is {q\,dy'^)- constrained 
harmonic, for all A € C\{0}. 

Proof. It is immediate from Theorem 16.61 and equation (j6.3p . □ 

Corollary 6.9. IfV is d-harmonic then V is dy-harmonic for any A G C\{0}. 

For a general flat metric connection d on C""*"^, the cZ-harmonicity of V follows 
from its d-harmonicity \i V = (j)V for some isomorphism (j) : {C^~^'^,d) (C"'''^,dl), 
as established, in particular, in the following theorem, which constitutes a simple, yet 
crucial, result. 

Theorem 6.10. Let d be a flat metric connection on C"""*"^ and 

4> : (C"+2,(J) ^ (C"+2,d) 
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be an isomorphism. The bundle V is {q, d)- constrained harmonic if and only if (pV is 
(Ad^ q, d)- constrained harmonic. 

Proof. It is immediate from theorem 16.61 and equation ()6.5p . □ 

Theorem 16.101 combines with Theorem 16.81 to provide the definition, up to iso- 
morphisms of bundles with a metric and a connection, of a C\{0}-deformation of 
d-constrained harmonic bundles. In fact, if V is d-constrained harmonic with multi- 
plier q, then so is the transformation ^{V of V, for 0^ : {C/'+^J^") (C''+^ d) an 
isomorphism and A in C\{0}. Note that this spectral deformation of d-constrained 
harmonic bundles provides, in particular, a C\{0}-deformation of d-harmonic bundles 
into d-harmonic bundles. 



6.2. Complexified surfaces 

The transformations of a constrained Willmore surface A in the projectivized light- 
cone we present in this chapter are, in particular, pairs ((A^'*^)*, (A^'^)*) of transfor- 
mations (A^'°)* and (A°'^)* of A^'° and A°'\ respectively. The fact that A^'° and A°'^ 
intersect in a rank 1 bundle will ensure that (A^'*^)* and (A"'^)* have the same property. 
The isotropy of A"*^'*^ and A*^'"*^ will ensure that of (A^'*^)* and (A^'^)* and, therefore, of 
their intersection. The reality of the bundle A^'*^ n A*^'^ and the fact that it defines an 
immersion of M into ¥(C) are preserved by the spectral deformation, but it is not clear 
that the same is necessarily true for Backlund transformation. This motivates us to 
define complexified surface. 

In the case d is real, and given a d-surface A, set 

AI'° := (a, ds^a), ■= {cr, ds.a) = AI'°, 

independently of the choices of a never-zero section a of A and of a holomorphic chart 
z of (M, Cf), defining in this way two subbundles of the bundle 

= {(T,d5,(T,ds,(T) 

in 

S'' = {a, ds^a, ds,a, dsjs.a) C C^+\ 

the complexification of the d-central sphere congruence of A. The d-surface condition 
on A, rankrA-^^ = 3, shows that A-'^ and A*^'^ are complex rank 2 bundles. On the 

a _ a d 

other hand, the fact that d is metric connection gives 

{d5,a;a) = = {ds,a,a), 
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whereas the conformahty of (pa : {M,C^^ = C^) — > M"+^'^, fixing an isomorphism 
(f> : (M'^+i'i,d) ^ (M"+i'i,d), gives 

We conclude that Aj*^ and Aj^ are isotropic. The fact that S'^ has complex rank 4 
shows that Aj'' and A^'^ intersect as the complexification 

A = A;L'OnA°'\ 

a a 

of A. 

Notation: given i ^ j £ {0, 1}, d^'^ := d|r(7-ij^). 

Definition 6.11. We define a complexified d-surface to be a pair (A-*^'*^, A*^'^) of 
isotropic rank 2 subbundles o/C""*"^ intersecting in a rank 1 bundle 

A:= A^'OnAO'i 

such that 

(6.8) (i^'°r(A) C 17i'°(A^'0), (i°'ir(A) C ^^°'i(A°'i). 

/n the particular case of d = d, we shall, alternatively, omit the reference to d. 

It is, perhaps, worth remarking that a complexified surface does not necessarily 
define an immersion A of M in ¥'{C). 

Obviously, if d is real, then, given a J-surface A, the pair (A^'', A^'^) consists of a 

complexified d-surface with respect to C^. Observe that the isotropy of A^''' establishes, 
in particular, 

(6.9) (d^'Vd^'V) = 0, 

fixing a E r(A) never-zero. In the particular case d is real and A is a d-surface, (we 
may refer to and) equation (j6.9p is equivalent to 

c = ci, 

which, together with A^'° D {a) + Ji'°cr(rM) and with A^'^ D {a) + (i°'V(rM), 
shows that 

A^'O = a'-'°, AO'I = A°'^ 

d d 

and, in particular, that (A^''', A*^'^) is uniquely determined by A^'^'n A°'^. We conclude 
that, for d real and under the correspondence given by 

(Ai'0,AO'i)^Ai'OnAO'\ 

(i-surfaces are the complexified d-surfaces given by a pair intersecting as a real line 
subbundle A of C"+2^ 

A = (^)C, 
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for some a e r(M"+^'^), such that 

rank((cj) + d^'°a{TM) + d°'^a{TM)) = 3. 

In particular, d-surfaces are the complexified d-surfaces given by a pair intersecting 
as a real line subbundle of C""*"^ defining an immersion of M into the projectivized 
light-cone. Henceforth, we drop the term "complexified" , referring, when necessary, to 
real d-surfaces, in order to make a distinction. 

In what follows in this section, let (A^'*^, A*^'^) be a d-surface. 

Definition 6.12. A non- degenerate rank 4 subbundle V of C""*"^ is said to be an 
enveloping sphere congruence of (A^''^, A*^'-*^) if A^'^ + A*^'-*^ C V. 

Note that, if V is an enveloping sphere congruence of (A^''^, A'^'^), then 
(6.10) M^A = 0. 

Proposition 6.13. IfV is an enveloping sphere congruence of {A^'^, A^'^), then 

(p^)^'Or(Ai'°) c oi'0(Ai'°), r(AO'i) c n^'\A°'^). 

Before proceeding to the proof of the proposition, observe that, if V is an en- 
veloping sphere congruence of (A^''^, A*^'"*^), then rankA^''^ = ^rankF = rankA*^'"*^, 
which, together with the isotropy of A^'*^ and A^'^, and having in consideration the 
non-degeneracy of V, gives 

(Ai'°)^nF = A^'O, (A°'i)^ n y = A°'S 

A^'*^ and A'^'^ are maximal isotropic in V. 

Now we proceed to the proof of Proposition 16.131 

Proof. Condition together with (l630|) . establishes r(A) C J]i'°(Ai'0) 

and (1?^)°'^ r(A) C J]°'^(A°'i). Write A^'° = {a,T) with a G r(A) never-zero. To con- 
clude that (2?^)i'°r(Ai'°) C il^'°(Ai'°), we are left to verify that (Pf )^'°r takes values 
in A^''', or, equivalently, in (A^'^)-*-. The fact that Vy is metric and A^''^ is isotropic 
establishes 

((P^)W,r) = id^'0(r,r)=0 

and 

= d''\T,a) = {{Vi)''\,a) + (r, (P^)^'V), 

and, therefore, (('Dy)^'''r, cr) = 0. A similar argument applies to A'^'^, completing the 
proof. □ 

Consider, for a moment, a real surface A. Let a be a never-zero section of A and z be 
a holomorphic chart of (M, Ca). The central sphere congruence S of A is characterized 
by having rank 4 and satisfying the conditions A^''^-|-A'^'"'^ C S and Uzs G r(S'). In view of 
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(j2.27p . the condition Gzz £ r(S') can be reformulated as M^'^hP'^ = 0, or, equivalently, 
j\^o, 1^0,1 _ conclude that the central sphere congruence of A is characterized, 

equivalently, by enveloping A, together with satisfying (j5.9p . This motivates the next 
definition. 

Definition 6.14. An enveloping sphere congruence V of (A^''^, A'^'^) is said to be a 
d-central sphere congruence of (A-*^'*^, A^'^) if 

(<)1'°A0'1 = = (O'^A^'O. 

As usual, in the particular case of d = d, we shall, alternatively, refer to V as a 
central sphere congruence. 

Observe that, if, given a G r(A), [d^'^a, dP'^a) is locally never- zero, or, equivalently, 

(6.11) (d^'V, V) / 0, 

at some point, then (A^'*^, A'^'^) admits a unique d-central sphere congruence, that is, 
V = A^'° + A°'^ + d}'°d°'^a{TM x TM). In fact, the centrality of V, equivalent to 

ensures, in particular, that d^'^d^'^a £ Cl'^{V). In its turn, equation (|6.1ip ensures 
that d^'^a does not take values in (a), nor does d^'^a in {a,d^'^a), and, therefore, 
rank (A^''' + A'''^) > 3, leaving us to verify that d^'^d^'^a does not take values in 
A^'O + A'''^. Suppose it did. In that case, {d^'^d^'^a,a) = 0, which contradicts 

Observe, on the other hand, that condition (j6.1ip is equivalent to 

(ds^ajs^a) + {dsy(T,ds^a) / 0, 

fixing z = X + iy a, holomorphic chart of (M, C), and is, therefore, trivially satisfied in 
the particular case d is real and A is a real d-surface, as, in that case, £ C = [g'^]. It 
follows, and it is worth emphasizing, that: 

Remark 6.15. In the particular case d is real and (A^'*^, A'^'^) defines a real d-surface 
A"'^''^nA'''"'^ =: A, not onlyC, A^'^ and A^'^ are determined by A, as observed previously, 
but so is V, the d-central sphere congruence of (A^'*^, A*^'^).' it is the complexification 
of the d-central sphere congruence of A, V = 5"^. In fact, the identities 

Ai'0 = (a,4a), A0'i = (a,4a) 

and 

V = {a, ds, cr, ds^ a, ds^ ds, cr) , 



CONSTRAINED WILLMORE SURFACES 



77 



for a G r(A) never-zero and z a holomorphic chart of{M,C), still hold, at least, locally, 
in the case of a general d-surface (A^''', A'''^), provided that, clearly independently of 
the choice of a, we have, at some point, a A d^'^a / and {d^'^a,dP'^a) ^ 0. 

6.3. Complexified constrained Willmore surfaces 

In generalization of the cliaracterization of Willmore surfaces in space-forms in 
terms of the harmonicity of the central sphere congruence, a surface A in the projec- 
tivized light-cone is a q'-constrained Willmore surface, for some real form g G il^(A A 
A*^^)), if and only if S is g-constrained harmonic with respect to the conformal structure 
C\. Generalizing the class of constrained Willmore surfaces in space- forms, we define 
complexified constrained Willmore surface by the property of admitting a constrained 
harmonic central sphere congruence with a multiplier satisfying certain specificities, as 
presented in this section. 

6.3.1. Complexified constrained Willmore surfaces and constrained har- 
monicity. Note that, given a real surface A, and in view of the fact that rank A = 1, 
we have, according to (|2.17p . 

[Aa a(i),a A a(i)] c a a a = {0}. 

In particular, if g is a multiplier to A, then [q A q] = 0. Furthermore, according to 
Lemma I5.10| d^q = if and only if dPq^'^ = = dPcp'^, considering (1,0)- and 
(0, l)-decomposition with respect to C\. In generalization of Theorem 14.101 it follows 
that: 

Theorem 6.16. A real surface A is q-constrained Willmore, for some real form q £ 
r2-'^(AA A^-*^)), if and only if its central sphere congruence is q-constrained harmonic with 
respect to the conformal structure C\ . 

By Theorem l6.6| together with Remark 16. 71 it follows, in generalization of Theorem 
11:201 that: 

Theorem 6.17. A real surface A is q-constrained Willmore, for some real form q £ 
rj^(A A A^-^)), if and only if, considering (1,0)- and (0,1) -decomposition with respect to 
Ca, is a flat connection, for each A G C\{0} or, equivalently, for each X £ S^. 

As referred previously. Theorem 16.171 was originally established by F. Burstall and 
D. Calderbank [TT] . 

Remark 6.18. Theorem \5.6\ and Lemma \5.10\ combine to establish, in particular, that 
if q is a multiplier to a real surface A, then, considering (1,0)- and (0, 1) -decomposition 
with respect to Ca, q^'^ £ il^'°(A A A°'^), or, equivalently, q^'^ G ri°'^(A A A^'°). 
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In view of Theorem 16.161 we generahze the class of constrained Willmore surfaces 
in space-forms with the following definition: 

Definition 6.19. A d-surface (A^''^, A*^'-*^) is said to he a constrained Willmore d- 
surface if there exist 

(6.12) q''^en''\A'A^''), E J^O'Ha^A^'O) 

for which, setting q := q^'^ + q^'^, (A^''^, A'^'^) admits a {q,d)- constrained harmonic 
d-central sphere congruence. 

In the conditions of the definition above, we may refer to (A-'^''^, A^'^) as a {q,d)- 
constrained Willmore surface. In the particular case d is real, (A^''^, A'''^) is a real 
d-surface and q is real, we may refer to (A^'^, A°'i) as a real constrained Willmore 
d-surface or a real (g, (i)-constrained Willmore surface. For simplicity, we may, alter- 
natively, refer to a (q, (i)-constrained harmonic d-central sphere congruence as a {q, d)- 
central sphere congruence. The form q is said to be a multiplier to the constrained 
Willmore d-surface (A^'*^, A^'^). In the particular case d = d, we shall omit the refer- 
ence to d and refer to (A^'*^, A'^'^) as a constrained Willmore surface or a g-constrained 
Willmore surface, or, in the case d, (A^'*^, A'''^) and q are real, as a real g-constrained 
Willmore surface. In the light of this terminology, the surfaces studied in Chapter 
[5] shall be renamed real constrained Willmore surfaces. In the particular case q = 
we may refer to (A^''^, A^'^) as a Willmore d-surface, in line with Definition 14.181 or, 
alternatively, in the case d is real and (A"'^''^, A'''^) is a real d-surface, as a real Willmore 
d-surface. When referring to a surface in the projectivized light-cone, or, equivalently, 
in some space-form, it shall be understood a real surface, with no need to express it. 

6.3.2. Complexified constrained Willmore surfaces under change of flat 
metric connection. Let (A"^''^, A'^'^) be a pair of isotropic rank 2 subbundles of C""''^, 
intersecting in a rank 1 bundle, and 

(C"+2,d) ^ (C'^+^^d) 

be an isomorphism. Obviously, (0 A^'*^, A*^'^) is another pair of isotropic rank 2 sub- 
bundles of C"+2. It is clear that (A^'^, A^-^) is a d-surface if and only if ((^ A^'^, A^'^) 
is a d-surface, and that, according to (j6.4p . given a d-central sphere congruence V of 
(A^'^, A*^'"^), (pV is a central sphere congruence of {(p A^'^ , (p A^'^). Furthermore: 

Proposition 6.20. Suppose (A^'*^, A*^'-*^) is a d-surface. In that case, (A-*^'", A^'^) is a 
{q,d)- constrained Willmore surface admitting V as a {q,d)-central sphere congruence 
if and only if {(j) A^'^,(j) A^'^) is a Ad^q- constrained Willmore surface admitting (pV as 
a Adr q-central sphere congruence. 
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Proof. According to equation (f2l8l) . Ad^g*J e n''^ {a'^^ A^''), for i / j G {0, 1}. 
The result comes as an immediate consequence of Theorem 16.101 □ 

If d is real, one can take (p to be real, in which case (A^'*^, A'''^) is a real d-surface 
if and only if {(f) A^'^, cf) A^'^) is a real d-surface: 

0A^'°n0A°'^ =0Ai'OnAO'i 

and, given a G r(A^''^ n A'^'^) never-zero, 

{(l>a) + d^'°{4>a){TM) + d^'\(l>a){TM) = 4){{a) + d^^^a{TM) + d^'^a{TM)). 

Furthermore, (A^''',A^'^) is a real (g, d)-constrained Willmore surface if and only if 
(i^ A^'*^, 1^ A*^'"*^) is a real Ad^ g-constrained Willmore surface. 

6.4. Spectral deformation of complexified constrained Willmore surfaces 

Complexified constrained Willmore surfaces are characterized by the flatness of 
the metric connection dy'^, for all A G C\{0}, for some central sphere congruence V 
and some q G il^{A'^V © A^F-*-) satisfying certain specificities. Given a complexified 
constrained Willmore surface, such family of flat metric connections provides a spec- 
tral deformation of the surface into new complexifled constrained Willmore surfaces, 
which, in the case of a complexifled Willmore surface and of the zero multiplier, re- 
mains within the class of complexifled Willmore surfaces, and, for A G 5^, preserves 
reality conditions. The deformation defined by the loop of flat metric connections d^ 
coincides, up to reparametrization, with the spectral deformation of a (/-constrained 
Willmore surface in spherical space presented in |14] . 

Suppose (A^'°, A°'^) is a constrained Willmore surface admitting g as a multiplier 
and y as a ((/, d) -central sphere congruence, in which case, according to Theorem 16.61 
the C\{0}-family 

dj^''? = Vv + A-X'° + AAA°'i + (A-2 - + (A2 - 

on A G C\{0}, consists of a family of flat metric connections on C"^^. Consider an 
isomorphism 

Since q'^'^ takes values in A^A-''* and A-''* is isotropic, for i ^ j £ {0,1}, we have 
q^'^A = = q^'^A, which, together with (|6.10p . shows that, given a G r(A) never-zero, 
dy'^a = Vya. Equation ()6.10p establishes, on the other hand, Pycr = da. Hence 

for i ^ j £ {Ojl}) leading us to conclude that {(j)^ A^'^ ,(f)'^ A^'^) is still a d-surface. 
Furthermore: 
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Theorem 6.21. If (A-*^'", A*^'^) is a q-constrained Willmore surface admitting V as 
a {q,d)-central sphere congruence, then {4>^ A^'^ , (j)^ A^'^) is a Ad^\{qx)- constrained 
Willmore surface admitting (j)qV as a {Ad^\{qx), d) -central sphere congruence, for each 
A G C\{0}. 

The proof will consist of showing that, if (A^''^, A'^'^) is a (^-constrained Willmore 
surface admitting F as a (g, (i)-central sphere congruence, then (A^'*^, A*^'^) is also a 
(^A) ^^V''^)-constrained Willmore surface admitting F as a ((/a, dy'^)-central sphere con- 
gruence, for each A G C\{0}. 

Proof. Fix A G C\{0}. The crucial fact that 

(6.13) dy'^a = da, 

for a £ r(A) never-zero, shows that, if (A^'*^, A'''-^) is a surface, then (A^''^, A'''-^) is 
also a dy'^-surface. On the other hand, as q^'^,q^'^ G Q,^{a'^V) and V and V'^ are 
P-parallel, we have 

making clear that, if F is a central sphere congruence of (A^'^, A^'^), then V is, as well, a 
dy'^-central sphere congruence of (A^'*^, A*^'^). Furthermore: according to Theorem l6.8^ 
the (g, (i)-constrained harmonicity of V ensures its (qaj '^y'')-constrained harmonicity. 
Since q]^^ and q^^ are scales of, respectively, q^'^ and q^'^, we conclude that q]^^ G 
171'°(a2A°'1) and q°/ G O°'1(a2a1'0). The result follows now from Proposition E^Ol 

□ 

The g-constrained harmonicity of V, characterized by the flatness of dy'^, for all 
A G C\{0}, establishes, equivalently, the flatness of 

for all A, /i G C\{0}, or, equivalently, the Ad^AQA-harmonicity of (pqV, for all A. On 
the other hand, for each A G C\{0}, the deformation (ft'^V of F is a central sphere 
congruence to the deformation {4>^ A^'^ , (p^ A^'^) of (Ai'°,A°'^). For each A G C\{0}, 
the flat metric connection dy'^ provides, in this way, a deformation of the constrained 
Willmore surface (A^'^jA^'^) into another constrained Willmore surface. Note that 
in the case (A-^'°, A"'-*^) is a Willmore surface and q = 0, (0^ A^'°, A°'^) is still a 
Willmore surface. Such a C\{0}-spectral deformation of constrained Willmore surfaces 
provides, in particular, a S'^-spectral deformation of real constrained Willmore surfaces, 
as we observe next. 

6.4.1. Real spectral deformation. Suppose that (A^'*^, A*^'-*^) defines a real q- 
constrained Willmore surface A := A^'^ n A°'^ In that case, cf. Remark 16.51 for each 
A G S""*^, dy'^ defines a connection on M""*""'^'^, so that we can take (j)^ to be real. Fix 
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A e 5" . Consider (p^ to be real, i.e., (pg the complex linear extension to C" of an 
isomorphism 

Then, obviously, = 4>gA. On the other hand, given a G r(A) never-zero, the 
crucial equation (j6.13p gives 

{(t>^a) + d^'^{(l)^a){TM) + d^'\(l)^a){TM) = {a) + d^'^a{TM) + d^'^a{TM). 

We conclude that {4>g A^'^, (f>^ A^'^) still defines a real surface, 

'A^A =: A^, 

which we denote by the spectral deformation of parameter A of A, corresponding to the 
multiplier q. 

For A G 5^, the deformation of (A^''', A*^'^) provided by dy"^ preserves reality condi- 
tions. It preserves, as well, the conformal structure induced in M: yet again according 
to equation (j6.13p . given a G r(A) never-zero, = g^ and, therefore. 

According to Theorem 16.211 it preserves the central sphere congruence, as well, 
(6.14) S^.j, = <^,"5a. 

Following Theorem 16.211 we have: 

Theorem 6.22. Suppose that A is a real q-constrained Willmore surface, for some 
q G 0^(A A A^-"^)). Then, for each S^, the transformation 4>qA of A defined by the 
fiat metric connection d^ is a real Ad^x{qx)- constrained Willmore surface. 

The loop of flat metric connections d^ defines in this way a 5^-deformation of 
the real (^-constrained Willmore surface A into a family of real constrained Willmore 
surfaces. In the particular case A is Willmore and q = 0, the deformation remains within 
the class of Willmore surfaces; in fact, it coincides with the deformation presented in 
Section [121 

An alternative perspective on this spectral deformation of the real g-constrained 
Willmore surface A is that of the action 

A c {W-'+'^'\d) ^ A c (M"+^'\4), 

of the loop of flat metric connections d^ on {A}, consisting of the change of the trivial 
flat connection on M"^^'^ into the flat metric connection d^, for each A. Equation (j6.13p 
establishes A^^-* = A^^) and, therefore, A as dg-surface. Equation (j6.3p establishes, 
furthermore, A as a (^A; '^q)-constrained Willmore surface. 
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We complete this section by verifying that the deformation defined by the loop 
of flat metric connections coincides, up to reparametrization, with the spectral 
deformation of a q'-constrained Willmore surface in spherical space defined in [T4]0F IX 
a holomorphic chart z of (M, C^a) = (M, Ca). We have 

9(l)^a^ = 9o-^ = 9z, 

showing that (pqCr^ is the normalized section of with respect to z. Since 

= ^ys^L + A-ivrsxa,^, - i(A-2 - 1) gV^) 

and, ultimately, 

{ci>y).. = -I (c^ + (A-2 - 1) q^) <py + x-'^y, 

we conclude that {kgY and (Cg)^, the Hopf differential and the Schwarzian derivative, 
respectively, of 4>g^ with respect to z, relate to those of A by 

(ky = x~'^y, (cy = c^ + (a-^ _ i) 

By Lemma |5.5| having in consideration (|6.14p . the conclusion follows. 

6.5. Dressing action 

We use a version of the dressing action theory of C.-L. Terng and K. Uhlenbeck 
|54j to build transformations of constrained Willmore surfaces. We start by defining 
a local action of a group of rational maps on the set of flat metric connections of the 
type dg''^, with d flat metric connection on C"'*'^ and q € Q^{a'^S © A^S"*-). Namely, 
given r = r(A) G r(0(C"^^)) holomorphic at A = and A = oo and twisted in the 
sense that pr{X)p = r(— A), for p reflection across S, we deflne a 1-form q with values 
in (note that the fact that r(A) is twisted establishes that both r(0) and r(cxD) 
preserve S) by q^'^ := Adr(^o-)q^'^ , Q^'^ •= ^'ir{oo)(f'^ ^ a new family of metric con- 
nections from dg'"^ by d'^'^ := r(A) o c?^'*^ o r(A)^^. Obviously, for each A, the flatness 
of dg'^ is equivalent to that of d^'*^- Crucially, if dg'^ admits a holomorphic extension 
to A G C\{0} through metric connections on C""*"^, then the notation d^'^ proves to 
be not merely formal, for d := d^'^. In that case, it follows that, if A is g-constrained 
Willmore, then S is {q, (i)-constrained harmonic and, therefore, in the case 1 S dom(r), 
S* := r{l)~^S is -constrained harmonic, for q* := Adj.(^i^-iq- The transformation of 

-'^The omission, in [14) . of reference to the transformation rule of the normal connection shall be 
understood as preservation. 
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S into S*, preserving constrained harmonicity, leads, furthermore, to a transformation 
of A into a new constrained Willmore surface, provided that detr(0)|5 = detr(oo)|5. 
Set (A*)i'0 := r{l)-^r{oo)A^'^ , (A*)0'i := r(l)- V(0)A0'1 ^* ._ (A*)i.o n (A*)0'i. 
The condition above on the determinants of r(0)|5 and r(oo)|5 establishes A* as a line 
bundle (the argument is based on the two families of lines on the Klein quadric). The 
isotropy of A"*^'*^ and A'^'^ ensures that of A*. It is not clear, though, that A* is a real 
bundle. If A* is a real surface, one proves that S* is the central sphere congruence of A* 
and that the bundles (A*)^'*^ and (A*)'''^ defined above are not merely formal. The fact 
that g^'O G O1'0(a2a0'1) establishes {q*)^'^ e Q^'^{a'^{A*)°'^) C Q^'°{A* A (A*)(^)). We 
conclude that, if, furthermore, q* is real, then A* is a g*-constrained Willmore surface. 
In fact, we use a version of the dressing action theory of C.-L. Terng and K. Uhlenbeck 
[54| to build, more generally, transformations of constrained harmonic bundles and 
complexified constrained Willmore surfaces. 

Let p € r(0(C"+2)) be reflection across V, 

p = TTy - VTyx . 

Obviously, given w G r(C"~''^), w is a section of V (respectively, a section of V-'-) if 
and only if pw = w (respectively, pw = —w). Note that p~^ = p. Let g be a 1-form 
with values in a'^V (B a'^V-^. The Py-parallelness of V and V-^, together with the fact 
that A/y intertwines V and V'^, whereas q preserves them, makes clear that 

(6.15) dy^''^ = po dy'^ o 

for A G C\{0}. Suppose we have r(A) G r(0(C"^^)) such that A i-^ r(A) is rational in 
A, r is holomorphic and invertible at A = and A = oo and twisted in the sense that 

(6.16) pr{X) p-^ = r{-X), 

for A G dom(r). In particular, it follows that both r(0) and r(oo) commute with p, 
and, therefore, that 

(6.17) r(0)|,,r(oo)|, Gr(0(l^)), r(0)|^^ , r(oo)|^^ G r(0(y^)). 
Define q G ^^^(A^F © a'^V-^) by setting 

Define a new family of metric connections on C""'"'^ by setting 

■=r{X)od^'' or{X)-\ 

Suppose that there exists a holomorphic extension of A i— > dy^ to A G C\{0} through 
metric connections on C""''^. In that case, as we, crucially, verify next, the notation 
dy^ is not merely formal: 
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Proposition 6.23. 

d"/ = vi + A-i(<)i'0 + A(<)0'^ + (A-2 - + (A^ - l)(f^\ 
for the flat metric connection 

d := dy^ = limx^ir{\) o dy"^ o r(A)~^ 

and A e C\{0}. 

Proof. First note that, as r is holomorphic and invertible at A = and 

(dJ.'T'=P;)i+A<'i + (A2-l)gO'i 

is holomorphic on C, the connection 

(4.^)0.1 =r(A)o (4^)0.1 or(A)-i 

which admits a holomorphic extension to A G C\{0}, admits, furthermore, a holomor- 
phic extension to A G C. Thus, locally, 

(4'^r=<vj:AM°'\ 

i>l 

with ^0 connection and Ai G f^^(o(C"^^)), for all i. Considering then limits of 

+ ^ A-2^°'^ = r(A) o {\-^v'/ + A-X'' + (1 " >^~')l''') o r(A)-\ 

when A goes to infinity, we get 

i>3 

which shows that A^'^ = 0, for all i > 3, and that Ag'^ = q^'^. Considering now limits 
of 

when A goes to 0, we conclude that A^'^ = r(0) • {Vy^ — q^'^) and, therefore, that 
(4'«)0,l = ^(0) . _ qO,l) + XA^/ + A^gO.^ As for 

which has a pole at A = 0, we have, for A away from 0, 

(6.18) J]A-ALf + Aj'° + ^AMj'° = r(A)o(p;;0 + A-iAAi'0 + (A-2-iy.0)or(A)-i, 

i>l j>l 

with e f^Ho(C"^^))> for all i > 1. Considering limits of (16^81) when A goes 
to infinity, shows that A^'^ = 0, for all i > 1, and that ^q*^ = r(oo) • {"Dy^ — q^'^). 
Multiplying then both members of equation (j6.18p by A^ and considering limits when A 
goes to 0, we conclude that A^J_2 = 9^'° and that A]^^ = 0, for all i > 3, and, ultimately. 



CONSTRAINED WILLMORE SURFACES 85 

that = r(oo) • {V\f - gi'O) + X'^A^^ + A-^gi'O. Thus 

+ A-^i'? + AA^'i + (A"2 - i)<^^i-0 ^ (^2 _ -^)^o,i^ 

for A G C\{0}, and, in particular, 

d = r(0) • {V'^^ - gO'i + gi'O) + r(oo) • - g^'" + q''^) + A^'? + AJ'^ 

The fact that r(0) and r(oo) (and so r(0)~^ and r(oo)~^), as weU as q, preserve V and 
y-*-, together with the Py-parallelness of V and of V-^ , shows that d — + ^i'^) 
preserves T{y) and Tiy-^). On the other hand, equations (j6.15p and (j6.16p combine 
to give 

for all A G C\{0} away from the poles of r and then, by continuity, on all of C\{0}. 
The particular case of A = 1 gives 

showing that that + G A 1/-^). We conclude that 

(6.19) r(0) • (p;)^ - + + r(oo) • (P^° - g^'O + gO'^) = vi 

and 

Ai'? = (AA{|)i'0, = (AA{f)0'i, 

completing the proof. □ 



Before proceeding any further, we remark on the (1,0)- and (0, l)-components of 
and Ny. According to (I639D . 

(6.20) (P^)i'° = r(oo) • {V\f - gi'O) + gi'", {vif^^ = r(0) • (P^^;^ - gO'^) + g^'^ 
As for My , according to Proposition 16.231 

(<)i'° = hm.^o A((4'^)i'° - {Vif^' - (A-2 - l)gi'°) 
= limA^oA((4'^)^'°-A-V'°) 

= hmA^o (r(A) o (A (4'«)i'0) o r{\)-^ - A-iAd,(o)gi'°) 
= Adr(o)7Vy'° + limA^o ^(Ad^(A) - Ad^(o))g^'°. 

so that 

(6.21) (<)i'0 = Ad,(o)AA^'° + Ad,(,)gi'0; 
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and, similarly, 

= Ad,(^)<'^ + liniA^oo (r(A) o A^^O'i o r(A)-i - AAd,(^)gO'i) 

and, therefore, 

(6.22) = Ad,,(o,)<'i + ^ Ad,(,-i)gO'i. 

u=o 

Now suppose y is a g-constrained harmonic bundle, in which case, according to 
Theorem 16.61 the family dy'^ , on A G C\{0}, consists of a family of flat metric connec- 
tions on C""*"^. For non-zero A G dom(r) and by definition of dy^, the isometry r(A) is 
made into an isomorphism 

r(A):(C"-*-2,<''^)^(C"+2,di^'^), 

ensuring, in particular, that dy^ is a flat connection, as so is dy'^: the curvature tensors 
of dy^ and dy'^ are related by 

Furthermore, the vanishing of the curvature tensor of dy^ for A G dom(r)\{0} extends 
by continuity to A G C\{0}. We are in this way provided with a new C\{0}-family of 
flat metric connections on C""^^, that of dy^. 

Suppose 1 G dom(r). In the light of Proposition 16.231 and according to Theorem 
16.61 the flatness of the metric connection dy^, for A G C\{0}, is equivalent to the {q, d)- 
constrained harmonicity of V, which, in its turn and according to Proposition I6.10L is 
equivalent to the (Adj,(i)-i g)-constrained harmonicity of r{l)~^V. 

Theorem 6.24. r(l)-V is a (Adj,(]^)-i q)- constrained harmonic bundle. 

Note that this transformation preserves the harmonicity condition. 

This transformation of a constrained harmonic bundle into a new one leads, further- 
more, to a transformation of constrained Willmore surfaces into new ones. Suppose, 
furthermore, that y is a {q, (i)-central sphere congruence of some g-constrained Will- 
more surface (A^'^, A"'"*^). Set 

Ai'° := r(oo)Ai'0, AO'^ := r(0)A°'\ 

and suppose that 

(6.23) detr(0)|^, = detr(oo)|^. 
Then: 

Theorem 6.25. {r{l)~^ A^'^ ,r{l)-^ A^'^) is a {Adj.(^i)-iq)-constrained Willmore sur- 
face admitting r{l)~^V as a {Adr(^iyiq,d)- central sphere congruence. 
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Proof. The proof will consist of showing that (A^'*^, A*^'^) is a (g, d)-constrained 
Willmore surface admitting V as a {q, (i)-central sphere congruence. The result will 
then follow from Proposition 16.201 

First of all, note that, as g is a multiplier to (A^'*^, A*^'^), we have, according to 
equation (|2.18p . 

gi.o g o1'0(a2a0'1), gO'i e J]°'1(a2a1'°). 

Having observed above that V is {q, d)-constrained harmonic, it remains to show that 
is a d-surface admitting y as a d-central sphere congruence, as follows. 

The fact A^'^ and A^'^ are rank 2 isotropic subbundles of V ensures that so are 
A^''' and A*^'^, as r(0) and r(oo) are orthogonal transformations and preserve T{V). 

The fact that A^'*^ and A'''^ intersect in a rank 1 bundle ensures that so do A^'*^ and 
A°'^ The point is a general fact@ about the Grassmannian Giy of isotropic 2-planes in 
a complex 4-dimensional space W: it has two components, each an orbit of the spe- 
cial orthogonal group SO{W), intertwined by the action of elements of 0{W)\SO{W), 
and for which any element intersects any element of the other component in a line 
while distinct elements of the same component have trivial intersection. Given that 
rank (A"^''' n A*^'"*^) = 1, Ap*^ and Ap'^ lie in different components of Gvp and the hy- 
pothesis (|6.23p ensures that the same is true of Ap*^ and Ap'^, for all p in M. 

Set 

A := A^'° n A°'\ 

We are left to verify that 

(6.24) di'°r(A) c n\A^'°), (i°'^r(A) c n\A^'^) 

and that 

(6.25) (AA^)i'°A°'i = = {AT^f'^A^'^. 

Equation (j6.25p forces MyA = 0, in which situation, condition (j6.24p reads, equiva- 
lently, 

(P^)i'°r(A) C n\A^'°), {vif^^T{A) C Jl^(A°'i), 
which, in its turn, follows from 

(6.26) (P^)i'°r(Ai'°) c n\A^'^), {vif'^r{A^'^) c 17^(A°'1). 

It is ([OS]) and (fOe]) that we shall establish. 

By the isotropy of A*'-^, we have q^'^ A^'^ C A C A*'-', for i ^ j G {0)1}; which, 
together with Proposition 16.131 makes clear that 

r(oo) • (P^° - gi'°) r(Ai'°) C n\A^'^), r(0) • {V^/ - 9°'^) r(A°'i) C 0^^°'^). 



'That of the two famiUes of Hnes on the Klein quadric. 



= Ad,(o)(AAi'0 + [r(0)-i-^, r(A),gi'°]). 



Ad,(o)(AAi'0 + r(0)-i^, r(A)gi'0)AO'i =0. 
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On the other hand, as A has rank 1, AaA*'-'' = A^A*'^', so that g*'-'' G Q^'^ {AaA^''), and, 
therefore, by the isotropy of A*'-^, q^'^A^'^ C A C A*'-', for i ^ j £ {0,1}, completing 
the verification of (|6.26p . in view of (|6.20p . 

Finahy, we estabhsh (16.251) . According to (|6.2ip . 

dX\>.=o' 

The centrahty of V with respect to (A^'*^, A*^'^) estabhshes, in particular, My^A^'^ = 0, 
whilst the isotropy of A*^'^ ensures, in particular, that q^^^A^'^ = 0. Hence 

d 

On the other hand, differentiation of r(A)~^ = pr{—X)^^p, derived from equation 
(|6.16p . gives 

_,(A)-i A r{k) r(A)-i = pr{-X)-'^^ r(A:) r{-Xr'p, 
or, equivalently, 

P^(A)-'^I^ j{k)p = -r{-X)-'-^^^ j{k)r{-X)-'pr{X)p, 
and, therefore, yet again by equation (j6.16p . 

Evaluation at A = shows then that 

p,(0)-iA r{X)p=-r{Qr'^ r(A). 

Equivalently, 

(6.27) ^(0)~^4r r(A) G r(y AF^). 

"A |;^=o 

As q^'^V^ = 0, we conclude that 

M(o)(9''°^(0)-^;^, r(A))AO'i = 

and, ultimately, that {NyY'^ A^'^ = 0. A similar argument near X = oo establishes 
(AA{|)°'iA^'° = 0, completing the proof. □ 



6.6. Backlund transformation of constrained harmonic bundles and 
complexified constrained Willmore surfaces 

The classical Backlund transformation was introduced by A. Backlund in the nine- 
teenth century, providing a mean to generate constant negative Gaussian curvature 
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surfaces from a given one. Many variants of this transformation have followed - for de- 
tails, see [54j . In this section, we construct rational maps r(A) satisfying the hypothesis 
of the dressing action presented above, defining then a transformation of constrained 
harmonic bundles and complexified constrained Willmore surfaces, the Bdcklund trans- 
formation. As the philosophy underlying the work of C.-L. Terng and K. Uhlenbeck |54j 
suggests, we consider linear fractional transformations. We define two different types 
of such transformations, type p and type q, each one of them satisfying the hypothesis 
of the dressing action with the exception of condition (j0.6p . Iterating the procedure, 
in a 2-step process composing the two different types of transformations, will produce 
a desired r(A). A Bianchi permutability of type p and type q transformations of con- 
strained harmonic bundles is established. For special choices of parameters, the reality 
of A as a bundle proves to establish that of A* , whilst the reality of q establishes that 
of q*. For such a choice of parameters, A* is said to be a Bdcklund transform of A, 
provided that it immerses. 

Let p denote reflection across V. Choose a S C\{— 1, 0, 1} and a null line subbundle 
L of C""*"^ such that, locally, 

(6.28) pLnL^ = {0}. 

For that, note that condition (j6.28p . equivalently characterized by {pi, I) ^ 0, fixing 
I G r(L) never-zero, is an open condition on points of M, so that it is satisfied locally 
as long as, at some point p £ M, Lp is not orthogonal to PpLp, its reflection across 
Vp. Condition (j6.28p ensures, on the one hand, that L Ci pL = {0}, and, on the other 
hand, that L © pL is non-degenerate. Consider then projections ttl : C""*"^ L, 
TTpL ■ C""^^ — > pL and '^(^L^pL)± '■ C""*"^ ^ (L © pL)-^ with respect to the decomposition 

C"^^ = LepLe{LepL)^. 

For A G C\{±a}, set 

a — A a + \ 

and 

, , A — a A -|- a 

defining in this way two maps of C\{±a} into r(0(C"+^)) that, clearly, extend holo- 
morphically to the Riemann sphere except ita, 

Pc.,L,qa,L ■■ P^{±a} ^ r(0(C"+2)), 

by setting 
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and 

(6.29) g«,L(oo) := /. 

We may, alternatively, denote pa,L and q^^L by, specifically and respectively, pv,a,L and 

QV,a,L- 

The transformations of type p and of type q are closely related: for A G C\{iba, 0}, 

(6.30) Pa,L(A) =<7a-i,L(A-'), 

and 

(6.31) P«,l(0) = qa,L{oo), Pa,L{oo) = qa,L{0). 

Observe that 

detpa,L(oo)|^ = detqa,L{0)\y = -1- 

In fact, 

/ -1 onVn {L®pL) 
P.,.(oo)|,=..,.(0)|,=/| ^ onyn(L©pL)^ 

and, as pL ^ Lis not a subbundle of V and, therefore, rank l/Pl {L © pL) = 1 (noting 
that, for any subbundle W of M^^^'^ and so, in particular, for L, the intersection of 
W + pW with V is not trivial). It follows that deipa,L{^)\y / detpa,L{'X))\Y and 
detgQ,,L(0)|^ / detQ'o,L(oo)|^; neither r 

— Po,L nor r — ^ZajL satisfies the hypothesis 
()6.23p of the dressing action. However, a two-step process, composing a transformation 
of type p with a transformation of type q, produces transformations r(A) satisfying that 
hypothesis: by (lOOl) and ([OT]) . 

detp«,z,(0)g„/,L/(0)|^ = detpa,L(oo)g„/^i/(oo)|^, 

as well as 

detga,L(0)pa',L'(0)|v = detqa,L{oo)pa',L'ioo)iy, 
for all a',L'. As we shall verify next, for special choices of parameters a,L,a' and 
L' , hoth pa,LQa',L'W and qa,LPa',L'{^) define r(A) satisfying, furthermore, all the hy- 
potheses of the dressing action. 

For that, first note that, for A G P^\{±a}, 

(6.32) Pa,L{^)~^ = P-a,LW = Pa,L{-^), qa,LW~^ = q-a,^^) = qa,L{->)- 

On the other hand, the isometry p = p~^ intertwines L and pL and, therefore, preserves 
(L(BpL)-^, which makes clear that pop^^L and op coincide in L, pL and (LQpL)-^. 
Hence 



(6.33) pPa,LWp=Pa,L{-^)^ P la.bW P = qa,L{-^) ^ 



CONSTRAINED WILLMORE SURFACES 91 

for A G P^\{ibQ}; establishing both pa^L and qa,L - as well as, therefore, Pa,LQa',L' and 
Qa,LPa',L', for all a' , L' - as twisted in the sense of section [631 

Now let g be a 1-form with values in A^V © A^V-^. For each A G C\{— q;,0, a}, 
define a new metric connection on C"^^ by setting 

Lemma 6.26. Suppose L is dy'^ -parallel. In that case, there exists a holomorphic 
extension of ^p '^ l ^ ^ 'C\{0} through metric connections on C'^"^'^. 

Before proceeding to the proof, observe that, as (j6.15p makes clear, if L is dy'^- 
parallel, then pL is dy"'''-parallel. 

Proof. Since dy'^ is a metric connection, 

d?;'TipL)cnHipL)^), 



as well as, in view of the parallelness of L with respect to dy"^ , 



V 



For simplicity use Tr± to denote the orthogonal projection of C""*"^ onto (L© pL)-^. As 

= L®{L® pL)^, (pL)^ = pL ® {L ® pL)^ , 
we conclude that ttl o dy'' o = = vr^L o dy'^ o tt±, showing that dy'' splits as 

d'^'' = D^+P^ 

for the connection 



:= dy o TTL + TTpL o dy^ o npL + 7r_L o dy^ o n±, 
on C"~^^, and the 1-form 

/3g := ^± o 4'' o VTpL + TTL o o7r^en\LA{L(B pL)^). 
Clearly, for each A, 

a — A 
a + A 

Now decompose dy'^ as 

= + (A - a)A{\), 
for A e C\{0,a}, with A ^ A{X) G 0^(o(C"+2)) holomorphic. Namely, 

^(A) = + " x2 3 9''° + + «) 

ay — a'^X A'^Q^ — A^a'^ 



for all A. It follows that 

a + A 
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for A G C\{—a,0, a}. For simplicity, set T(A) := {X — a) pa,L{^) A{X) pa^Li^)^^ ■ The 
skew-symmetry of ^(A) makes clear that A{X)L C L"*", as well as A(X)pL C pL-^ and, 
consequently, that TTpi A{X) ttl = = ttl A{X) TTpi. On the other hand, it is clear that 



._i a + X + (a + A)^ 



T^pLPaM^) M^)Pa,LW = T T^plA{X) TTl = 7 rr^ TrpLA{X)TrL 

a — X a — X [a — Aj^ 



and, similarly, 



2 



Hence TTp^ T(A) tt^ = = 'KlT{X) TTp^. It follows that 

T(A) = iX-a){TTLA{X)7:L+T^pLA{X)TTpL + TT±A{X)7T±) 
- (q + A) {tT± A{X) TTL + TTpL A{X) TT^) 

{a - A)2 



a + X 



(ttl A{X) tt± + Tr± A{X)TrpL). 



Hence, by setting 



we extend holomorphically A dp'^ ^ to A G C\{— a, 0} through what, by continuity, 
we verify to be a metric connection on C"^^. 

The existence of a holomorphic extension to C\{0}, through a metric connection 
on C""*"^, can be proved analogously, having in consideration the (iy"''^-parallelness of 
pL. □ 



The same argument establishes the existence, in the case L is d^'^-parallel, of a 
holomorphic extension of 

C\{~a, 0,a}3X^ d^'i := q^,L{X) o 4''^ o g„,L(A)-i 

to C\{0} through metric connections on C"^^. This argument uses nothing about 
the precise form of the connection dy'^, only the holomorphicity of A t— > dy'^ in C\{0} 
through metric connections on C""*"^, the dy'^-parallelness of L and the consequent 
dy"'^-parallelness of pL. We can iterate the procedure, in a two-step process, starting 
with the connections 4'^^ ' defining a family of connections of the form 

or, equally, starting with the connections dq'"^ , defining, in that family of 

connections of the form 

for suitable parameters a,a',L,L', as follows. 
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Choose L° a '^-parallel null line subbundle of C""^^ with 

(6.34) n = {0}, 

locally. Such can be obtained by choosing a null line (Z" ) C C"^'^, for some G C"""*"^ 
not orthogonal to Pvp^p' some p S M, and extending it to a '^-parallel null line 
subbundle of C"^^ by dy'^-parallel transport of Ip. The non-orthogonality of L° 
and pL" at p is, equivalently, satisfied in some non-empty open set, which we restrict 
to. 

Condition (j6.34p allows us to refer to qa,L'^- Now choose /3 / ±a in C\{— 1,0, 1} 
and a dy'^-parallel null line subbundle of C"^^ and note that the null line bundle 

is dg^"^^^ -parallel and, consequently, pLa is parallel with respect to the connection 

Choose satisfying, furthermore, 

(6.35) /.L^n(Z^)^ = {0}, 

locally. To see that such a choice is possible, first choose a point p E M at which pL" 
is not orthogonal to L". As L" is an eigenspace of qa,L'^{P), qa,L'^iP)L" = and, 
therefore, at p, 

pqo^MPW n {qo^MPW)^ = {0}. 
Choose Ip S Lp non-zero. A d^'^-parallel null line bundle C C""*"^, satisfying 
equation (|6.35p . locally, can be obtained by dy'^-parallel transport of Ip. 
Condition (I6.35P allows us to refer to ?/3. Set then 

defining, for each A G P^\{iba, ib/3}, an orthogonal transformation r^^''^^(A) of C"^^. 
The dy'^-parallelness of L" ensures that A ^ "^g'^a admits a holomorphic extension 
to A G C\{0} through metric connections on C""*"^ and, consequently, the dq'^^^- 
parallelness of La (together with the consequent j^^^^ -parallelness of pLa) ensures 
that so does 

^ ^ ^L<\L^^^^ ° dy'^ ° = Pp.li^^) Qa,Lo'{\) o d^'^ o qa^Lo'iXr^ p^ i^JXr^. 

We conclude that f^j^a'^'lp satisfies the hypothesis of the dressing action, defining a 
transformation of constrained harmonic bundles and constrained Willmore surfaces. 
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Our next step is to investigate how these transformations relate to the ones defined by 
r j^"'^^^ , in the case they are both defined. 

Suppose, furthermore, that, locally, is never-orthogonal to /oL^, 

(6.36) pL^ n (L^)^ = {0}. 

This is certainly the case for obtained by '^-parallel transport of 1^, for 1^ € 
non-zero and p a point in M at which pL'^ is not orthogonal to L"^. Note that 

is a d!^'^ ^-parallel bundle. Observe that, locally, 

(6.37) pL^n(L^)^ = {0}. 

Indeed, given P S r(L") never-zero, and according to (|6.32p and (j6.33p . we have 

(P9/3,L/3(a)^",9/3,L/3(a)^°) = (Q/3,L"(a)"V^°,9/3,L/3(a)^°) 

= {pr.qpM^fn 

so that, given p a point in M at which />L" is not orthogonal to L", 

condition (16.370 is satisfied at p, or, equivalently, in some open neighbourhood of p. 



Set then 



(a,/3) _ 



defining, for each A G ¥^\{±a,±P}, an orthogonal transformation r^"'^^(A) of C""*"^. 
The dy'^-parallelness of ensures that A i— > dq'^ ^ admits a holomorphic extension 
to A G C\{0} through metric connections on C*^"*"^ and, consequently, the dg''^ ^- 

parallelness of L'^ (together with the consequent "'"^-parallelness of pL'^) ensures 
that so does 

^ ^ ^L^lW ° 4' ° = P„,z.(A) g^,i.(A) o 4^ o g^,i.(A)-ip„_^.(A)-i. 

We conclude that r^^a^^p satisfies the hypothesis of the dressing action, defining a 
transformation of constrained harmonic bundles and constrained Willmore surfaces. 
We shall verify that these transformations coincide with the ones defined by '^^''^/s- 
On the way, we verify that, starting with the connections dp'^ , rather than with the 
connections dg''^ , leads to the same transformations of constrained harmonic bundles 
and of constrained Willmore surfaces. 
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Set 

and observe that, locally, 

/,L^n(L^)^ = {0}. 

Indeed, given G r(L^), 

and the conclusion follows, in view of (j6.36p . 
Set then 

'(a,/3) 

defining, for each A G P^\{±q, it/?}, an orthogonal transformation r^"'^^(A) of C""^^. 
The dy'^-parallelness of L" ensures that A ^ dp'^^a admits a holomorphic extension 
to A S C\{0} through metric connections on C"^^ and, consequently, the dp'^^^- 
parallelness of La (and the consequent dp '^^''^ -parallelness of pLa) ensures that so does 

We conclude that f^^^^^p satisfies the hypothesis of the dressing action, defining a 
transformation of constrained harmonic bundles and constrained Willmore surfaces. 
For simplicity, set r* := r^^a^^p and f* := ^^"'^^g- 

Proposition 6.27. r* andf* are related by 
(6.38) r* = Kf*, 

for K := 9/3,L/3(0)g^ |^^(0). 

The proof of the proposition will be based on the following lemma, cf. F. Burstall 

m- 

Lemma 6.28. Let 7(A) = A vr^^ + ttlq + A~^ t^L-i an-d 7(A) = A vrj^^ + vrj^^ + A~"^ vrj^ ^ 
be homomorphisms o/C"""^^ corresponding to decompositions 

C"+2 = Li © Lo e L_i = Li © Lo © ^-1 

wii/i L±i and L±i null lines and Lq = (Li © L-i)-*-, Lq = (Li © Suppose Ad^ 

and Ad 7 /laue simple poles. Suppose as well that ^ is a map into 0(C"^^) holomorphic 
near such that 

Li = e(0)Li. 
Then 7^7^^ is holomorphic and invertible at 0. 

Now we proceed to the proof of Proposition 16.271 
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Proof. For simplicity, throughout this proof, we adopt and q~\ to denote 
A I— > p^^l{X)~^ and, respectively, A ^-^ q^^L{X)~^, in the case p^^i and, respectively, q^^L 
are defined. 

As L'^ = qpi^0{a)~^ L'p, after an appropriate change of variable, we conclude, by 
Lemma |6.28| that Pa,L°' 'lp\i3P~^ia admits a holomorphic and invertible extension to 
P^\{ib/3, — q}. On the other hand, in view of (j6.33p . the holomorphicity and invertibil- 
ity of Pa,L°' %\pP~\a a-t the points a and —a are equivalent. Thus Pa,L^ Qa\i3P~\a 
admits an holomorphic and invertible extension to P^\{ib/?}, and so does, therefore, 
{Pa,L^ 'IsVpP')^)'^ Qg\fi- A similar argument shows that {ip.L^ Pa\°' ^~a\fi) ^d- 
mits an holomorphic extension to P"'^\{=ba}. But 

We conclude that p^ic Qi3,Li^Pa\'' Q~^~i3 extends holomorphically to and is, there- 

fore, constant. Evaluating at A = gives Pa,L'^ Qi3,Li3 Pa^L" 1^\i3 = 1i3,Lfii'^) Q/s^l^i^): 
completing the proof. □ 



According to (16.33p . K commutes with p, 

(6.39) pKp = K. 

This ensures, in particular, that K preserves V: given v G r(l^), pKv = pKpv = Kv. 
Equivalently, 

(6.40) KV = V. 

Together with equation (j6.38p . equation (j6.40p shows that, for each A, 

r*(A)-i V = r*{\)-^KV = r*{\)-^ V. 

In particular, 

(6.41) r*{l)-^V = r*{l)-^V. 

As for a constrained Willmore surface (A^'*^, A*^'^) admitting y as a {q, (i)-central sphere 
congruence, and, yet again, by equation (|6.38p . we have 

r*(l)-V*(oo)A^'° = r*{l)-^ K'^ {Kf *){oo) A^'" = f* {ly^ f* {oo) A^-^, 

as well as 

r*(l)-V*(0)A°'i = f *(l)-i f *(0) A°'^ 

We conclude that, despite not coinciding, r* and f* produce the same transformations 
of bundles and complexified surfaces. 
Now set 

K =Pa,L<-{oo)pp^l^0{oo). 
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Note that 

Pa',L'WPa',L'{oo) = qa',L'W = Pa' ,L' (oo) p^' ^L' W , 

or, equivalently, 

qa\L'WPa',L'{oo) = p^' ^L' W = Pa' ,L' (oo) Qa^L' W , 

for all a',L' and A G P^\{iba'}. Together with equation (j6.38p . and having in consid- 
eration that Pa',L'(°o)^ = /, this establishes 

Kr* = Pa,L^{oo)ppL0{oofp^j^^{oo)q^j^/3Pa,L" 
= Pa,L''ioo)p^i^0Pa,L" 

and, ultimately, 

(6-42) r[^%=Kri-:%. 

Ultimately, we conclude that, despite not coinciding, r^^a^^/s and r^fa"^i3 produce the 
same transformations of bundles and complexified surfaces. 
Set 

q* := Ad,.(i)-i(Ad,*(o)g^'° + Ad,*(oo)g°'^). 

Definition 6.29. Suppose V is a q-constrained harmonic bundle. In that case, the 
q* -constrained harmonic bundle 

V* := r*{l)-'^V 

is said to be the Backlund transform of V of parameters a, L'^ , . In the case V is 
a {q, d)-central sphere congruence for some constrained Willmore surface (A-*^'*^, A*^'-*^), 
the q* -constrained Willmore surface 

(A^'O, A^'i)* := ((A*)i'0, (A*)0'i) := {r* r* {oo)A^'^ ,r* {ly^ r* {0)A^'^) 

is said to be the Backlund transform of (A"'^''^, A^'^) of parameters a, l3, L"' , . 

Remark 6.30. Set r* := 

'^^L'^Li^' ■^'^'^o'^'^'^'^Q equations ()6.38p and (j6.42p . 
q* := Ad^.(i)-i(Ad^.(o)^^'° + Ad^*(oo)g°'^) = q\ 

as well as 

q* := Ad,.,(i)-i(Ad^=*(o)g^'° + Ad^=*(oo)gO'l) = q* . 

Equation (j6.38p establishes a Bianchi permutabilit^ of type p and type q trans- 
formations of constrained harmonic bundles (into constrained harmonic bundles), by 
means of the commutativity of the diagram in Figure 16-11 below. 



"^The terminology is motivated by the permutability of this kind estabhshed by Bianchi with respect 
to the original Backlund transformations. 
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V* 




V 



Figure 6-1. A Bianchi permutability of type p and type q transformations. 



Equation (16.381) will play a crucial role when investigating the preservation of reality 
conditions by Backlund transformations, in the next section. 

6.6.1. Real Backlund transformation. As we verify in this section, for special 
choices of parameters, the Backlund transformation preserves reality conditions. 

Suppose y is a real g-constrained harmonic subbundle of C""*"^ and let us focus on 
the particular case of a Backlund transformation of parameters a, f3, L", for 

a G C\(5^ U{0}), P = a-\ =1]^ 

and a (i^''^-parallel null line subbundle of C"^^ such that, locally, 

pL" n (L")^ = {0} 

and 

(6.43) p^^_,_^(a)L-n (5^_, p.(a)L-)^ = {0}. 

We start by verifying that this is, indeed, a possible choice of Backlund transformation 
parameters in the case V is real. 

First note that the reality of V establishes that of /?, p = p, in which case the local 
non-orthogonality of and pL°' is equivalent to that of L° and /oL", 

pl^n (I^)^ = {0}. 

On the other hand, as V and V-^ are real, so are then vry and vr^x, as well as, therefore, 
Vy and A/V) so that, by the reality of q, 



Hence the (i^''^-parallelness of is equivalent to the dy '''-parallelness of The 
reality of p establishes, on the other hand, 

(6.44) Pv,a',L'W = Py,-^, 77 Qv,a',L'W = Qy,-^, 77 
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together with 

PV,a',L'{oo) =py-^-jj{oo), 

for ah a\L' and A G C\{iba',0}. According to equation (j6.30p . it follows that, given 
r Gr(L'^), 



showing that condition (j6.43p is equivalent to 

PPa,L-(a"^)I° n = {0}. 

Next we establish the existence of a choice of in the conditions above. 

Lemma 6.31. Let v and w be sections of V and , respectively, with {v,v) never- 
zero, {v,v) = and {w,w) = —{v,v). Define a null section o/C""*"^ by l"^ := v + w. Let 
C C"^^ be a dy'^ -parallel null line bundle defined naturally by dy'^ -parallel transport 
oflp, for some point p £ M. Then there is some (non-empty) open set in which is 
never orthogonal to pL" and satisfies equation (j6.43p . 

Proof. At the point p, L" is spanned by Ip. The fact that, at the point p, 

(pr , r) = {v, v) - {w, w) = 2{v, v)^o 

establishes the non-orthogonality of L" and pL" at this point and, therefore, locally. 
Consider projections ttj^ : C"+2 1°, tt^j^ : C"+2 ^ pj^ and 7r± : C"-^^ ^ (I" © 
pL"')-^ with respect to the decomposition 

established by the subsequent local non-orthogonality of and pL°'. For simplicity, 
denote by q. Set 



A 



a — a ^ lap —1 



a -\- a ^ I a p -|-1 
Then 

pqia)r = q{a)-^pl" = A-^^jy, pl^ + -k^ + Avr^p^pr, 

and, therefore, 

(p(7(a)r,g(a)r) = A^{TT-^r,Tipj^pn + (7rxr,7rxpr) +^-2(7r^p,r,7rxzrpr). 
At the point p, = (/°) and the orthogonality relations show then that, at p, 

(pi",!') (pi'.n 
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Hence, at p, 

^ ' ' ' {pi'', I'') 

and 

(ja ja)2 

and, therefore. 

It follows that {pq{a)l°', q{a)l°') vanishes at p if and only if, at this point, 

I {pi",n f +{A^ - iw,p¥f + _ = 0, 

or, equivalently, 

I (/?r,r) |2+(^2^^-2-2)(r,F)2 = o, 

as, since (f, = 0, we have, at p, 

ir,pFf = {iv,v) - iw,w)f = {w,wf = i{v,v) + iw,w)f = {r,¥f. 

As is real, and, therefore, > 0, and + A'"^ - 2 = {A- A'^f > 0, 

we conclude that, at the point p, 

{pqia)l^,qia)n^O. 

The proof is complete by the fact that the non-orthogonality of q{a)L°' and pq{a)L°' 
is an open condition on the points in M. □ 

We refer to a Backlund transformation corresponding to this particular choice of 
parameters, in the case V is real, as a Backlund transformation of parameters a, 
For this choice of parameters, where, in particular, /3 and are defined by a and 
L", we denote L'^, La and r^^a^^p simply by L°' , ^ and rg^, respectively. In what 
follows in this section, consider this particular choice of parameters. Let r* denote r£a ■ 
According to (lOnH and (lOD . 



r*(l)-i = g-„,p,(l)-V,,z4l)-' 

On the other hand. 



P.,L^(1)-^P_;^(1)-^ 



(6.45) L" = (a)L" = p^^L'^ {a-^)L^ = L 

and, therefore, by equation (j6.38p . 
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Hence 

(6.46) r*(l)-i = r*{l)-'^K. 

Note that, given a',L', Pa',L'{^) does not depend on a'. Thus 

^ = Pa>(0)fe-M^(0) 

= Pa-i,L-(oo) 
= Pq,L"(oo). 

On the other hand, by equation (|6.38p . 

r*(oo) = i^g__i^^^-i(oo)pa,L-(oo) 

= Kpa,L^ (oo). 

We conclude that 

(6.47) r*(0) = K-^r*{oo). 

Remark 6.32. It is opportune to remark that, by (j6.45p . 

^ = Kq^,,-^{X)p^M>^) = 

= ^P.,L4A-')fe-i,p.(A^^) 
= Kr*(X-^) 

for all A, and, in particular, 

(6.48) r*(l)-i =r*(l)-iZ-^ 

Together, equations ()6.46p and ()6.48p establish, in particular, K = K^^ . On the other 
hand, in view of the fact that given a',L' , Pa',L'{oo) does not depend on a', (j6.32p 
establishes = K. Hence 

(6.49) K = K-^ = K. 

Let V* be the Backlund transform of V of parameters a,L'^. Equation (16.46p . 
together with equation (j6.40p . shows that the reahty of V estabhshes that of V* , 

V* = V*. 

FoUowing Theorem 16.241 we get: 

Theorem 6.33. If V is a real q-constrained harmonic bundle, then the Backlund trans- 
form V* ofV, of parameters ol,L°^, is a real q* -constrained harmonic bundle. 

Backlund transformations of constrained harmonic bundles preserve reality condi- 
tions, for this specific choice of parameters. As we verify next, this leads us, via the 
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central sphere congruence, to a transformation of real constrained Willmore surfaces, 
preserving the Willmore surface condition. 

Suppose A is a real g-constrained Willmore surface having V as the complexification 
of its central sphere congruence. In particular, q is real. According to equations (|6.46p 
and ()6.47p , the reality of q establishes that of q* : 

= r*(l)-i r*(0) q^ r*(l)-i r*(0) 
= r*(l)-V*(cx))g°'V*(oo)-V*(l) 

= (qT' 

and, therefore, 

q* =q*. 

Let ((A*)^'*^, (A*)'^'^) be the Backlund transform of A of parameters a,L'^. Yet again 
according to equations (j6.46p and (j6.47p . 

(A*)0'i = r*(l)-ir*(0) AO'i 
= r*(l)-V*(cx))Ai'° 
= (A*)i'0 

establishing the reality of the bundle 

A* := (A*)i'°n(A*)°'^ 

If A* defines an immersion of M into P(>C), then, according to Theorem 16.251 V* is the 
complexification of the central sphere congruence of A*, which establishes A* as a real 
g*-constrained Willmore surface. 

Theorem 6.34. If A is a real q-constrained Willmore surface, then the Backlund trans- 
form A* of A, of parameters a,L°', is a real q* -constrained Willmore surface, provided 
that it immerses. 

Note that, if A* defines an immersion of M into P{C), then 

Ca* = C = Ca. 
The geometry of Backlund transformation is not clear. 

Remark 6.35. Note that 

for all a',L' and X G P"'^\{iba'}. By (j6.32p . and having in consideration the reality of 
p, we get q—~i;^{-a) = %-i^piir(a) = %-i xs^(a)~^ and, therefore, by (j6.33p 

(6-50) q—.i-^{-a)=pq^.ij;^{a)p, 
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making clear that the orthogonality of pq--i-^ {a)L°' and q-^ij^ {a)L°^ is equivalent 
to that of pq—-i_-^{—a)pL"' and q—-i-^{—a)pL^. On the other hand, as we 
know, is a dy'^ -parallel null line bundle if and only if pL" is a dy"''^ -parallel null 
line bundle. We conclude that a, are Bdcklund transformation parameters if and 
only if so are —a,pL°^. Furthermore: the Bdcklund transforms of parameters a,L°' and 
—a,pL°^ coincide. In fact, according to equation ()6.50p . 

and, therefore, 

P-a,L-'^ (A) g— -1,^ (A) = P«,i.(A) gjj-l^pr (A), 

for all A G P^\{±a}. 

We complete this section with an interesting and useful result relating the quadratic 
differentials qq and qg-. 

Proposition 6.36. 

Qh = <iQ- 

Proof. Fix z a holomorphic chart of (M, Ca). The proof will consist of showing 
that {q*y = q\ or, equivalently, that q^r* = -2ql{{Vv*)5,r*), for all r* G r((A*)°'i). 
Fix r G r(A°'i) and set t* := r*(l)-V*(0)r. Set also 

7^:=r*(oo)-V*(0). 

Let d be as defined in Section [6.51 for r = r* . According to (16. 4p . followed by equation 

P^?or*(l)-V*(0) = r*(l)-i o (P^)i'Oor*(0) 

= r*(l)-V*(0)gi'° + r*(l)-V*(oo) o - q^'^) o 7^ 

and, therefore, 

qli{Vv*)6y) = r*il)-'r*iO)qs^n-' o {iVv)s. - qsj oUt, 

as q^'^A^'^ = 0. On the other hand, 

o {{'Dv)5. - qsj o 7^ = 7^-^ o {{Vv)5^ - qsjn + {Vv)5. - qs^, 

SO we conclude that 

ql{{Vv^)sy) = r*{l)-'r*iO)qs^n-' o iiVv)s^ - qsjUr -\q'r\ 

We complete this verification by showing that 11'^ o {{Vv)5, - q5,)TZT{lsP^^) C r(AO'^), 
as follows. Set, more generally, 

7^A := r*(oo)-V*(A). 
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In view of equation (j6.20p . 

n-^^ o {V}f - q^^^)n^ = r*(A)-i o ((P^)i'O _ ^1.0) , ^*(^) _ pi,o + ^1,0^ 

On the other hand, 
Thus 

7^,-lo(P^0-gl.0)7^, = Ad.,(,)-.(-A-^(<)l'0-A-Y■°+Ad..(,)(A-Wl'° + A-2,l'°)). 
In view of the holomorphicity of Ad^.(;^) at A = 0, 

Ad^*(A) = Ad^*(o) + IfdA^i^^^'^^'-'W 
and, therefore, by (j6.22p . 

n-,' o (P^o - gl.0)7^, = Ad,.(,)-i(-^ Ad,.(,)AA^'° + i-^ Ad,.(,)gi'0 + o(A)), 

"^U=o ^ "-^ U=o 

for A near 0. Considering hmits when A goes to 0, we conclude that 

7^-lo(P^O-gl•0)7^ = Ad,*(o)-l(^l^ Ad,.(,)AA^'° + ^^l^ Ad^^^l''')- 
For simphcity, set := r*iOy^ -^^^_^r* (X) £ T(y AV^) (recahing ([OTD l. Note that 

^ Ad,,(,)AA^'° = Ad,,(o)[V',AA^'°]. 

The centrahty of the central sphere congruence of A, My^A^'^ = 0, together with the 
skew-symmetry of Afy, establishes that Afy^ takes values in the orthogonal to A"'^. In 
particular, 

(6.51) Afy'^V^ cVn (A^'i)^ = AO'I. 

It follows that 



Ad,,(o)-i(;^, Ad,.(,)Ar^'°)AO'^ = -AT^'V'^ C A''\ 



On the other hand, 
and, therefore, 

Ad,,(o)-i(;^, Ad,,(,)gi'0)AO'i = g^'V^A^^ 
as ^-'^''^A'^'-'^ = = qV^. The fact that q^'^ takes values in A*^'-*^ completes the proof. □ 
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6.7. Backlund transformation vs. spectral deformation 

Backlund transformation and spectral deformation, of constrained harmonic bun- 
dles or complexified constrained Willmore surfaces, are closely related: as we verify 
in this section, the Backlund transform of parameters cp^L", cp^L^ of the spectral 
deformation of parameter A, corresponding to a multiplier g, defined by (j)^, coincides 
with the spectral deformation of parameter A, corresponding to the multiplier q* , of 
the Backlund transform of parameters a, /3, L'^,L^ . 



Suppose V is a. g-constrained harmonic bundle, for some q G Q^{a'^V (B /\'^V-^). Let 

{°,/3) 



V* be the Backlund transform of V of parameters a, L'^ , . Let r* denote r^"'^^ 



r . 



and, for each A G C\{0, ±a, ±/3}, let dy'^ be as defined in Section [631 for r 
By definition of d^^ , r*(A) : (€"+^4'") ^ 4'^) is an isometry of bundles 

preserving connections, for each A. In particular, so is r*(l) : (C""'"^,d) — > (C""*"^ , d) . 
Fix A in C\{0, ±a, ±/3}. In view of (|6.5p . we conclude that 

d^f = r*(l)-i r*(A) o 4« o r*(A)-V*(l). 

It follows that, given 

: (C'^+^4^) ^ (C"+2,d), 
an isometry preserving connections, so is 

providing, therefore, the spectral deformation ip^V*, of parameter A, corresponding to 
the multiplier q*, of V*. On the other hand, such isometry (j)^ provides the spectral 
deformation (l)'^V, of parameter A, corresponding to the multiplier q, of V. Next we 
focus on this Ad^A gA-constrained harmonic bundle. For simplicity, set qx := Ad^A^A- 
Let pv and p^xy denote reflection across V and, respectively, (j)^V. Recalling (j6.3p . we 
get 



which makes clear that, as and are, respectively, 4"^- and (iy"^-parallel, 



^ - /3 - 

and (j)^L^ are, respectively, d^^y- and d^;^^ -parallel. On the other hand, the fact that 
(6.52) p^,y = cP^pvi^Y^ 

makes clear that, in view of the local non-orthogonality of and pyL^, (j)^L^ and 
p^\y(l)^Ll^ are, locally, non-orthogonal, as well. Equation (|6.52p establishes, on the 
other hand. 
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for all a', L' and A / ±a'. Note that 
for all a', L' and A 7^ ita'. It follows that 

establishing the local non-orthogonality of p^xyL'^Ji'^ = (f)^ pv and -C'^/^, in view 
of that of pv and L^. We conclude that, for each A, j, ^,(f)^L",(f)^Lf^ constitute 
Backlund transformation parameters to (p^V. Set 

Then 

and, therefore, r^(l)~^ = ip^ r*(l)~^. In particular, 

ri;(i)-i</.V = vV*(i)-V, 

the Backlund transform of parameters j, ^,(f)^L°',(l)^L^ of the spectral deformation 
(p^V of V, of parameter A [corresponding to the multiplier q], coincides with the spec- 
tral deformation of parameter A [corresponding to the multiplier q*] of the Backlund 
transform of V of parameters a, (3, L°',L^. 

This permutability between Backlund transformation and spectral deformation of 
constrained harmonic bundles extends to constrained Willmore surfaces. Indeed, if V is 
a (g, cZ)-central sphere congruence to some gf-constrained Willmore surface (A^'°, A°'^), 
the equality 

r^(l)-i = <^V*(A)-i (./.V 

establishes, furthermore, 

A ' p 

= 0V*(A)-ip^^„_^.(oo)A^'O 

and, therefore, 

r^(l)- V^(oo) 0^A^'° = r*(l)- V*(oo)A^'°; 

and, similarly, 

r^(l)-V^(0) (/.^A°'^ = i,^ r*(l)- V*(0)A°'^ 

Theorem 6.37. Let V he a q- constrained harmonic bundle, a,f3,L'^ he Backlund 
transformation parameters toV,\^ C\{0,±a, ±f3} and 0^ : (C"+2, cij.''') (C"+2,d) 
he an isometry preserving connections. The Backlund transform of parameters 
(j)^L°', (l)^L^ of the spectral deformation (f>^V of V , of parameter A [corresponding to 
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the multiplier q], coincides with the spectral deformation of parameter A [correspond- 
ing to the multiplier q*] of the Bdcklund transform of parameters a, /3, L°' , of V. 
Furthermore, if V is a q-central sphere congruence to a constrained Willmore surface 
(A^'*^, A*^'^) and (f)^ : (C"~'"^,dy5 ) (C"'''^,d) is an isometry preserving connections, 
then the diagram in Figure \6-S\ commutes. 

(0^(A*)i.o,</.^(A*)O.i) = (0^1-0, </.^AO.i)* 
(A1'0,A0.1)*/ >(0^A1'O,0^AO'1^ 
(Ai'0,AO'i^ 

Figure 6-2. A Bianchi permutability of spectral deformation and 
Backlund transformation of constrained Willmore surfaces. 




For A G {iba,ib/?}, it is not clear how the spectral deformation of parameter A 
relates to the Backlund transformation of parameters a, (5, , . 



CHAPTER 7 



Constrained Willmore surfaces with a conserved quantity 

A powerful result by E. Noether |47j establishes that any symmetry of the action 
of a physical system has a corresponding conservation law. Time translation sym- 
metry gives conservation of energy, space translation symmetry gives conservation of 
momentum, symmetry under rotation gives conservation of angular momentum - these 
are examples of physically conserved quantities one gets from symmetries of the laws 
of nature. Noether's theorem has become a fundamental tool of modern theoretical 
physics and the calculus of variations. In this chapter, we introduce the concept of 
conserved quantity of a constrained Willmore surface in a space-form, an idea by Fran 
Burstall and David Calderbank. Constrained Willmore surfaces in space-forms admit- 
ting a conserved quantity form a subclass of constrained Willmore surfaces preserved 
by both spectral deformation and Backlund transformation, for special choices of pa- 
rameters. In codimension 1, this class consists of the class of constant mean curvature 
surfaces in space-forms. In codimension 2, surfaces with holomorphic mean curvature 
vector in some space-form are examples of constrained Willmore surfaces admitting a 
conserved quantity. 

Let A C M""''^'^ be a (/-constrained Willmore surface in the projectivized light-cone, 
for some real 1-form q with values in A A A^^^ . Let S be the central sphere congruence 
of A. Provide M with the conformal structure Ca, induced by A. 

7.1. Conserved quantities of constrained Willmore surfaces 

Let 

p(A) := X^^v + vq + XU 
be a Laurent polynomial with vq G r(S') real, v G r(S'-'") and Voo := p{l) = vq+v+v 7^ 0. 

Definition 7.1. We say that p{X) is a g-conserved quantity of A if 
(7.1) 4V(A) = 0, 

for all X G C\{0}. 

Theorem 7.2. p{X) is a q-conserved quantity of A if and only if 
dvoo = 0, P^'^v = 0, + q^'^VQ = 0. 
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Proof. Given A G C\{0}, 

4'''p(A) = X-^Vv + Vvo + XDv + A-^AT^'^ + A~ W^'%o + M^'^v 

Organizing the terms in dg''^p{X) by powers of A shows that equation (|7.ip holds for all 
A G C\{0} if and only if so do equations Vv + Af^'^^vo = = Vv + Af^'^vo, together 
with Af^'^v + q^'^VQ = = AA°'% + q^^^vo and with 

(7.2) Vvo + + AA^'^t; - q^^%o - q'^'^vq = 0. 

In view of the reality of T>, N and q, we conclude that equation (17. ip holds if and only 
if so do equations ()7.2p . 

(7.3) Vv+M^'^VQ = Q 
and 

(7.4) + = 0. 
Equation (|7.3p is equivalent to the system of equations 

(7.5) pi'%+AAi'%o = 
and 

(7.6) = 0. 

In the light of equation ([72]) reads Vvq + M^'^v +J\f°'^v + M^'^v + AA°'% = 0, 

i.e., 

(7.7) Vvo+Af{v + v) = 0. 

On the other hand, in view of equations (j7.5p . (|7.6p and (|7.7p . 

dvoo = Vvo+V{v + v) +Mvo+J\f{v + v) 

and, ultimately, 

(7.8) dvoo = 0. 

We complete the proof by observing that, together with equation (j7.6p . equation (j7.8p 
establishes (|7.5p and (j7.7p . For that, first note that tts {dvoo) = T^vq + J\f{v + v) and 
7r5±((ifoo) = V>{v + v) + Mvq. Thus dvoo vanishes if and only if 

Vvq + M{v + u) = = V{v + v)+ Mvq. 
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In particular, dvoo = forces = M^'^vq + V^'^v + 'D^'^v which, together with equation 
(|7.6p . estabhshes equation (j7.5p . completing the proof. □ 

For later reference. 

Remark 7.3. The characterization of the d^''^ -parallelism of p{\) by the equations in 
Theorem \ 7. S\ does not involve the fact that A is q-constrained Willmore, only the reality 
ofqe rji(A A A«). 

Remark 7.4. In the characterization above, of a q-conserved quantity of A, equation 
M^'^v + q^'^VQ = determines q. In fact, q is real, so it is determined by q^'^ , which, 
given that A is a q-constrained Willmore surface, is ensured to be a 1-form with values 
in A A A'^'^. Hence q^'^ is determined by q^'^u G r(A'^'^), fixing u E S\A'^ (cf. Remark 
\5^. On the other hand, M^^^v G r(A°'i) (cf. (I63T]) ). Finally, if dvoo = 0, then Voo 
defines a space-form S^^, and, for the surface in S^^ defined by A, ((Too,wo) = 
icroo,'^sivoo)) = (c^oo,t'oo) = -1 is never-zero. 

Remark 7.5. If p[\) is a q-conserved quantity of A, then 

d{v,v) = 0. 

Indeed, by equation ()7.4p . and in view of the skew-symmetry of q, 

(AAi'%,r;o) = -{q''%o,vo) = (^^0,9^'%) = -(^^cAA^'^) 

and, therefore, {M^'^v,vo) = 0. Equivalently, {v,M^'^vq) = 0, in view of the skew- 
symmetry of J\f , which, together with equation ()7.5p . establishes {v,T>^'^v) = and, 
consequently, by equation (|7.6p . {v,Vv) = 0. 

7.2. Examples 

Two special cases follow from the characterization of a conserved quantity provided 
by Theorem 17.21 

7.2.1. The special case of codimension 1: CMC surfaces in 3-space. The 

existence of a conserved quantity p{X) of A establishes, in particular, the constancy 
of Voo '■= In the particular case of n = 3, we verify that A has constant mean 

curvature in the space-form S^^, that is, the surface defined by A in the space-form 
has constant mean curvature. In fact, constant mean curvature surfaces in 3- 
dimensional space-forms are, precisely, the constrained Willmore surfaces in 3-space- 
form admitting a conserved quantity. This case will be addressed in detail in Section 
18.21 dedicated to constant mean curvature surfaces in 3-dimensional space- forms. 
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7.2.2. A special case in codimension 2: holomorphic mean curvature 
vector surfaces in 4-space. In codimension 2, the complexification of 5"*" admits a 
unique decomposition into the direct sum of two null complex lines, complex conjugate 
of each other: given v G r(5-'") null, S-^ = {v)(B{v). Such a v defines an almost-complex 
structure on 5-*-, with eigenvalues i and —i and eigenspaces {v) and {v), associated 
to i and —i, respectively. In [11] (see, in particular. Corollary 14.3), F. Burstall and 
D. Calderbank proved that a codimension 2 surface in a space-form, with holomorphic 
mean curvature vector with respect to the complex structure induced by V"^ , is con- 
strained Willmore. In this section, we prove it in our setting, proving, furthermore, 
that, in 4-dimensional space- form, the constrained Willmore surfaces admitting a con- 
served quantity p{X) = X~^v + vq + Xv with v null are the surfaces with holomorphic 
mean curvature vector in the space- form /S'p(i), with respect to the complex structure 
on (S-*-, J^, V"^^) determined by Koszul-Malgrange Theorem. 

Suppose n = 4. In that case, S""*" is a (non-degenerate real) rank 2 bundle, admit- 
ting, therefore, a unique decomposition 

(7.9) = S^® 

of its complexification into the direct sum of two null complex lines, complex conjugate 
of each other. In particular, S'^ admits an almost-complex structure (in fact, two, 
differing by sign), 

I —I on or 

Provide then S-^ with the unique complex structure compatible with the connection 
V'^^ = P|p(5±), cf. Koszul-Malgrange Theorem, characterized by the fact that a section 
u of S""*" is holomorphic if and only if D^'^v = (see, for example, |15j . Theorem 2.1). 
Fix a choice of Jg± and provide S-^ with the structure of complex vector bundle defined 
by iu := Js^i^, for all real v G r(5-'-). Then, given u G r(5-'-) real and z = x + iy a 
holomorphic chart of M, 

(7.10) Vs,i^ = ^ (Ps^u + Js^Vs^J^)- 

Writing v = v + v, with v in the eigenspace of Jg± associated to the eigenvalue i, and 
expanding (|7.10p out, we conclude that u is holomorphic if and only if P'^'^f +2?^'% = 0, 
or, equivalently, D^'^v = 0. 

Now fix a non-zero v^o G M^'^. Let be the orthogonal projection of v^o onto 
In view of the reality of v^, write = v+v, with v in the eigenspace of Jgi_ associated 
to the eigenvalue i. Consider the surface cToo : M — > S^^-, in the space- form S^^-, 
defined by A. Under the isomorphism Q : Noo S'^, preserving connections, defined 
in Section [2.21 the complex structure on S'^ induces naturally a complex structure on 
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A^oo) preserving holomorphicity. We say that A has holomorphic mean curvature vector 
in the space- form S^^ if Woo is holomorphic. By equation (j4.2p . it follows that A is a 
holomorphic mean curvature vector surface in Sy^ if and only if 

(7.11) V^'^i = 0, 

or, equivalently, V^'^v = 0. 

Now suppose A has holomorphic mean curvature vector in S^^ . Define a real form 
q Gn^{AA A(i)), with G n^'^{A A A^'^), by setting := -M^'^v, for the 

orthogonal projection of foo onto S (cf. Remark I7.4p . Set p{X) := X~^v + + Xv. 
According to Theorem 17.21 having in consideration Remark 17.31 dg''^p{X) = and, 
consequently, 

(7.12) R^p{X) = 0, 

for the curvature tensor of d^'"^, for all A G C\{0}. In the proof of Theorem 16.61 we 
observed, in particular, that 

R^ = i{d^*M- 2[q A *AA]) + (A-^ - 1) + (A^ - 1) 

having in consideration that, as q is real and q^'^ G il"'^''^(A A A'^'^), [q A q] vanishes 
(cf. (??)). Note that, as qS^ = and is P-parallel, cPq^^^S^ = = d^q^'^S^. 
According to ()6.ip and (16. 2p . equation (I7.12|) establishes 

(7.13) {d^*N- 2[q A *AA])«^ = 
and 

0= l(d^*AA-2[gA*AA])((A-2-l),; + (l-A2)l;) + (A^2_;L)^C^l,0^T^(^2_^^^C^0,l^T^ 

Organizing the terms in equation (|7.13p by powers of A, we conclude from the fact that 
equation (|7.12p holds for all A G C\{0} that, in particular, 

(7.14) d'^ *M-2[qA ^Mlvl, = 0, 

or, equivalently, cf. Remark 15.71 dP * J\f = 2[g A *M], in view of the fact that 
{o'ocv'^) = (o"oo, 'i'oo)(= —1) is never-zero. Now we see that equation ()7.12p estab- 
lishes, furthermore, 

(A-2 - 1) dV'^^ + (A^ - 1) dV'^^^ = 

and the fact that it does not depend on A G C\{0} establishes then dPq^'^v^ = 0. 
Lastly, observe, in view of (jS.Sp . that, as q^'^ takes values in A A A'^'^, then so does 

dV°ef^'(AAAO'i), 
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to conclude, cf. Remark 15.81 that dPq^'^ = and, ultimately, by Lemma I5.1UI that 
dPq = 0. We conclude that A is a (/-constrained Willmore surface admitting p{X) as a 
(/-conserved quantity. 

Conversely, suppose A is a constrained Willmore surface admitting a conserved 
quantity p{X) = X^^w + vq + Xw with vq G r(S') real and w G r(5-'-) null (and, in 
particular, never-zero). In that case, S-^ = {w) © {w) is the decomposition of 5-*- 
in ()7.9p . Let be the almost-complex structure on 5-*" admitting (w) and (uJ) as 
eigenspaces associated to the eigenvalues i and —i, respectively. According to the 
characterization of conserved quantities presented in Theorem 17.21 we conclude that A 
has holomorphic mean curvature vector in 5'p(i), with respect to the complex structure 
on {S-^ , Ju],\7^^) determined by Koszul-Malgrange Theorem. 

7.3. Spectral deformation of constrained Willmore surfaces with a 

conserved quantity 

The spectral deformation of constrained Willmore surfaces preserves the existence 
of a conserved quantity, trivially: 

Theorem 7.6. Let fi be in and (p^ : (M"+i'\ (ig'^) (R"+^'\ (i) be an isomorphism. 
Suppose that either vq is non-zero orjlv + fj/U is non-zero. In that case, if p{X) is a q- 
conserved quantity of A, then (f)qp{^X) is a Ad^i^{qp)-conserved quantity of the spectral 
deformation (j)qA of parameter fi of A. 

Proof. By hypothesis, 

:= (l)^ilIv + vo + nv) 

is non-zero. On the other hand, as (j)q is real and /x is unit, we have fj,~^(l)qV = fKpqV. 
Having in consideration that (f>q is an isometry, and, in particular, {(pqS)'^ = cj)qS^ , we 
conclude that 

rqP{liX) = A-i(/i-V^) + r,vo + A(/x<U) 
is of the right form. The fact that 0^ : (M"+^'\ c?^'^) {W'+'^^^,d) preserves connec- 
tions, and, consequently, 

completes the proof. □ 

7.4. Backlund transformation of constrained Willmore surfaces with a 

conserved quantity 

Backlund transformations of constrained Willmore surfaces preserve the existence 
of a conserved quantity, in the following terms: 
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Theorem 7.7. Suppose p{X) is a q-conserved quantity of A. Let a, he Bdcklund 
transformation parameters to A corresponding to the multiplier q and let r* denote r£a . 
// 

(7.15) p{a) ± L'^, 

then 

p*{X) ■.= r*{l)-^r*{X)p{X) 

is a q* -conserved quantity of the Bdcklund transform A* of A of parameters a^LF^ , 
provided that A* immerses. 



Proof. Suppose A* immerses and let S* be its central sphere congruence. First 
of all, note that 

4f p*(A) = r*(l)-i o4'« or*(A)p(A) = r*(l)~V*(A) o 4'^p(A) = 0, 

for A € C\{0}. Let p and p* denote, respectively, ps and ps*- Consider projections 
TTL. : €^^+2 ^ L°, 7rpL« : C"+2 ^ pL" and tt^ : C"+2 ^ (^a © p^^)^ with respect 
to the decomposition C"+2 = L° © /oL" © (L" © pL")-^. As L° and pU^ are never 
orthogonal, condition (|7.15|) establishes, in particular, 7rpL°'p{a) = 0. On the other 
hand, in view of the specific form of p{X), 

(7.16) pp{X)=p{-X), 

for all A. Hence TTLap[—a) = piTpL"p{a) and, therefore, TiLap[—a) = 0. It follows that 

Pa,L«(A)p(A) = , \ TTL'^piX) +7r_Lp(A) + " T^pL^piX) 

a + X a — A 

has no poles and, consequently, that 

p*{X)=r*{l)-^Kq^.,j^^-^{X)p^,LA^)p{X) 

has, at most, poles at A = ita"^. Consider now projections ttj^ : C"^'^ and 
TTpX^ : C"+2 ^ /oL^ with respect to the decomposition C"^^ = L°© pL" © (L° ©pL")-^. 
Given the specific form of p(A), we have, on the other hand, 

(7.17) p(x-')=^, 

for all A, and, therefore, p{a~^) € r(L"-'-). Thus 7rj^p{—a~^) = = 7r^-^p(a~^). It 
follows that p*{X) = r*{l)^^ p^ j^aiX) q-^-ij^ {X) p{X) has, at most, poles at A = ±a. 
We conclude that p* (A) has no poles. The fact that limA^oo '^^^P*(A) = r*{l)^^ r*{oo)v 
and limx^oXp*{X) = r*(l)~^ r*(0) w are both finite establishes then p*{X) as a degree 
1 Laurent polynomial. According to (j6.16p . 

p*p*{X) = r*{l)-^pr*{l)p*{X) = r*{l)-^pr*{X) p{X) = r* (l)-^ r* {- X) pp{X) 
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and, therefore, following (j7.16p . 

pV(a)=/(-a), 

showing that the coefficients on A and in p*{X) are sections of (5*)"*", whilst the 
coefficient on A*^ is a section of S*. To complete the proof, we are left to verify that 
p*(A^^) = p*{\), equivalent to the complex conjugation conditions on the coefficients 
in p*{X). It comes as an immediate consequence of equations (I6.48P and (17.17p . □ 



CHAPTER 8 



Constrained Willmore surfaces and isothermic condition 



A classical result of Thomsen |55j characterizes isothermic Willmore surfaces in 3- 
space as minimal surfaces in some 3-dimensional space-form. Constant mean curvature 
(CMC) surfaces in 3-dimensional space-forms are, in particular, isothermic constrained 
Willmore surfaces, as proven by J. Richter [51j . However, isothermic constrained Will- 
more surfaces in 3-space are not necessarily CMC surfaces in some space-form, as proven 
by an example due to Fran Burstall and presented in [7j, of a constrained Willmore 
cylinder that does not have constant mean curvature in any space-form. We dedicate 
a section to the very important class of CMC surfaces in 3-space, with constrained 
Willmore Backlund transformations; both constrained Willmore and isothermic spec- 
tral deformations; as well as a spectral deformation of their own and, in the Euclidean 
case, isothermic Darboux transformations and Bianchi-Backlund transformations. S. 
Kobayashi and J. -I. Inoguchi [35j proved that isothermic Darboux transformation of 
a CMC surface in is equivalent to Bianchi-Backlund transformation. We believe 
isothermic Darboux transformation of a CMC surface in Euclidean 3-space can be ob- 
tained as a particular case of constrained Willmore Backlund transformation. This 
shall be the subject of further work. We present the classical CMC spectral defor- 
mation by means of the action of a loop of flat metric connections. We observe that 
these three spectral deformations of CMC surfaces in 3-space are all closely related 
and, therefore, all closely related to Backlund transformation. We observe, in partic- 
ular, that the classical CMC spectral deformation can be obtained as composition of 
isothermic and constrained Willmore spectral deformation and that, in the particular 
case of minimal surfaces, the classical CMC spectral deformation coincides with the 
constrained Willmore spectral deformation corresponding to the zero multiplier. The 
chapter starts with a section on the Mobius invariant class of isothermic surfaces in 
space forms. We characterize isothermic constrained Willmore surfaces by the non- 
uniqueness of multiplier. The constrained Willmore spectral deformation is known to 
preserve the isothermic condition, cf. |14| . As for Backlund transformation of con- 
strained Willmore surfaces, we believe it does not necessarily preserve the isothermic 
condition. We believe one can obtain non-isothermic, non- Willmore constrained Will- 
more surfaces as Backlund transforms of non-minimal CMC surfaces in space-forms. 
This shall be the subject of further work. 
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Throughout this chapter, let A C M"^ ' be a surface in the projectivized Ught-cone 
and S be the central sphere congruence of A. Consider M provided with the conformal 
structure Ca- 

8.1. Isothermic surfaces 

It seems that the notion of isothermal lines, tracing back to the early nineteenth 
century, was motivated by their physical interpretation as lines of equal temperature, 
having led to the notion of isothermic surfaces, that is, surfaces with isothermal lines of 
curvature. This section is dedicated to the study of isothermic surfaces merely from the 
point of view of constrained Willmore surfaces. Classically, a surface in M'^ is isother- 
mic if it admits conformal coordinate line coordinates at every point. F. Burstall and 
U. Pinkall |13j extended the isothermic condition to surfaces in space forms, with a 
manifestly conformally formulation, characterizing isothermic surfaces in the conformal 
n-sphere by the existence of a non-zero real closed 1-form rj with values in a certain 
subbundle of the skew-symmetric endomorphisms of M""*"^'^. We characterize isother- 
mic constrained Willmore surfaces by the non-uniqueness of multiplier and establish 
the set of multipliers to an isothermic g-constrained Willmore surface (A, t]) as the 
1-dimensional affine space q + (*7/)r. The constrained Willmore spectral deformation 
is known to preserve the isothermic condition, cf. |14) . We derive it in our setting. As 
for Backlund transformation of constrained Willmore surfaces, it is not clear that the 
isothermic condition is preserved. Isothermic surfaces in were studied intensively 
at the turn of the 20th century and a rich transformation theory of these surfaces was 
developed in the works of Darboux [22], Calapso [16j . |17j and Bianchi [2], [3]. The 
loop group formalism provides a context in which the results of Bianchi, Calapso and 
Darboux can be generalized. Following the work of F. Burstall, D. Calderbank and 
U. Pinkall [llj . |13) . we characterize isothermic surfaces by the flatness of a certain 
M-family of metric connections on M""'"^'^ and define, in terms of this family of connec- 
tions, both the isothermic spectral deformation, discovered in the classical setting by 
Calapso and, independently, by Bianchi; and the isothermic Darboux transformation. 

8.1.1. Isothermic surfaces: definition. In this section, we present a manifestly 
conformally invariant formulation of the isothermic condition, by F. Burstall and U. 
Pinkall. 

Isothermic surfaces are classically defined to be immersions / : (M,5/) ^ admit- 
ting, at every point, conformal curvature line coordinates, i.e., conformal coordinates 
along the principal directions. Equation (|2.2|) . relating the shape operator to the second 
fundamental form of an isometric immersion, makes clear that conformal coordinates 
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X and y are curvature line coordinates if and only if 
(8.1) n((5,,(5y) = 0. 

In fact, the conformality of x and y ensures the existence of some u G C°°(M, M) for 
which 

Qf = e''{dx^ + dy'^), 

establishing, in particular, that gf{dx,6y) = 0, so that, if A^5x € {Sx), for either unit 
^ G T{Nf), then equation (jS.ip is established. It is obvious that, conversely, equation 
(jS.ip forces, in particular, 

A^Sx G {Sx), A^6y e {5y), 

for either unit normal vector field ^ to /. Classical isothermic surfaces extend naturally 
to immersions / : {AI,gf) M, into a Riemannian manifold M, admitting, at every 
point, conformal coordinates which diagonalize the second fundamental formj^ which 
we still refer to as conformal curvature line coordinates. Equation (j2.6p makes clear that 
the isothermic condition is a conformal invariant (even though the second fundamental 
form is not), having in consideration that under a conformal change of metric in M, 
the metric induced in M changes conformally. In fact, it makes clear, furthermore, 
that conformal curvature line coordinates are preserved under conformal changes of 
the metric. Hence, as very well-known: 

Theorem 8.1. Conformal curvature line coordinates are preserved by conformal dif- 
feomorphisms. 

Theorem 18.11 establishes . in particular, the Mobius invariance of the class of isother- 
mic surfaces. We define A : (M, Ca) (P(£),Cp(£)) to be an isothermic surface if, 
fixing h S Cp(£) (independently of the choice of /i), A : (M, A*/i) {F{C),h) is an 
isothermic surface, with A*h denoting the metric induced in M by A from h. We formu- 
late it next following a manifestly conformally invariant characterization of isothermic 
surfaces established by F. Burstall and U. Pinkall. 

Definition 8.2. A is said to be an isothermic surface if there exists a non-zero closed 
real 1-form rj with values in A A . 

This formulation of isothermic surfaces is discussed in |13] , |11] , |53] and |32j . For 
the relationship between this formulation and the classical one, see |13j . |53] and |32] 
(see, in particular, §5.3.19)0 

"'^Or, equivalently, which diagonahze simultaneously all shape operators (the verification presented 
above for the particular case M = K'^ clearly holds for general M). 

^Without wishing to go into detail, it is worth remarking on this relationship. (For more details, see 
[10| and [53) .) Given /, /'^ : M — > R" immersions of M in Euclidean n-space, / and are said to 
be Christoffel transforms of each other, or dual isothermic surfaces, if / and f have parallel tangent 
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Constant mean curvature surfaces in 3-space are well-known examples of isothermic 
surfaces (see Section . as well as surfaces of revolution, cones and cylinders (see, for 
example, [53]). 

Under the conditions of Definition [8?2l we may, alternatively, refer to the isothermic 
surface A as the pair {A,rj). As A is not contained in any 2-sphere (cf. (jl.l3p ). such 
r] is unique up to non-zero constant real scale, cf. [53j (see, in particular, Proposition 
1.25). It is very useful to know that, cf. [53] (see, in particular. Proposition 1.11): 

Lemma 8.3. // (A, rj) is an isothermic surface, then r] ^ i}^(A A A^-*^)). 

It follows, in particular, that: 

Lemma 8.4. // (A, rj) is an isothermic surface, then 
(8.2) cPr] = = [M AT]]. 

Proof. Suppose (A, r/) is isothermic. Then, in particular, the form rj is closed, 
dPr] + [AA Arj] =0. On the other hand, according to Lemma 18.31 r] G Q^{a'^S). Hence, 
by the P-parallelness of S and 5"^, (Prj e 17^(A^5 © A^5-^); whereas, as Af takes 
values in 5 A 5-^, [AA A r/] G 17^(5 A 5-^). We conclude that (Prj and [Af A r/] vanish 



separately. □ 

Remark 8.5. Following equation (I2.17p . we have 

(8.3) [(AAA^) A(AaA^)] C AaA = {0} 
and, therefore, given rj ^ Q^{A A A"*-), 

(8.4) [?? A ry] = 0. 



Theorem 18.11 establishes, in particular: 

Theorem 8.6. A is isothermic if and only if, fixing v^o G M""''"'^'^ non-zero, so is the 
surface o"oo : M — > S^^, in the space- form S^^, defined by A. Furthermore: A shares 
conformal curvature line coordinates with , for all Voo ■ 

planes, i.e., df{TM) = df'^{TM); f and induce the same conformal structure on M; and / and f 
induce opposite orientations on M, i.e., df^ o df~^ : dfiTM) — > df(TM) has negative determinant. 
A result by ChristofFel [20) . for n = 3, and B. Palmer [49] , for arbitrary n, characterizes isothermic 
surfaces immersed in R" by the existence of a dual isothermic surface. Since n > 3, we can choose 
Voo £ C such that Ap 7^ (foo), for all p £ M, and to define then a surface oq^oo in Euclidean n-space by 
stereographic projection of pole xq £ S" of Ap £ ¥{£,)\{{voo)} = S"\{a;o}, for each p £ M. According 
to Theorem 18.11 A is isothermic if and only if SO IS fTO, 00 • Let CToo be the surface defined by A in Sv^^ ■ 
One verifies that, if (To,oo is isothermic and ctq ^c is a dual isothermic surface to (Jo,oo, then 

ri := ffoo A {dao^oo + (fo.oo, dao^ao)voo) 

is a form in the conditions of Definition 18.21 and, conversely, that the existence of a form i] such that 
(A, 7;) is isothermic establishes the existence of a dual isothermic surface to ao,oo- 



CONSTRAINED WILLMORE SURFACES 



121 



8.1.2. Isothermic condition and Hopf differential. The Hopf differential is 
closely related to n'^^''^) := II\xi,omxT'^'Om, giving rise to yet another characterization 
of isothermic surfaces in space-forms, which we present in this section. 

Fix a non-zero in M"+^'-'^ and consider the surface cJoo : M S^^, in the 
space- form S^^ , defined by A. Recall that the pull-back bundle by a^o of the tangent 
bundle TSv^ consists of the orthogonal complement in M""'"^'^ of the non-degenerate 
bundle {aoo,Voo), ^to'^S^^ = (o"oo, Woo)"*"- Let tt^^ denote the orthogonal projection of 
^n+1,1 _ (j^fj^^XM) © A^oo © (^^oo, Coo) onto A^'oo- Fix a holomorphic chart z = x + iy 
of (M, Ca). Observe that 

(cToo)^^ e T{a*^TS^^). 
Indeed, differentiation of (cJoo, foo) = —1 shows that [{(Too)z^ Voo) = and, consequently, 
((o"oo)z2 5 ■Woo) = 0; whereas differentiation of (o"oo, (o"oo)2) = shows that [(Too)z is 
orthogonal to o"oo. It follows that [(Tcyo)zz — '^Nooi'^oo)zz G ^{daoo{TM)) C T{S) and, 
therefore, {aoo)zz - t^n^{(^oc)zz - (ttat^ (o-oo)^^, Woo)o"oo G r(S'). We conclude that 

(8.5) 7r5± (0-00)22 = Q(vrAf^ (0-00)22), 

for the isomorphism Q : A^^^o — ^ S-^ defined in Section [2.2[ Now write = Xaoo with 
A G r(M) never-zero. Then o-|^ = A(o-oo)2z + (0^00)2 + ^zzO'oo and, therefore, 

(8.6) A;"" = A7^5.±(o-oo)22• 
It follows that, under the isomorphism Q, the Hopf differential is a real scale of 

(8.7) VTAT^ (0-00)22 = 1100(52,(52) = ^ (IIoo(5x,'5a:) " '^i^ooi^x, ^y) " ^oo{Sy,Sy)). 

We are led to the following characterization of isothermic surfaces in terms of the Hopf 
differential, presented in |14 j: 

Lemma 8.7. The surface A is isothermic if and only if around each point there exists 
a holomorphic chart of {M,C\) with respect to which the Hopf differential of A is a 
real section of . Furthermore: the conformal coordinates x,y are curvature line 
coordinates to A if and only if is real. 

Proof. The conformal coordinates x, y are curvature line coordinates of 0-00 if and 
only if noo(<5x, Sy) = 0, or, equivalently, vttVoc (^^"00)22 is real. Since Q is an isomorphism 
of real bundles, the reality of vrjv^ (0-00)22 is equivalent to that of k^. □ 

8.1.3. Transformations of isothermic surfaces. Isothermic surfaces in were 
studied intensively at the turn of the 20th century and a rich transformation theory 
of these surfaces was developed in the works of Darboux [22], Calapso |16j . |17j and 
Bianchi [2], [3]. The loop group formalism provides a context in which the results of 
Bianchi, Calapso and Darboux can be generalized. Following the work of F. Burstall, 
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D. Calderbank and U. Pinkall [TT] . |13| . we characterize isothermic surfaces by the 
flatness of a certain M-family of metric connections on M""*"^'^ and define, in terms of 
this family of connections, both the isothermic spectral deformation, discovered in the 
classical setting by Calapso and, independently, by Bianchi; and the isothermic Dar- 
boux transformation. 

Let T] he a non-zero real 1-form with values in A A A-*-. For each t £ M, set 

:= d + tr], 

defining a connection of C"^^. The reality of r] establishes that of , whereas its 
skew-symmetry establishes d^ as a metric connection. As established in and |13j : 

Theorem 8.8. (A, r/) is isothermic if and only if d\^ is aflat connection, for eacht £ M. 

The proof is immediate, but worth presenting: 

Proof. The curvature tensor i?* of is given by = R'^ + tdr] + y [ry A r/] =0. 
Equation (j8.4p makes then clear that ry is closed if and only if i?* = 0, for alH. □ 

One shall be aware of the ambiguity that the notation carries, for t = ±1, with 
respect to the constrained Willmore spectral deformation of parameter t, correspond- 
ing to the multiplier rj, in the case (A, rj) is an isothermic surface admitting 77 as a 
multiplier. 

The isothermic spectral deformation. As we verify next, if (A, rj) is isother- 
mic, then so is the transformation of A defined by the flat metric connection d^, for 
each t S M. Associated to an isothermic surface, we have a one-parameter family of 
isothermic surfaces, discovered in the classical setting by Calapso |16j . |17j and, inde- 
pendently, by Bianchi ||2j, |3j. 

Suppose (A, ry) is isothermic, so that, in particular, is a flat metric connection 
on R'^+^'^ for each t G M. Given t G M and cr G r(A), 

(8.8) dl^a = da, 

showing that A is still a -surface, or, equivalently, the transformation A* of A defined 
by the connection is still a surface. Furthermore: 

Theorem 8.9. Let (A, rj) be an isothermic surface. Then, for each t G M, the trans- 
formation A* of A defined by the fiat metric connection is still isothermic. 

Fix t G M and : (M"+^'\4) (M"+^'\(i) an isomorphism. The proof of the 
theorem will consist of showing that (A* , Adj^try) is isothermic. 
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Proof. If r/ = a A /i, with a G r(A) and ^ G 17^ (A-^), then, recahing (pTTB|) . 
Ad^t^T/ = (/)*(T A (pljfi is a non-zero real 1-form with values in A) A (0* A)-*-) and 

(i(Ad^. 7?) = o o = 0* o (dry + t[rj A ry]) o (</>*)-! = 0. 

□ 

We may refer to A* as the isothermic (t,r]) -transformation of A. Note that, if 
(A, r/') is isothermic, for some non-zero real 1-form r]', with values in A A A"*-, then 
r]' = trjT], for some G R and the isothermic (t, r/')-transformation of A coincides with 
the (i ry)-transformation. 

Observe that, given t' G M and (t>Ad tv' ®"^^'^'^Ad ^ an isomor- 

phism, : (M"+^'^, {W"-^^'^,d) is an isomorphism, to conclude that 

'Prj 



we have a one-parameter family of isothermic surfaces. In the particular case of Eu- 
clidean 3-space, this is the T-transform, found by Calapso |16j . |17j and, independently, 
by Bianchi [2], [3]. 

We complete this section by verifying that, up to reparametrization, this isothermic 
spectral deformation coincides with the one presented in [T4j FI First of all, note that, 
in view of (jS.Sp . given a G r(A) never-zero, 

(8.9) g^t^^ = = 5(7, 

showing that the deformation defined by preserves the conformal structure. 

It preserves the central sphere congruence, as well. Indeed, fixing a holomorphic chart 
z of (M,CAt) = (M,Ca), we have (d*^)5-(d* )5^cr = (cj)^^ + tris-^az = cr^j modA, in view 
of equation (jS.Sp . showing that S"*'' = 5 and, ultimately, according to (j3.3p . that 

(8.10) S^t^A = 4>'r,S. 

According to (|8.9p . on the other hand, g^t^tj^ = g^^ = g^, showing that 4>\^(J^ is the 
normalized section of A with respect to z. Note that, as r/ takes values in A A A-*-, 
r/A"*" takes values in A, and define rj^ G C°°(M, M) by rjs^a^ = rj^a^. Then 

1 



'jIzz = {<t^Yz)z = <\>\{<yl, + tr]sGl) = -- (c^ - 2tr]') + /c^ 



The omission, in I14j, of reference to the transformation rules of the Hopf differential and of the 
normal connection shaU be understood as preservation. 
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We conclude that and cf , the Hopf differential and the Schwarzian derivative, re- 
spectively, of (/>* A with respect to z, relate to those of A by 

By Lemma |5.5| having in consideration (jS.lOp . the conclusion follows. 

Isothermic Darboux transformation. Darboux [22] discovered a transforma- 
tion of isothermic surfaces in M^: the surface and its Darboux transform are character- 
ized by being conformal and curvature line preserving and enveloping some 2-sphere 
congruence. In this section, we present a manifestly conformally invariant formula- 
tion of Darboux transforms of isothermic surfaces, due to F. Burstall and U. Pinkall, 
in terms of the family of flat metric connections, presented above, characterizing the 
isothermic condition. For further reference, we make a very brief description of the 
Darboux transformation of isothermic surfaces in Euclidean n-space via solutions of a 
Ricatti equation, presented in |10) as a direct extension of the case n = 3,4, discovered 
by Hertrich-Jeromin— Pedit j33) . 

In [33], U. Hertrich-Jeromin and F. Pedit develop isothermic surface theory in 
Euclidean n-space, for n = 3, 4. In particular, they define Darboux transformation, 
based on the solution of a Ricatti equation, that, when restricted to codimension 1, 
becomes classical. In [10| . F. Burstall presents a direct extension to general n of this 
approach to isothermic surfaces and Darboux transformation. For further reference, 
we describe it here very briefly (for more details, see [10] ). The starting point is the 
fact that an immersion / : M — > is isothermic if and only if there exists another 
immersion /'^ : M — > M" such tha10 

(8.11) df A df = 0, 

where we multiply the coefficients of these M^-valued 1-forms using the product of the 
Clifford algebra Cln of M". Equation (j8.1ip is the integrability condition for a Ricatti 
equation involving an auxiliary parameter r G M\{0}: 

dg = rgdfg - df, 

where again all multiplications take place in Cln- We construct a new isothermic surface 
/ by setting 

f = f + g 

and verify that, just as in the classical case, / and / are characterized by the conditions 
that they have the same conformal structure and curvature lines and are enveloping 



Equation (|8.11fl characterizes as a ChristofFel transform of /. 
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surfaces of a 2-sphere congruence. We refer to / as the Darhoux transform of f of 
parameters r,g. 

F. Burstall and U. Pinkall generalized the Darboux transformation to isothermic 
surfaces in general space- form as follows, in a manifestly conformally invariant formu- 
lation: 

Definition 8.10. Let {A,rj) be an isothermic surface. A surface A is an isothermic 
Darboux transform of A if A Ci A = {0} and there is a non-zero real constant m for 
which A is {d + mrj) -parallel. 

This formulation is discussed in [13j . |32j (see, in particular, §5.4.8), |53j and [llj . 
For the relationship between this approach to isothermic Darboux transformation and 
the classical one, see |53j . 

8.1.4. Isothermic condition and uniqueness of multiplier. In this section, 
we characterize isothermic constrained Willmore surfaces in space-forms by the non- 
uniqueness of multiplier and establish the set of multipliers to an isothermic g-constrained 
Willmore surface (A, 77) as the 1-dimensional affine space q + {*r])M.- 

Theorem 8.11. Suppose A is a constrained Willmore surface. The uniqueness of 
multiplier to A is equivalent to A being not isothermic. 

Proof. Suppose A is a constrained Willmore surface and qi ^ q2 are multipliers 
to A. Set rj := *{qi — 52); defining, in this way, a non-zero real 1-form with values 
in A A A(^) C a a A-^. The fact that d^qi = = d^q2 estabhshes d'^ * r] = 0, or, 
equivalently, cf. Lemma [5.1Ul dPr] = 0; whereas [qi A *J\f] = ^ cP *J\f = [q2 /\ *M] gives 
[M At]] = [*r]A*M] = [{q2 - qi) A *M] = 0, recalling equation ()2.2ip . We conclude that 
T] is closed and, therefore, that (A, rf) is isothermic. 

Conversely, suppose (A, rj) is an isothermic g-constrained Willmore surface, for some 
r/ G r2^(A A A-*-) and q^ Q}{A A A^^)). Recalling Lemma [8^ set q' := q + *r/, defining 
a real 1-form q with values in A A A^^^. Cf. Lemma WM d^rj = = [AA A 77]. 
Equivalently (recall Lemma IS.lOp . dP * rj = Q = [*7] A *M]. Hence dPq' = dPq = and 
2[q' A *Af] = 2[q A *Af] = dP * AA, showing that is a multiplier to A, as well as g, and 
completing the proof. □ 

Constant mean curvature surfaces in 3-space are examples of isothermic constrained 
Willmore surfaces, as proven by J. Richter |51j . A classical result by Thomsen [55] 
characterizes isothermic Willmore surfaces in 3-space as minimal surfaces in some 3- 
dimensional space-form, showing that the zero multiplier is not necessarily the only 
multiplier to a constrained Willmore surface with no constraint on the conformal struc- 
ture. 
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Suppose (A, rj) is isothermic. Analogously to what was observed in the proof of 
Theorem 18.111 for the particular case t = 1, we verify, that, if g is a multiplier to A, 
then so is 

■=q + t*r], 

for each t £ M. In the proof of Theorem 18.111 we have, on the other hand, verified 
that, if qi and q2 are distinct multipliers to A, then (A, — 52)) is isothermic and, 
therefore, q2 = qi + t*ri, for some (non-zero) constant t G M. We conclude that, if A is 
constrained Willmore and g is a multiplier to A, then the set of multipliers to A is the 
affine space q + (*7/)k. In particular, the set of multipliers to an isothermic Willmore 
surface (A, r/) consists of the 1-dimensional vector space (*r/)R. 



8.1.5. Isothermic condition under constrained Willmore transformation. 

The constrained Willmore spectral deformation is known to preserve the isothermic 
condition, cf. |14j . Next we derive it in our setting. 

Theorem 8.12. The constrained Willmore spectral deformation preserves the isother- 
mic condition. 

The proof of the theorem will consist of showing that, if (A, rj) is an isothermic 
g-constrained Willmore surface, for some r] £ i}^(A A A"*") and q £ ^}^{A A A^^^), then, 
fixing X £ and an isomorphism 4>^ : (M"+^'\d^) (M"+^'\d), {(j)^A, Ad^xrjx) is 
isothermic, for 

:=A-V'° + Ar?0'^ 



Proof. Suppose (A, r/) is an isothermic ^'-constrained Willmore surface, for some 
rj £ n^{AAA^) and q £ f]i(A A A(i)). Fix X £ and : (M"+i'\d^) ^ (M"+i'\d) 
an isomorphism. Write r] = a A fi, with a £ T{A) and /i £ Q^{A-^). Then Ad^AJ^A = 
(j)^a A cl)g{X^^ fj.^'^ + Xfi^'^) is a non-zero real 1-form with values in {4>gA) A {(j)^A)-^ and 
d{Ad^xrix) = <pg o d'^^'qx o {(f)^)^"^ vanishes if and only if 

d'^^^r^x = d^Vx + [(A-Wi'° + AAAO'i + (A"^ - l)q^^^ + (A^ - l)g0.i) a t/a] 

does. Note that q£Vl}{AAA^). Thus, by ([83]), A rp^^] = = A r/i'°] and, 
therefore, d'^irjx = d^7]x + [M A 7]]. Lemma 18.41 together with Lemma 15.101 (having in 
consideration Lemma |8.3|) . establishes dPrj^'^ = = dPrf'^, [M A rj\ = 0, completing 
the proof. □ 

As for Backlund transformation of constrained Willmore surfaces, we believe it does 
not necessarily preserve the isothermic condition. This shall be the subject of further 
work. 
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8.2. Constant mean curvature surfaces in 3-space 

Minimal surfaces arose originally as surfaces that minimized the surface area, sub- 
ject to some constraint, such as total volume enclosed. Physical processes which can 
be modeled by minimal surfaces include the formation of soap bubbles. A soap bubble 
can can be thought of as an excellent approximation of some ideal elastic matter, which 
encloses a volume and exists in an equilibrium where slightly greater pressure inside the 
bubble is balanced by the area-minimizing forces of the bubble itself. Minimal surfaces 
are defined as surfaces with zero mean curvature and can be extended to surfaces with 
constant, not necessarily zero, mean curvature. Constant mean curvature surfaces 
in 3-dimensional space-forms form a very important class of isothermic constrained 
Willmore surfaces, as proven by J. Richter |51j . with constrained Willmore Backlund 
transformations; both constrained Willmore and isothermic spectral deformations; as 
well as a spectral deformation of their own and, in the Euclidean case, isothermic Dar- 
boux transformations and Bianchi-Backlund transformations. The isothermic spectral 
deformation is known to preserve the constancy of the mean curvature of a surface 
in some space- form, cf. [14j. Characterized as the class of constrained Willmore sur- 
faces in 3-dimensional space-forms admitting a conserved quantity, the class of CMC 
surfaces in 3-space is known to be preserved by both constrained Willmore spectral 
deformation and Backlund transformation, for special choices of parameters. We verify 
that both the space-form and the mean curvature are preserved by constrained Will- 
more Backlund transformation and investigate how these change under constrained 
Willmore and isothermic spectral deformation. We present the classical CMC spectral 
deformation by means of the action of a loop of flat metric connections on the class 
of CMC surfaces in 3-space (preserving the space-form and the mean curvature) and 
observe that the classical CMC spectral deformation can be obtained as composition 
of isothermic and constrained Willmore spectral deformation. These spectral deforma- 
tions of CMC surfaces in 3-space are, in this way, all closely related and, therefore, 
closely related to constrained Willmore Backlund transformation. S. Kobayashi and 
J. -I. Inoguchi ^35j proved that isothermic Darboux transformation of CMC surfaces 
in Euclidean 3-space is equivalent to Bianchi-Backlund transformation. We believe 
isothermic Darboux transformation of a CMC surface in Euclidean 3-space can be ob- 
tained as a particular case of constrained Willmore Backlund transformation. This 
shall be the subject of further work. In contrast to isothermic or constrained Willmore 
surfaces in space-forms, surfaces of constant mean curvature are not conformally in- 
variant objects. 

Throughout this section, consider n = 3. For simplicity, we use T and _L to indicate 
the orthogonal projections of M'^'^ onto S and S-^, respectively. 
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Remark 8.13. In contrast to isothermic or constrained Willmore surfaces in space- 
forms, surfaces of constant mean curvature are not conformally invariant objects (recall 
equation ()2.7p ). 

Fix t>oo £ K^'^ non-zero. Consider the surface cToo '■ M — > S^^, in the space-form 
Sy^, defined by A. Given ^ S r(A''oo) unit, the mean curvature if|o of fioo with respect 
to e is given by /?lo = (C^oo) = Woo)fToo, ^^oo) = -{Qi^v^), for Q-.N^^S^ 

the isometry defined in Section [2^21 Because we are in codimension 1, S-^ = {Qi) and 
we conclude that = ±{v-^,v-^)'i , depending on the sign of ^. We define the mean 
curvature of A in the space-form S^^ to be 

Hoc ■■= {vi„v^)^ 

and define A to be a constant mean curvature surface (respectively, a minimal surface) 
in the space-form S^^ if cr^o is so: 

Definition 8.14. A is said to be a constant mean curvature (CMC) surface in the 
space-form S^^ if {v;^,v;^) is constant. In the case Voo G r(5), A is said to be, 
specifically, a minimal surface 

Let N be the real unit section of S-^ for which 

(8.12) = H^N, 

which, in the particular case A is minimal in S^^ , is defined only up to signl^ 

Remark 8.15. Ifv]^ = 0, then is a constant section of , and so is then H^v^ = 
N . The constancy of the normal to S, in its turn, establishes the constancy of S, 
establishing, in particular, that A lies in a2-sphere: P(£nS'); which contradicts (jl.lSp . 
Thus 

(8.13) vl, + 0. 

It is useful to note that, in view of the constancy of (A^, A^), and because we are in 
codimension 1 (and, therefore, = (A^)), we have 

(8.14) dN G 17^(5). 

8.2.1. CMC surfaces in 3-space as isothermic constrained Willmore sur- 
faces with a conserved quantity. Constant mean curvature surfaces in 3-dimensio- 
nal space- forms are examples of isothermic constrained Willmore surfaces, as proven 



There are exactly two possible choices of real unit sections of 5* , symmetrical of each other - they 
are with ^ a unit normal vector field to a^. Unless H^o ~ 0, condition (|8.12p determines A*' as 
for 5 the unit normal vector field to aoo with = —Hoc (or, equivalently, < 0). 
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by J. Richter [51J. In this section, we establish it in our setting. We present a 1- 
form, derivec|§ by F. Burstah and D. Calderbank from a surface with constant mean 
curvature in 3-space, which estabUshes the surface as an isothermic surface and for 
which scaUng by the mean curvature provides a multipUer to the surface. We prove 
also that constant mean curvature surfaces in 3-dimensional space-forms are the con- 
strained Willmore surfaces in 3-space admitting a conserved quantity. 

Suppose A has constant mean curvature Hoo in S^^ . Set 

1 

Voo := - o-oo A dN. 

We may, alternatively, use rj^ to denote r/oo in order to avoid the ambiguity with 
respect to the sign of in the particular case i?oo = 0. 

Theorem 8.16. (A, t^qo) is isothermic. 

Proof. The reality of ?7oo is immediate, in view of the reality of both a^o and A^. 
Fix a holomorphic chart z of M. The fact that A^ is orthogonal to S shows, in particular, 
that (A^2,(Too) = = {Nz, {croo)z) and, therefore, in view of the maximal isotropy of 
A'^'^ in 5, that A^^ G r(A'^'-'^). On the other hand, differentiation of (cTocVoc) = — 1 
shows that {{(Joo)z,Voc) = and, consequently, that the component of with respect 
to (Too in the frame (uoo, i(Too)z) of A°'^ is -{Nz,Voo) = -iN,v^)z = {Hoo)z = 0. Thus, 
having in consideration the reality of A^, 

(8.15) A^. e r((aoo).-), N-zeT{{aoo)z)- 

In particular, dN e 0^(A-^) and, therefore, r]oo e {K h K-^)^ It follows from (IS.lSp . 
on the other hand, having in consideration (jl.Op . that 

d{aoo A dN){5z,6z) = {(y^)z A N-z - [aooYz ^Nz + aoo^ (Nzz - N-zz) = 0, 

or, equivalently, dr/oo = 0. Lastly, note that, if (Too A dN = 0, or, equivalently, dN € 
Q^(((Too)), then, in particular, (A^g, ((Too)^) = 0. Together with (jS.lSp . and having in 
consideration that {{(7oc)z, (coo)f) is never-zero, this forces A''^ to vanish and, therefore, 
in view of the reality of A^, A^ to be constant. But, as observed in Remark 18. 15^ the 
constancy of A^ forces A to lie in a 2-sphere, which is not the case. Hence cioo A dN is 
non-zero, completing the proof. □ 

Remark 8.17. In the proof of Theorem \ 8.16l we have observed, in particular, that 
Nz e r(AO'i) and, therefore, 

(8.16) v'J e ^^'•"(A A AO'I), rj^J G n^^\A A A^'"), 

^From the notion of conserved quantity of an isothermic surface, presented in '53', similarly to how a 
q-conserved quantity of a constrained Willmore surface determines q (of. Remark 17. 4p . 
■^Furthermore, r?oo G ^^(A A (A-^ n S)) C n^A A A'^'). 
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in view of the reality of rj^ . 
Set 

Theorem 8.18. A is a Qoo- constrained Willmore surface. 

The proof of the theorem will follow a few considerations. First note that the 
constancy of {v^,v-^) ensures, in particular, that is either zero or never-zero, and, 
on the other hand, that 

(8.17) {{dvi)^,vi) = ^. 

In the case is never-zero, and, therefore, S-^ = {v^), equation (|8.17|) establishes 

(8.18) [dvi)^ = 0, 

an equality that, obviously, still holds in the case Vqo £ r(5). Equivalently, 

(8.19) Mvi = dvi. 
Since dv^ = H^odN , we conclude that 

(8.20) goo = ^fToo AAAt;^. 
Now we proceed to the proof of Theorem 18.181 

Proof. According to Theorem 18.161 (A, r^oo) is isothermic, which, according to 
Lemma |8.3|. establishes that the 1-form goo takes values in A A A^^^ The reality of goo 
is obviously equivalent to that of t^oo- On the other hand, by (j8.2p . 

d^goo = ^^oo C?^??oo = 0. 

To complete the proof, we are left to verify that dP * J\f = 2 [goo A *J\f] @ 

Notation: given ^ G S7i(End(M^'^)) and ^ e f^^l"^'^), denotes the 2-form 

with values in M^'^ defined by [^,'4j]{X,Y) := ^'xV'y - ^yV'x, for X,Y £ T{TM). 
In view of (|4T9]) . 

{d'^*M)vl = -2^ {d^M''')vl = -2^d^{M'^%l) - 2i[M''' ^V'^^^l]. 
On the other hand, by the constancy of the section t>oo of M.^'^, 

(8.21) Vvl + Vvi + Mvl + Mvi = 0, 

and, in particular, considering the orthogonal projection of M^'^ onto 5"*", 

(8.22) Mvl = -Vvi. 



The scaling of r/oo by Hoc in order to obtain a multiplier is determined by this equation. 
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But, according to (|8.18|) . 

(8.23) Vvi = 0. 

Hence 

On the other hand, 

The fact that goo takes values m A A A^-^) estabhshes, in particular, q^o = Q and, 
therefore, 

In view of (ICTIl . 



and, therefore, 
Similarly, 

2[q^AM''']vl = -[M'^'\M'-%i]. 
Now observe, in view of equation (|8.18|) . that, given X,Y £ T{TM), 

MxMyv^ -MyMxv^ = TTs^idxdyvi, - dydxv^) = 7rs±{dix,Y]'^i,) = 0. 
In particular, 

Hence 

2[q^A*Ar]vl=2i[M'''',M''^vi]. 

Going back to equation ()8.2ip . and considering, this time, the orthogonal projection of 
M^'^ onto S, establishes 

(8.24) Mvi = -Vvl, 

and, ultimately, 

{d^ *M)vl,=2[q^A*M]v1, 

which, in view of the fact that (cJoo,f(^) = {cr^,v^){= —1) is never-zero, completes 
the proof, cf. Remark 15. 7i □ 

Note that, if A is minimal in S^^ (i.e., H^o = 0), then q^o = 0, which, according to 
Theorem 18.181 establishes A as a Willmore surface. 



Corollary 8.19. A CMC surface in 3-space is, in particular, a constrained Willmore 
surface. A minimal surface in 3-space is, in particular, a Willmore surface. 
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Minimal surfaces in 3-space are, in particular, isothermic Willmore surfaces. Fur- 
thermore, a classical result by Thomsen [55j characterizes isothermic Willmore surfaces 
in 3-space as minimal surfaces in some 3-dimensional space-form. Hence a CMC surface 
in a 3-dimensional space-form is a Willmore surface if and only if it is minimal. 

Next we establish a conserved quantity of a CMC surface in 3-space (see also 
Proposition ESS]). 

Proposition 8.20. A admits 

Poo (A) := X'^^vi,+v^ + X^v^ 

as a qoo- conserved quantity. 

Proof. According to equations (|8.22|) and (|8.23p . we have Mv^ = 0, so that 
= -(vi,AAw^) = and, consequently, by ({8:201), 

(8.25) = \ {-M^'%i - {M^^%Lvl)a^) = -\M^''vi. 

Equation (18.230 completes the proof, according to Theorem 17.21 □ 

Proposition 8.21. A constrained Willmore surface in 3-space admitting a conserved 
quantity p{\) is, in particular, a CMC surface in the space-form S^f^iy 

Proof. Let A C M^'^ be a constrained Willmore surface in the projectivized light- 
cone. Let _L indicate, temporarily, the orthogonal projection of M'^'^ onto the normal 
bundle to the central sphere congruence of A. The existence of a conserved quantity 
p{\) of A establishes, in particular, cf. Theorem the constancy of Voo '■= p{^)- 
Furthermore, by (|8.19p, d{v^,v^) = 2{dv^,v^) = {M^v^,v^) = 0, establishing A as 
a CMC surface in the space- form S{)^ . □ 

Theorem 18. 181 combines with Propositions 18.20] and \8^2T\ to establish, in particular, 
the following: 

Theorem 8.22. CMC surfaces in 3-dimensional space-forms are the constrained Will- 
more surfaces in 3-space admitting a q-conserved quantity, for some multiplier q. 

Next we establish a conserved quantity with respect to a general multiplier to a 
CMC surface in a 3-dimensional space-form. For each t G M, set 

qio ■= qoo + t*rioo. 

Combined, Theorems 18. 161 and 18. 181 establish, in particular, the set of multipliers to A 
as the family q^, with t G M. In generalization of Proposition 18.20] we have: 

Proposition 8.23. A admits 

pU^) := A-i^ {H^ - it)N + v'l + \^ {H^ + it)N 
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as a q^^-conserved quantity. 

Proof. First of all, note that + i((i?oo - it) + (i?oo + 'it))N) = dvoo = 0. 

The fact that Hoo = {N,v^) is constant establishes 

(8.26) = diN, vi) = diN, voo) = (dN, Voo)- 

By (HHD, it follows that {dN,vl^) = and, consequently, rjl^vl^ = -^d^^^N. By 
(|8.25p . and, yet again, (j8.14p . we conclude then that 

On the other hand, ([5311) establishes V^'^N = 0, and then V^'^iH^ - it)N = 0, in 
view of the constancy of Hoo- The conclusion follows, according to Theorem 17.21 □ 

We may, alternatively, use q^^ and p^'* to denote and p^, respectively, in order 
to avoid the ambiguity with respect to the sign of in the particular case H^o = 0. 

We complete this section by remarking on the close relationship between the mul- 
tiplier and the Hopf differential. Fix a holomorphic chart z of M. For simplicity, 
write q^ for {qooY ■, alternatively. Note that 

(900)5,(0-00)2 = ^ (o-oo A dv^)s^{aoo)z = {ds^v^, (o-oo)2)o-oo 
and, therefore, by equation (j8.23p . 

-2(g'oo)5,(o-oo)z = -(^^i,,A/'5^(o-oo)z)'7oo = -{vj^oAi'^oo) zz)^)(yoo- 

We conclude that 

<llo = - {vL{{(^ 00) zz)^)- 

Observe that, if 7^ 0, in which case 5-*- = (w^), then, in view of the non-degeneracy 
of 5-*- and according to equation (j8.6p , q^ is real if and only if so is . Note that 

ql, = -\-\vi,k% 

for A S r(M) as in equation (j8.6p . For later reference, note that, in the case is 
non-zero, 

(8.27) {qlY = {I - ttH^'){q^Y . 

8.2.2. CMC surfaces in 3-space: an equation on the Hopf differential 
and the Schwarzian derivative. Constant mean curvature surfaces in 3-dimensional 
space-forms are, in particular, isothermic constrained Willmore surfaces. In view of the 
characterization of isothermic surfaces in space- forms in terms of the reality of the Hopf 
differential, the close relationship between the Hopf differential and the set of multipli- 
ers to a CMC surface in 3-space leads to a characterization of these surfaces in terms 
of the Schwarzian derivative and the Hopf differential, following the characterization of 
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constrained Willmore surfaces in space- forms presented in Section [5.4[ 

Let z he a holomorphic chart of M, which, in the case A has constant mean curva- 
ture in some space-form, we can choose so that is real, cf. Lemma [8.71 If A is minimal 
in S^^, then A is Willmore, so that, according to Lemma lS-llj V^_'"Vf_^A;^ + ^ fc^ = 
and, therefore, 

(8.28) Vf Vf>^ + f = 

On the other hand, if A has non-zero constant mean curvature in S*,, and fc^ is real, 
then, according to what was observed in Section [8.2.11 together with Lemma 15.111 
is a non-zero real-valued holomorphic function and, therefore, constant. We conclude 
that, if A has constant mean curvature H^^ 7^ in S^^ , then we can choose z such that 
is real and = H^o and, therefore, according to Lemma [5.111 equation (|8.28p still 
holds. Furthermore, cf. |14j : 

Lemma 8.24. A has constant mean curvature H gM in some space-form if and only 
if around each point there exists a holomorphic chart z of {M,C\) such that k^ is real 

and 

V^V^k' + ^k' = Hk\ 

In that case, A is a q- constrained Willmore surface for q the quadratic differential 
defined locally by q^dz"^ for q^ := H, under the correspondence given by (j5.14p . 

8.2.3. Spectral deformations of CMC surfaces in 3-space. As a class of con- 
strained Willmore surfaces admitting a conserved quantity p{X) with p(l) with non-zero 
orthogonal projection onto the central sphere congruence, the class of CMC surfaces in 
3-space is known to be preserved by constrained Willmore spectral deformation. In this 
section, we investigate how the space-form and the mean curvature change under this 
deformation. The isothermic spectral deformation is known to preserve the constancy 
of the mean curvature of a surface in some space- form, cf. |14] . We establish it in 
our setting, along with verifying how the space-form and the mean curvature change 
under this deformation. We present the classical CMC spectral deformation by means 
of the action of a loop of flat metric connections on the class of CMC surfaces in 3- 
space (preserving the space- form and the mean curvature). We verify that all these 
deformations of CMC surfaces are closely related. We observe, in particular, that the 
classical CMC spectral deformation can be obtained as composition of isothermic and 
constrained Willmore spectral deformation and that, in the particular case of minimal 
surfaces, the classical CMC spectral deformation coincides, up to reparametrization, 
with the constrained Willmore spectral deformation corresponding to the zero multi- 
plier. 
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Suppose A has constant mean curvature H^o in Sy^. In that case, (A, ?7oo) is an 
isothermic g^-constrained Wihmore surface admitting (A) as a g^-conserved quan- 
tity, for each t G M. 

The constrained Willmore spectral deformation. For each t G M and X £ S^, 

the constrained Wihmore spectral deformation of A of parameter A corresponding to 
the multiplier is known to have constant mean curvature in some space-form, cf. 
Theorem 17.61 i^i view of (|8.13p . Next we investigate how the space- form and the mean 
curvature change with this deformation. 

Fix t G M, A G and (pi : {R^'^,d\ ) (M^'\ d) an isomorphism. Set 

4 ■= + ((ReA)/foo + |(A - A-i))iV)@ 

Lemma 8.25. v\ is a non-zero constant section of^^'^. 

Proof. According to ()8.13p . v]^ is non-zero and so is then v\ . The fact that A is 
unit establishes the reality of ^(A — A~^) and, consequently, that of v\ G FffM^'^)'^). 
In its turn, the fact that is a q^-conserved quantity of A ensures the constancy of 
the section (p*^(A)) = v^, of M^'^: {pUm = PtoW) =0. □ 

yoo yoc "ioo yoo yoo 

In view of the fact that p^(A) is a g^-conserved quantity of A, together with 
(jS.lSp . Theorem 17.61 establishes the constrained Willmore spectral deformation of A, of 
parameter A, corresponding to the multiplier q^^ as a constrained Willmore surface (in 
3-dimensional space-form) admitting a conserved quantity, or, equivalently, as a CMC 
surface in some 3-space. Specifically, according to Proposition I8.21t 

Theorem 8.26. The spectral deformation of A of parameter A corresponding to the 
multiplier is a CMC surface in S^x . 

Recall that the constrained Willmore spectral deformation preserves the central 
sphere congruence, as observed in (j6.14p . to conclude that: 

Proposition 8.27. Let h.\ he the spectral deformation of A, of parameter X, corre- 
sponding to the multiplier . The mean curvature H\ of K\ in S x relates to the 
mean curvature of A in S^^ by 

H^,^ =1 Re(Ai/oo + ^(A-A-i)) I . 

Proof. The mean curvature of A in S x is given by H\ = (yrf , v\ , Trf , v\ ) 2 , 

•too -,t ^00 ' y^oo ' ^00 

yoo 

for nj^^ the orthogonal projection of R^'"'^ onto the normal bundle to S^x = (j)^t 

•300 

^Recall that = HooN, so that, in the particular case t = 0, v^t = 0gt {v^ + (ReA)i?^). 
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and, therefore 




I (ReA)i?oo + |(A-A-i) I 
|Re(A/?oo + ^(A-A~i)) I, 



))iV)^ 



oo 



having in consideration that, as A is unit, ^(A — A "'^) is real. 



□ 



It is interesting to remark that, for t = 0, the deformations corresponding to the 
parameters i and —i are minimal surfaces and, therefore, Willmore surfaces, even when 
A is not a Willmore surface. 

The isothermic spectral deformation. Cf. [14], the isothermic spectral de- 
formation preserves the class of CMC surfaces in 3-dimensional space- forms. Next we 
establish it in our setting and investigate how the space-form and the mean curvature 
change with this deformation. 

First of all, note that, if Hoo 7^ 0, then 7700 = H^q^o, and, therefore, the fact that 
q^o is a multiplier to A ensures that 



r/oo is not a multiplier to A. If, on the other hand, A is minimal in S^^ , then the set 
of multipliers to A is the vector space (*r?oo)R 7^ 0, in which case we conclude, yet 
again, that r]oo is not a multiplier to A. There is, therefore, no risk of ambiguity on the 
notation dt . 



Lemma 8.28. vt, is a non-zero constant section ofM.'^'^. 

'IOC 

Proof. The orthogonal projection of ('/'Jyoo)~^^oo o^^o 5 is wj^, which is non-zero, 
cf. ()8.13p . Thus v*^ is non-zero. On the other hand, the constancy of v^o-, together 
with the fact that r/00 vanishes on S"*-, gives 



Fix t G M and : (M^'\4oo ) ^ an isomorphism. Set 





The constancy of i^oo, and, in particular, (|8.26|) . establishes then the constancy of 
completing the proof. 



□ 
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The isothermic spectral deformation provides, in particular, a deformation of CMC 
surfaces in 3-space. In fact: 

Theorem 8.29. The isothermic (t, r]oo) -transformation of A is a CMC surface in S^t . 

Proof. The mean curvature Hj^^ of ^^^^A in the space-form 5"^* is given by 

-^^oo ~ ('''"t'^r^oo' ■^t'^^oo)^' '^t' orthogonal projection of M^'^ onto the normal 
bundle to S"^* a = 4'\f^S^ and, therefore, 

□ 

In the proof of Theorem 18.291 we have verified, in particular, that: 

Proposition 8.30. Lei A*^ be the isothermic {t^rjoo) -transformation of K. The mean 
curvature Hi. of A* in S^,t relates to the mean curvature of A in S^^ by 

Remark 8.31. Let k^^ denote the curvature of S^t^. According to (j8.9p . the family 
(plj^Coo, ont£M, constitutes an isothermic deformation of a^o with 

independent of t. 



The classical CMC spectral deformation. The isometric deformation of sur- 
faces in M.^ preserving the mean curvature, or, equivalently0 both principal curvatures, 
was first studied by O. Bonnet. Bonnet fS] (see also, for example, [5] and |19j ) proved 
that a CMC surface in Euclidean 3-space admits a (non-trivial) one-parameter family 
of isometrical deformations preserving both principal curvatures. In |14j . F. Burstall 
et al. present an action of C\{0} on the class of constant mean curvature surfaces in 
3-space, in terms of the Hopf differential and the Schwarzian derivative. The particu- 
lar action of preserves the metric, the space-form and the mean curvature - this is 
the classical CMC spectral deformation. In this section, we present the classical CMC 
spectral deformation by means of the action of a loop of flat metric connections on the 
class of CMC surfaces in 3-space. 



Cf. Gauss's theorema egregium, isometric deformation of surfaces in Euclidean 3-space preserves the 
Gaussian curvature, which, in view of (|2.3|l and (|2.4|l . makes clear that the mean curvature is preserved 
by such a deformation if and only if so are both principal curvatures. 
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For each A G S"-*^, set 

di:=V + AAAi'O + A-^AAO'i + 2(A - 1)5^° + 2(A-i - l)q'J, 

defining a real connection on (M^'"'^)'^. As T? is metric, and both Af and goo are skew- 
symmetric, is metric too, for each A. 

Theorem 8.32. is a flat connection, for each A G S^. 

Proof. The curvature tensor of d^ is given by 

R''"^ = (A-A-i)d^AAi'0 + 2(A-l)A^° + 2(A"i-l)d^g^i 

+ (2 - 2A) [AAl'O A q'J] + (2 - 2A-1) [M''' A q'^'] - {X'' + A - 2)[q'J' A q'J], 

according to Codazzi and Gauss-Ricci equations. The fact that A is a CMC surface 
in Sv^, and, therefore, a goo -constrained Willmore surface, establishes, in particular, 
(Pql^^ = = d'^q^^ and, cf. (??), [qh^ A q^^] = 0. The fact that A is a CMC 
surface in S^^ establishes, on the other hand, (A, ?7oo) as isothermic, and, therefore, 
[Af A T/00] = 0, cf. Lemma 18.41 Hence R'^°° = if and only if either A = ±1 or 
^r>^i,o _ 2[M^'^ A goo ]• The fact that A is a goo-constrained Willmore surface gives, 
on the other hand, (i^(-iAA^'°+iAA°'^) = -2i[goo AAA^'°]+2i[goo AAA°'^], which completes 
the proof. □ 

Fix A G and (j)^ : (M'^■^d^) (M'^'Sd) an isomorphism. Set 



Lemma 8.33. is a non-zero constant section ofK^'^ 



Proof. According to equations (18.22P and (18.23p . together with the fact that goo 
vanishes on 5"*", 

d'^v^ = Vvl + XM''%i + X-'Af^'^vi + 2(A - l)q'J'vl + 2{X-' - l)q^Jvl, 

and, consequently, by (|8.25p . followed by (18.24p . d^Voo = 'Dv^ + Afv^ = 0. We 
conclude that is constant: dv^ = d{4>^Voo) = (p^id^Voo) = 0. Inequation (jS.lSp 
establishes as non-zero. □ 

As MA = = goo A, given a G r(A), 
(8.29) d^a = da, 

showing that A is still a d^-surface, or, equivalently, that the transformation A^ of A, 
defined by the flat metric connection d^, is still a surface. Furthermore: 

Theorem 8.34. The transformation A^ of A defined by the flat metric connection d^ 
is a CMC surface in 
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Before proceeding to the proof of the theorem, observe that A and share the 
central sphere congruence. For that, first note that, according to equation ()8.29p . given 
a £ r(A) never-zero, 

(8.30) g^,^, = gi^ = g^, 
estabhshing 

C^A = Ca- 

Yet again, in view of equation (|8.29p . it follows that, given a holomorphic chart z of 
{M,cf^) = (M,Ca), idi,)5Ad^)5.c7 = {d^)s,c7, = ^7,5 + A-Vsxa,5 + 2(A-i - l)q^Ja, 
and, therefore, {d^)sAd^)s^(7 = (Jzz, as £ Q^{AaA^'^). We conclude that S'^^ = S 
and, ultimately, according to (|3.3p . that 

(8.31) = 
Now we proceed to the proof of Theorem 18.341 

Proof. According to (j8.3ip . the mean curvature of 4>^A in S^x is given by 
-^oo ~ (^A ""ooi '''"a ^oo)^ 1 fo'^ '''"a orthogonal projection of M'^'"'^ onto (p^S-^, and, 
therefore, = {v^,v^)^ = H^o. □ 

In the proof of Theorem 18.341 we have, in particular, verified that: 

Proposition 8.35. The mean curvature of A^^ in S^x coincides with the mean 
curvature of A in Sy^, 

The loop of flat metric connections d^ defines a conformal S^-deformation of A 
into CMC surfaces in a fixed space-form, preserving the mean curvature. 

Remark 8.36. The family (p^aoo, with A G S^, is a family of isometrical deformations 
of (Too in 0, fixed space-form, preserving the mean curvature. 

We complete this section by verifying that the deformation defined by the loop of 
flat metric connections d^ is the classical CMC spectral deformation, described in |14] 
in terms of the Hopf differential and the Schwarzian derivative. Fix a holomorphic 
chart z of (M, C^^a ) = (M, Ca)- According to (|8.30p . g^x = gz, showing that 4>^a^ 
is the normalized section of </>^A with respect to z. For simplicity, write for {qooY ■ 
In view of 



= 4>t{{dt)s.^. 



4>U'D8zOl + XNs^al + 2(A - l){qoo)5z<yl) 

4>Io{t^s(^Iz + \t^s^<z - (A - 1) g^fT^) 
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and, ultimately, 

We conclude that (k^Y and (c^)^, the Hopf differential and the Schwarzian derivative, 
respectively, of (/)^A with respect to z, relate to those of A by 

By Lemma [531 the conclusion follows. 

Isothermic vs. constrained Willmore vs. classical CMC spectral defor- 
mations. How are the constrained Willmore, isothermic and classical CMC spectral 
deformations of a CMC surface in 3-space related? In this section, we compare the 
families of flat metric connections that define each of these deformations. We observe, 
in particular, that the classical CMC spectral deformation can be obtained as compo- 
sition of isothermic and constrained Willmore spectral deformation and that, in the 
particular case of minimal surfaces, the classical CMC spectral deformation coincides, 
up to reparametrization, with the constrained Willmore spectral deformation corre- 
sponding to the zero multiplier. 

We start by introducing some terminology. Note that, according to (j5.2p . given z 
and uj holomorphic charts of (M, Ca), vanishes if and only if does. We refer to the 
points where the Hopf differential of A vanishes as umbilic points of A, in coherence with 
the classical notion of umbilic point of a surface in Euclidean 3-space, cf. Proposition 
lA. II below, in Appendix [XI (having in consideration that A is isothermic). 

Fix z a holomorphic chart of M and let be the normalized section of A with 
respect to z. Given t,t' EM and X £ S^, d\ = d*' forces, in particular, d\ o"? = 
dl^^al, or, equivalently, 

or, yet again, equivalently, 

(A-i - l)k^ = 0, (A-2 _ l)iql)sX = t'irioo)s.cTl 

in view of the fact that lmq^^,lmr]oo C S. By (|8.16p and according to Remark 15.81 
('?oo)<5,cf / 0. We conclude that, away from umbilics, d\ = di, holds if and only if 
A = 1 and t' = 0, in which case, 

A =d = d'l , 

loo ' 

for all t G M. Similarly, we conclude that, away from umbilics, given A, A' G S"^ and 
t,t' G M, d\ = dK if and only if A = A' and either \ = ±1 or t = t' . Lastly, if 
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= d^t , for some A, A' G and t G M, then 

2(A - l){qoo)s.al = ((A')-' - l)(Foo - it)ir^oo)sX 

and either A' = A^^ or = 0; and, therefore, away from umbihcs. A' = A~^ and either 
A = 1 or 

(8.32) {2H^ - (A + - it)){Voo)s^(Tl = 0. 
In its turn, unless A = — 1, equation (j8.32p forces t to be 

i + A 

Conversely, one verifies that, for all A ^ ±1, 

"oo — "-tx > 

Hoc 

which, in fact, extends to all A ^ —1: = d^o . One verifies that, given t E M, we 
have = if and only if ^^oo = 0. Note, in particular, that, if = 0, then 
=df\ for all \£S\ 

For each f G M, we have a multiplier and, therefore, a loop of g^-constrained 
Willmore spectral deformation parameters A G S"^. The set of constrained Willmore 
spectral deformation parameters is described, in this way, as the cylinder of points 
(t. A) with t G M and A G S"^. A transformation corresponding to a parameter in 
the line {t, 1), with t G M, is trivial, and so is the transformation corresponding to 
the parameter in the real line of isothermic spectral deformation parameters. The 
transformations corresponding to parameters in the line (t, —1) do not depend on t G 
M. For minimal surfaces, the classical CMC spectral deformation coincides, up to 
reparametrization, with the constrained Willmore spectral deformation corresponding 
to the zero multiplier. Furthermore, for a general surface, the classical CMC spectral 
deformation of parameter other than —1 can be obtained as constrained Willmore 
spectral deformation of parameters in the curve 

(tx,X~^), with A G 5^ As for the 
classical CMC deformation of parameter —1 of non- minimal surfaces, it is not clear 
that it can be obtained by constrained Willmore spectral deformation alone. However, 
such transformations can be obtained as composition of isothermic and constrained 
Willmore spectral deformation, as we verify next. Given X £ S^, 

d'o^' = < + (-A-2 + 2A-1-1)<7^o + (-A2 + 2A-1)<7:^i 

= d'^^+H^{2-X-X-'){X-Woi^ + Xr^^J) 

and, ultimately, 

(8.33) d^" = 4^ + 2Foo(l - Re A) vL 
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for 77^^ := (r/oo)A as in Section EX3 Fix X £ and : {M:^'\d^J {R^'\d) an 
isomorphism. Cf. Section [8.1.51 (0^^ A, f/^) is isothermic, for 

^qoc 

Set 

rx :=2//oo(l-ReA) 

and fix an isomorphism cjf^ : {^'^ , d + r \fi^) — > (M^'^,(i). Following equation (|8.33p . 
we get that 

the isometry 

cP\cl>^^^:{R''\d'^')^{R''\d) 

preserves connections. We conclude that the isothermic (r^, 57^)-transformation of the 
constrained Willmore spectral deformation of parameter A of A corresponding to the 
multiplier goo coincides with the classical CMC spectral deformation of parameter A^^ 
of A, 

8.2.4. Constrained Willmore Backlund transformation of CMC surfaces 
in 3-space. Characterized as the class of constrained Willmore surfaces in 3-dimensio- 
nal space-forms admitting a conserved quantity, the class of CMC surfaces in 3-space is 
known to be preserved by constrained Willmore Backlund transformation, for special 
choices of parameters. In this section, we verify that both the space-form and the mean 
curvature are preserved under this transformation. We remark on the fact that con- 
strained Willmore Backlund transformation of non-minimal CMC surfaces in 3-space 
preserves conformal curvature line coordinates. 

Suppose A has constant mean curvature H^o in S^^- Then, for each i € M, A is 
a g^-constrained Willmore surface admitting p^(A) as a g^-conserved quantity. Fix 
t E M. Suppose at,L"* are constrained Willmore Backlund transformation parameters 
to A, corresponding to the multiplier g^, satisfying the condition 

(8.34) p*„oK)±L"% 

and let A** be the constrained Willmore Backlund transform of A of parameters at, L"* . 
Suppose A** immerses. Let r** denote r'^if According to Theorem 17. 7t A*' is a (g^)*- 
constrained Willmore surface admitting 

(pLr(A)=r*'(l)-V*'(A)pL(A) 

as a (g^)*-conserved quantity, and, therefore, a CMC surface in some space-form. 
Furthermore, according to Proposition 18.21] 
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Theorem 8.37. Suppose A is a CMC surface in S^^. Suppose at,L"^ are constrained 
Willmore Bdcklund transformation parameters to A, corresponding to the multiplier 
q^, verifying condition ()8.34p . Then the constrained Willmore Bdcklund transform of 
A of parameters at,L°'* still is a CMC surface in S^^, provided that it immerses. 

Next we investigate how the mean curvature changes under this transformation. Let 
5** be the central sphere congruence of A** and T^j and _L*t indicate the orthogonal 
projections of M'^'"'^ onto 5"** and (S** )-^, respectively. 

Proposition 8.38. Set N*^ := -r*^{l)-^N. Then 

(8.35) vt' = H^N*' 

and 

= A-i^ (Foo - it)N*' + v^^ + {H^ + it)N*\ 

for all X. 

Before proceeding to the proof of the proposition: 

Remark 8.39. Let p denote reflection across S. According to (IG.lTh . r*^{0)\gi_ and 
r*^{Qo)\s± are orthogonal transformations of and, therefore, as S-^ is a rank 1 bun- 
dle, r**(0)|5±,r**(cx))|5± G {^I}- On the other hand, 



^**(0)l5^=g^-i.lHr(0)|< 



-1 on 5-^ n (L"t epL"*) 
1 on 5^ n (L^ © pL^) 



so that, ifr*''{0)\g± were identity, i/ien S*-*- n (L"* ©pL"*)-*- would he and, therefore, 
L"* C S, in which case, pL"^ = L"*, which, as is null, contradicts the fact that 
pL"" n = {0}. Hence r*'{0)\s± = -/. Similarly, the fact that is null and 

pi"'* n (L"*)-L = {0} establishes r**(oo)|s± = p^^^^^^{oo)\s± = -I- Thus 

(8.36) r*'(0)|sx=-/ = r**(oo)|5x. 
Now we proceed to the proof of Proposition 18.381 

Proof. Write {pIoTW = A^^t-t + + Aw with G r{S*') and vt € r((5**)^). 
The fact that v^o = (p^)*(l) = vt + VQ + vt establishes Vq = and 

(8.37) vt + vl = vi*' . 



On the other hand, 



Vt = limA^oA(A ^vt + + Xvt) 

= limA^oA(pL)*(A) 

= r**(l)-V**(0)limA^oApL(A) 

= ^r*^{l)~^r*^{0){H^-it)N 
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and, therefore, by (|8.36|) . 

vt = ^{H^-it)N*K 

Next let G r(0(C"+^)) be K, as defined in Proposition [QTl for a = at and 
/3 = 07-^ According to (lOOl) . preserves S""*". Hence i^r*A^ is a unit section of 
S^, which equation (f09|) ensures to be real. Thus K^N = ±N. If K^N = -N, 
then, according to equation (f6^ . IV*^ = -r**(l)~^A'*iV = -TV** and, therefore, zA^** 
is a real section of (S'**)-'" with (iN*^ ,iN**) = —1, which contradicts the fact that 
the metric in (S**)-*" has no signature. We conclude that K^N = N. It follows that 
iV*^ = -r*^{l)-^K^N = iV*% 77*^ is real, and, therefore, by (18371) . w;^^** = H^N*\ 
completing the proof. □ 

Equation (|8.35p establishes immediately that: 

Proposition 8.40. The mean curvature of A** in S^^ relates to the mean curva- 
ture of A in S^^ by 

-"00 ~ -"oo- 

Let r/^** be the canonical form establishing the isothermic condition of A** as a 
CMC surface in Sy^, as established in Section [8X11 := i A dN*\ for a*^ the 
surface in S^^ defined by A*'. Let be the canonical multiplier to A** as a CMC 
surface in S^^, i.e., := Hoorj^** ■ For each t' £ M, let {q^Y' denote the multiplier 
q'^+t'* T]^*^ to A** and (p^)*' be the canonical (g^)*'-conserved quantity of A**, as 
established in Proposition E^Sl (pZY' ■= A"^ {Hoo-it')N*^ +v^' +\\ {Hoo + it')N*K 
Then 

and, therefore, according to Remark 17.41 

iQioT = (qZY- 

By Proposition 16.361 it follows that the quadratic differentials ((?^)q and ((g^)*)Q 
coincide, (g^)Q = ((9^)*)q- Recall that A and A** induce the same conformal structure 
in M. We conclude that, given z a holomorphic chart of (M, Ca = Ca**); 

and, therefore, by (j8.27p . that, if A (respectively. A*') is not minimal in S^^, then 

(QooY = {qZY- 

By Lemma [8. 71 we conclude, ultimately, that, unless A (respectively. A**) is minimal in 
, A and A*' share conformal curvature line coordinates (recall the close relationship 
between goo (respectively, g^) and the Hopf differential of A (respectively. A**), cf. 
observed in Section [8.2. ip . 
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8.2.5. Isothermic Darboux transformation vs. constrained Willmore 
Backlund transformation of CMC surfaces in 3-space. U. Hertrich-Jeromin 
and F. Pedit |33j proved that, for special choices of parameters, the isothermic Dar- 
boux transformation of CMC surfaces in Euchdean 3-space preserves the constancy 
of the mean curvature and, furthermore, the mean curvature. This is also the case 
for constrained Willmore Backlund transformation of these surfaces, cf. Section 18.2. 4[ 
Moreover, as proven by S. Kobayashi and J. -I. Inoguchi [35] . isothermic Darboux trans- 
formation of CMC surfaces in is equivalent to Bianchi-Backlund transformation, the 
latter described in [48j in terms of a dressing action, following the work of Terng and 
Uhlenbeck |54| . just like the constrained Willmore Backlund transformation presented 
above. How are these transformations related? And what to say for general 3-space? 
This shall be the subject of further work. In |12j . a description of Darboux transfor- 
mation of constant mean curvature surfaces in Euclidean 3-space is presented in the 
quaternionic setting. It is based on the solution of a Riccati equation and it displays 
a striking similarity with the Darboux transformation of constrained Willmore sur- 
faces in 4-space presented in Chapter [9] below. We prove that all non-trivial Darboux 
transforms of constrained Willmore surfaces can be obtained by constrained Wilmore 
Backlund transformation. We believe isothermic Darboux transformation of a CMC 
surface in Euclidean 3-space can be obtained as a particular case of constrained Will- 
more Backlund transformation. 



CHAPTER 9 



The special case of surfaces in 4-space 



This chapter is dedicated to the special case of surfaces in 4-space. Our approach is 
quaternionic, based on the model of the conformal 4-sphere on the quaternionic projec- 
tive space, and follows the work of F. Burstall et al. [12j . We identify with and 
provide A^C^ with the real structure A^j and with a certain metric inducing a metric 
with signature (5, 1) on the space of real vectors of A^C^. Via the Pliicker embed- 
ding, we identify a j'-stable 2-plane L in with the real null line A^L in (Fix(A^j))'^, 
presenting, in this way, the quaternionic projective space as a model for the confor- 
mal 4-sphere, MP^ = 5^. Surfaces in S'^ are described in this model as the immersed 
bundles of j-stable 2-planes in C^. We extend the Darboux transformation of Will- 
more surfaces in 5^ presented in [12j , based on the solution of a Riccati equation, to a 
transformation of constrained Willmore surfaces in 4-space. We apply, yet again, the 
dressing action presented in Chapter [6] to define another transformation of constrained 
Willmore surfaces in 4-space, the untwisted Bdcklund transformation, referring then to 
the original one as the twisted Bdcklund transformation. We verify that, when both are 
defined, twisted and untwisted Backlund transformations coincide. We prove that con- 
strained Willmore Darboux transformation of parameters p, T with /> > 1 is equivalent 
to untwisted Backlund transformation of parameters a, with real. Constrained 
Willmore Darboux transformation of parameters p, T with p < 1 is trivial. 



9.1. Surfaces in 5^ ^ MP^ 

Consider the natural identification of IHI with and then the natural identifica- 
tion of with = C^. Provide A^C^ with the real structure A'^j. Define a 
metric on A^C^ by {vi Av2,v^ A V4) := — det(vi, f2, fs, ^4), for t'i,f2,f3,f4 G C^, with 
det(f 1, f2, f3, ^4) denoting the determinant of the matrix whose columns are the compo- 
nents of vi,V2,V'i and ^4, respectively, on the canonical basis of C^. This metric induces 
a metric with signature (5, 1) on the space of real vectors of A^C^, Fix(A^j) = M^'^. 
Via the Pliicker embedding, we identify a j-stable 2-plane L in with the real null 
line A^-L in (Fix(A^j))^, presenting, in this way, the quaternionic projective space HP^ 
as a model for the conformal 4-sphere, and describing, in this model, surfaces in S'^ as 
the immersed bundles L = A^L : M — > of j-stable 2-planes in C'*. 
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9.1.1. Linear algebra. Consider the quaternions, the unitary R- algebra H gen- 
erated by i,j, k with the relations 

•2 -2)2 1 

ij = —ji = k, jk = —kj = i, ki = —ik = j. 
We identify the real vector space H in the obvious way with M^: given a, b,c,d^ M, 

a + ib + jc + kd = (a, b, c, d) ; 

and identify then with for C := (1, i), i.e., given a, 6, c, d, a' , b' , c' , d' G M, 

((a, 6, c, d), (a', 6', c', d')) = (a + ia', 6 + c + ic', d + id'). 

Under this identification, the left multiplication by the quaternionic unit j defines a 
complex anti- linear map j : ^ C^. The projective space HP^ of the quaternionic 
lines in 'M? is, in this way, described as the set of the j-stable 2-planes in C^. 

Remark 9.1. A 2-plane U in C'* is either j-stable or complementary to jU: U H jU 
is, obviously, j-stable, and, therefore, rankc(C/ H jU) £ {0,2}. 

Fix det e A^(C^)*\{0} such that 

(9.1) det o A^j = det 
and that 

(9.2) det{vi,V2jvi,jv2) > 

for vi,V2, jvi, jv2 S linearly independent. To see that such a det exists, first observe 
that condition (|9.ip is equivalent to the reality of det(ei, 62, 63, 64), for 61,62,63 = 
^61, 64 = — je2 the canonical basis of C^. This makes clear the existence of det 
in A^(C^)*\{0} satisfying condition (j9.ip . determined up to a (non-zero) real scale. 
On the other hand, for such a det, given vi,V2, jvi, jv2 S linearly independent, 
det{vi,V2, jvi, jv2) is a non-zero real number, whose sign does not, in fact, depend on 
the basis {vi,V2, jvi, jv2} of C^. 

Consider A^C'* equipped with the real structure A^j and the metric defined by 

{vi A t;2,i^3 A V4,) := det(?Ji, f2, f3, ^4), 
for fi,f 2,^3,^4 G C^. Condition (j9.1|) . equivalent to 

{Vi A V2,V3 A V4) = {Vi A V2,V3 A ■U4), 



The argument above shows that a possible choice of such a det is the one given by det(iii Ai'2, f3Aw4) := 
— I vi,V2,V3,V4 I, for 1)1 , ^2 , , i'4 G C^, with | Vi,V2,V3,V4 I denoting the determinant of the matrix 
whose columns are the components of vi,V2,V3 and 114, respectively, on the canonical basis of C*. 
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for vi,V2,V3,V4 S C^, ensures that A^C^ induces a (real) metric in Fix(A^j), which 
condition (j9.2p ensures to have signature (5, 1), as we verify next. 

Proposition 9.2. A^C^ induces in Fix(A^j) a metric with signature (5, 1). 

We therefore write 

Fix (A^i) = M^'^ 

and so 

A^C^ = (]R5,1)C, 

The proof of the proposition will follow a very important remark, presented next. 
By definition of the metric on A^C^, the complementarity of 2-planes W and W in 

is equivalent to {wi A W2,wi A ^2) / 0, for toi, u)2 frame of W and wi,W2 frame of W, 
or, equivalently, 

(9.3) A^Wn{A^W)^ = {0}. 

Condition ()9.3p . in its turn, establishes the complementarity of a'^W and a'^W in 
a'^W + a'^W , together with the non-degeneracy of a'^W (B a'^W , ensuring, in particular, 
that 

(9.4) W AW = {a'^W ® a'^W)^ 
and establishing the decomposition 

(9.5) a'^C^ = a'^W®a'^W®WAW. 
Conversely, a decomposition 

(9.6) A^c^ = y ©y^ ©y^, 

with and nuh lines such that D (V^)^ = {0}, and = ® V^, 
determines complementary 2-planes W and W in such that a'^W = V^, a'^W = 
andV = W AW. 

For the particular case of a non-j-stable 2-plane and W = jW, and in view of 
the reality of A jW and a'^W © A'^jW, (|9.5p gives, in particular, 

Fix(A2j) = {A^W © A^jW) n Fix(A2j) © (T^ A jW) n Fix{A'^j). 

We now prove Proposition 19. 2[ 

Proof. Let be a non-j-stable 2-plane in C^. Given Wi G W, for i = 1,2,3,4, 
the vector wi A W2 + jw^ A jw^ is real if and only if wi A W2 = A Wi. Hence, if 
wi Aw2 + jws A jw4 is non-zero, then W3 AW4 and Wi = Xjwi + \^W2, for i = 3, 4. 
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In that case, 

{wi AW2 + jw3 Ajw4„wi AW2 +jw2,AjWi) = 2\\\\ - \\\l(lei{wi,W2, jwi, jw2), 
whilst 

/ A jWi = - jWi A jW2 = - jW3 A jW4 

and, therefore, A3A4 — A4A3 = 1. By equation (j9.2p . we conclude that, for non-zero real 

wi AW2+ jws A jWi G a'^W © A^jW, 

{wi Aw2+ jws A jw4, li^i A t(;2 + jw^ A jw^) = 2 det{wi,W2,j'Wi,jw2) > 0, 

i.e., that the metric induced in (a'^W © A^jW) Pi Fix(A^j) is positive definite. Now let 
wi,W2 be a basis of W, so that wi Ajwi,wi Ajw2,W2 Ajwi and W2 Ajw2 form a basis of 
W AjW. The vectors wiAjwi and W2Ajw2 are real, null and not orthogonal, spanning, 
therefore, a subspace of {W AjW)nFix. (A^j) with signature (1, 1). On the other hand, 
{wi A jw2,W2 A jwi) n Fix (A^j) = {(a + ib)wi A jw2 + (a — ib)w2 A jwi : a, 6 £ M}, 
clearly orthogonal to {wi Ajwi,W2 A jw2) and with positive definite metric inherited 
from A^C^: given w := {a + ih)wi A jw2 + (a — ib)'W2 A jwi with a + ib G C\{0}, 

(w, w) = 2 (a^ + b^) det{wi,W2, jwi, jw2) > 0. 

By (|9.4|) . we conclude the existence of an orthogonal basis of Fix(A^j) composed by 
five space-like vectors and one time-like vector. □ 

Remark 9.3. In the proof of Proposition we have observed, in particular, that, 
given W a non-j-stable 2-plane in C^, the metric induced in the space of the real vectors 
in a'^W © A^jW is positive definite. Hence, given v £ A^W , 

(■u, I; ) = ^ + U, + U) > 0, 

vanishing if and only if v = 0. It follows, in particular, that, given v G A^C^ decom- 
posable, 

(9.7) iv,v)>0. 

We identify 2-planes in with null lines in A^C^, spanned by a decomposable 
vector, via the famous Pliicker embedding, i.e., via the correspondence 

L = {u, v) ^ {u Av) = A^L, 

given complex linearly independent u and v inC^. In this way, we identify, in particular, 
j-stable 2-planes in with real null lines in A^C^ and then, naturally, with null lines in 
Fix(A^j). This presents the quaternionic projective space as a model for the conformal 
4-sphere. 
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Proposition 9.4. 

This chapter is dedicated to the special case of surfaces in S"^, described in this 
model as the immersed bundles 

of j-stable 2-planes in C^. 

Wc use Endj(C^) to denote the set of endomorphisms of commuting with j, 
and Glj(C'') (respectively, sZj(C^)) to denote the invertible (respectively, trace- free) 
_7 -commuting endomorphisms of C^. 

Lemma 9.5. Given ^ G Endj(C^) with = al, for some a G M, ifa>0, then 

^ = V^i, 

for one of the square roots of a; whereas, if a < 0, then, given a choice of \fa, 

onTy 
-^fa onjW ' 

for some non-j-stable 2-plane W in 

Proof. As a complex endomorphism, ^ admits at least one complex eigenvalue. 
Given A G C an eigenvalue of ^ and u an eigenvector of ^ associated to A, 

au = ^^u = ^{Xu) = X^u = }?u 

and, therefore, A = ib-y/a. On the other hand, 

iiju) = jiu = jXu = Xju, 

showing that A is an eigenvalue of ^, as well, and that, for Ex and Ej the eigenspaces 
associated to A and A, respectively, we have jEx C Ej, or, equivalently, in view of the 
symmetry of roles between A and A, jE\ = Ey It follows, in particular, that, if a < 0, 
and, therefore, ^/a is purely imaginary, ^/a = —^/a, the eigenvalues of ^ are exactly ^/a 
and — -y/a and, as ^ is diagonalizable, = E^ jE^. If a > 0, and so s/a is real, 
— -y/a is not an eigenvalue of ^ and, therefore, E^ = C^, completing the proof. □ 

According to the previous lemma, given S G Endj(C^) with = —I, we have a 
decomposition 

for S+ and S- = jS+ the eigenspaces of S associated to i and —i, respectively, a 
notation that will be kept throughout the chapter. 

Remark 9.6. Given S G Endj(C^), such that = — /, and v± G A^S±, we have 
{v± , v±) > 0, vanishing if and only if v± = 0, respectively. 
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We define a 2-sphere in A^C^ to be the complexification of a 2-sphere in M^'^. 
Recall that the 2-spheres in M^'i are described as the non-degenerate 4-planes in M ' . 

Proposition 9.7. The 2-spheres in A^C^ are described as the (real non-degenerate) 
4-planes S+ A S- for S € Endj(C^) such that S'^ = —I, determined up to sign. 

Proof. The complementarity in of the 2-planes 5+ and ensures that S+AS- 
is a 4-plane, as well as, by recalling (j9.4p and (jO.Sp . its non-degeneracy in A^C^. The 
reality of A S- is immediate from the fact that 5"+ and S- are intertwined by 
j. Conversely, a real non-degenerate 4-plane V in A'^C^ determines, up to sign, a j- 
commuting endomorphism S of C^, such that = — /, for which V = 5"+ A5_. Indeed, 
for such a V, V'^ is a real non-degenerate complex 2-plane, admitting, therefore, a 
unique decomposition V-^ = © V^. as the direct sum of two null complex lines, 
complex conjugate of each other. The corresponding decomposition (j9.6p determines a 
2-plane W in for which a'^W = Vj^ and V = W A jW. By 



S 



\ i onW 
1 —i on jW 

we define a j-commuting endomorphism S of such that S'^ = —I, determined by V 
up to sign, for which 1/ = 5+ A 5_. □ 



Throughout this chapter, we will use the standard identification 

of the special linear algebra s/(C^) with the orthogonal algebra o(A^C^), given by / / 
with 

(9.8) f{xAy) = {fx)Ay + xA{fy), 

for / G s/(C^), / G o(A^C^) and x,y £ C^. Observe that, under this identification, 
the reality of an endomorphism of (M^'^)*^ corresponds to the j-commutativity of an 
endomorphism of C*^. 

We complete this section by presenting a last identification that shall be used 
throughout this chapter. Observe that hy g g with 

g{u Av) = guA gv, 

for g E Sl{C^), g E ©((M^-^)^) and u,v £ C^, we define a 2 : 1 mapping, 

9,-9 ^ 9i 
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of the special linear group Sl(C^) onto the orthogonal group 0((M^'"'^)'^). For an or- 
thogonal transformation 

a on ly 
i = l{ 1 oiiW ^W G 0((M^'^)'^), 
a^"" on W 

with W and W complementary 2-planes in and a G C\{0}, and fixing a choice of 
y/a, we will still denote by ^ the special linear transformation 

defined up to sign depending on the choice of y/a. Obviously, 

S,{u Av) = A ^v, 

for u,v G C^, independently of the choice of y/a. Observe that, in the particular case 
is a non-j-stable 2-plane and W = jW, ^ and ^ are related via j by 

(9.9) e o i = i o e 

9.1.2. The mean curvature sphere congruence. We present the mean curva- 
ture sphere congruence and the Hopf fields of a surface in S*^, as defined in |12] . 

Let L be an immersed bundle of j-stable 2-planes in C^. Consider M provided with 
the conformal structure induced by the surface A^L : M — > S^. Given S G r(Endj(C^)) 
such that 

(9.10) SL = L, 

we define a section of End(C^/L), which we still denote by S, by ^(x -|- L) := Sx + L, 
for all X G r(C^). Consider the derivative 

S := TT^4^^ o d\L, 

for Tr^4 /I '■ ^ C^/L the canonical projection. 

Remark 9.8. Consider the projection tt : C ^ P(£) for the light-cone C in M^'^. 
Given I a never-zero section of L ^ A^L : M F{C), dni gives an isomorphism 
L-^ /L — > TlF{C) under which the derivative of L, dL = dni o dl = dm o 51, is given by 
51, 

dL = 51. 

Therefore L immerses if and only if rank 5L{TM) = 2. 



As presented in |12] . 



154 



A. C. QUINTINO 



Definition 9.9. The mean curvature sphere (congruence) of L is defined to be the 
unique j-commuting complex structure S on such that 

SL = L, {dS)LcL, *6 = So6 = 6oS\L 

and 

(9.11) {SdS - *dS)L = 0. 

Once and for all, fix S as the mean curvature sphere of L. Decompose the trivial 
flat connection on as d = Vs + ^fs by the conditions 

(9.12) VsS = 0, MsS = -SMs. 

Equivalently, set Afs ■= ^SdS and Vs := d — Ms- Note that conditions (I9.12P are 
described, equivalently, by 

(9.13) VsTiSi) C n\S±), 
together with 

(9.14) MsS^ C 

respectively. Consider the congruence V = S+ A S- oi 2-spheres in A^C^. Let 
'^A^S+(BA'^S- denote the orthogonal projection of 

(9.15) = a'^S+ © 5+ a 5_ e A^S- 

onto A^S'+ © a'^S-. The trivial flat connection on A^C^ relates to the trivial flat 
connection on by 

d{u Av) = (du) Av + u A (dv), 
for u G r(C^). In particular, given u G r(S'_(_),u G r(S'_), 

J\fy{uAv) = (vry o d o vTyx + TTyx o d o 7ry)(u A w) 
= T^A^S+®A^S-{{du) Av + u A{dv)) 

= 7r^25^eA25_ {{T^su) Av + {Msu) Av + uA (Vsv) +uA (Msv)) 

and, therefore, according to (|9.13p and (j9.14p . 

J\fv{u Av) = (Afsu) Av + uA (Afsv). 

Similarly, we get to the same conclusion for u A t> G r(A^S'+) and u Av £ r(A^S'-). We 
conclude that A/y = Ms, under the identification defined by (j9.8p . In particular, 

Msj = jMs- 

We define a decomposition 

Ms = A + Q 
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with A,Q £ Q'^{Endj{C^)) given by 

*A = SA , *Q = -SQ, 

said to be the Hopf fields of L, following the terminology of |12] . as we verify later in 
this section. Clearly, 

A = ^{Ms-s*Afs), Q = l{^fs + s*^^s), 

and, therefore, having in consideration (j9.12|) . both A and Q anti-commute with S, 

AS = -SA , QS = -SQ. 
In particular, this makes clear that 

(9.16) AS± C S^, QS± C S^, 

respectively. On the other hand, iA^'^ = —*A^'^ = —SA^'^, showing that Im A^'*^ C 5_ 
and, therefore, that 

(9.17) A^'^S- = 0. 
Analogously, we verify that 

(9.18) A^^^S+ = Q^'°5+ = Q°'i5_ = 0. 
Note that, as 

(9.19) dS = 2AfsS, 
we have Q = \ {SdS - *dS). Thus 

QL = 0. 

Lastly, observe that 

= ^ (AA^'°s+ - «5AA^'°s+) = AA^'%+ G Oi'0(L_), 

for s+ G r('S'+), 

(9.20) A^'°S+ C L_; 
and, similarly, 

A^'^S- C L+ 

and 

c S+ , Q°'i5+ c 

We complete this section by verifying that our description follows the description pre- 
sented in [12J. Given V G r(C^), ^(5^^) = -2SMs^+SVs%b+SMs^ = -SMsip+SVg^p 
and, therefore, S{d{Sip)) = Msip — as well as * d{Sip) = —S * Mstp + S * Vsip- 

Thus Qip = \{dilj + S * dip + S{d{S'ilj)) — * d{Sil))), showing that Q coincides with the 
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one defined in [12j. The similar conclusion with respect to A follows then from the fact 
that 

(9.21) dS = 2{*Q -*A), 
made clear by (|9.19p . 

9.1.3. Mean curvature sphere congruence and central sphere congru- 
ence. In codimension 2, the complexification of the normal S-^ to the central sphere 
congruence of a surface A admits a unique decomposition 5"*" = Sj: © into the 
direct sum of two null complex lines, complex conjugate of each other. Via the Pliicker 
embedding, we identify with some bundle S+ of 2-planes in C^, and write then 
5 = 5+ A jS+. The mean curvature sphere of L = A^L = A is defined, up to sign, 
as the j-commuting complex structure on admitting 5+ as the eigenspace associ- 
ated to the eigenvalue i (and, therefore, jS+ as the eigenspace associated to —i). This 
establishes the close relationship between mean curvature sphere congruence and the 
central sphere congruence. 

Let L be an immersed bundle of j-stable 2-planes in and consider the surface 

A := A^L : M ^ S^. 
Let S be the mean curvature sphere of L. 

Proposition 9.10. The congruence V := S+ A S^, of 2-spheres in A^C^, is the com- 
plexification of the central sphere congruence of A. 

Before proceeding to the proof of the proposition, time for a few considerations. 

Equation (j9.10p ensures that, given li = if + l'^ G r(L) with if e r(S'-i-), respec- 
tively, for i = 1, 2, if and if are linearly dependent, and so are and • We conclude 
the existence of a frame of L composed by a section of 5+ and a section of S- , which 
provides a decomposition 

L = L+ © L_ 

of L into a sum of complex line bundles L+ and L_ with 

L- = jL+, 

namely, 

L+:=LnS+ , L_ ■.= LnS-. 

Obviously, 

(9.22) A^L = L+AL_. 
Now we proceed to the proof of Proposition 19.101 
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Proof. By (fO^ . A^L C S+AS-. Equations (lUTH and (lUTB . together with the 
fact that {dS)L C L, show that A/gL C L and, therefore, by (j9.14p . that 

(9.23) MsL± C L^, 

respectively. Provide M with a conformal structure C. In view of (j9.23p and (j9.10p . 
given / = /+ + L in T{L), with /+ G r(L+) and /_ G r(L_), S o 51 = S{dl) + L = 
S{Vsl+ + Vsl-) + L. Therefore, by (|9l3]) . S" o 5/ = ^(^5/+ - P^/^) + L, whilst 

Thus *6l = S o 51 ii and only if V^^l^ — V^'^l- G r(L). By equation * (5 = 5 o 5, we 
conclude that 

or, equivalently. 

It follows that, given z holomorphic chart of {M,C\) and never-zero Z+ G T{L^) and 

L Gr(L_), 

Al'O = (/+ A A /_)) = (/+ A /_,/+ A (P5)5j-), 

showing, in particular, the linear independency of /_ and {Vs)sJ-, and, consequently, 
that 

A^'° = L+ A S_ 

and, by complex conjugation, 

A°'^ = L_ A S+. 

In particular, it is clear that V envelops the surface A. Lastly, according to equation 
(|9.1ip . we have, in particular, that, given /_ G r(L_), {Sd^'^S + id^'^S)l- = 0, or, 
equivalently, {d^'^S)l- G Q^'^{S-), which, in its turn, according to (|9.14p . is equivalent 
to Mg'^l- = 0. Hence 

Similarly, we verify that 



AA°'^L+ = 0. 

On the other hand, according to (j9.18p and (j9.20p . we have 
and, similarly, 

Af^'^S- C L+. 

It follows that A/'^'^L^ AS+) = 0= A/'°'\l+ A 5_), i.e., Af^/'^A^'^ = = AA^'^A^'", V 
is central with respect to A, completing the proof. □ 
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Remark 9.11. The mean curvature sphere of L is, conversely, determined by the 
complexification of the central sphere congruence of A, as follows. Since the complexi- 
fication V of the central sphere congruence of A is a 2-sphere, V = A S^, for some 
S G Endj(C^) such that S'^ = —I, determined up to sign. One of them is the mean 
curvature sphere of L, cf. Proposition \9.1(A For the other one, define Ds analogously 
to the case of the mean curvature sphere. Of course, 

V^s = 'Ds- 

The conformality of sections of A, characterized by the isotropy of 

A 1-) = M-+1+A 

or, equivalently, 

A L A /+ A = 0, 

for all l^ £ r(L-i-) and Z_ G r(L_), amounts, according to (|9.13|) . to either 

(9.24) P^'°r(L+)cf)i'°(L+) 

or 

depending on the sign of S. Equation ()9.24p determines S for which, in particular, 
given I = l^ + l^ G r(L) with l± G r{L±) respectively, Vg'^l^ — G r(L), or, 

equivalently, * 6 = S o 5. S determined in this way is the mean curvature sphere of L. 

9.2. Constrained Willmore surfaces in 4-space 

In this section, we characterize constrained Willmore surfaces in 4-space in the 
quaternionic setting. We present, in particular, a characterization of this class of sur- 
faces in terms of the closeness of a certain form, following the characterization of the 
harmonicity of the mean curvature sphere presented in |12j . 

Let L = A C M^'^ be a surface in 5^. Let S be the mean curvature sphere of L and 
V be the complexification of the central sphere congruence of A, 

V = S+AS-, 

with orthogonal complement 

= A^S+® A^S^. 

Provide M with the conformal structure induced by A. Consider the map j : C^/L 
C^/L induced naturally by the quaternionic structure j in C^, having in consideration 
that L is j-stable. Constrained Willmore surfaces in are, alternatively, characterized 
as follows: 
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Theorem 9.12. An immersed bundle L of j- stable 2-planes in is a constrained 
Willmore surface if and only if there exists q € ^}^(Endj{C^ /L, L)) such that 

(9.25) Sq = *q = qS 
and 

d^Sq = 0, d^s *Ms = 2[q A *Ms]. 

In the proof of the theorem, we establish a correspondence between 1-forms with 
values in A A A^^^ and S'-commuting 1-forms with values in Endj(C^/L, L), under the 
the identification sl{C^) = o((M^'^)^) presented in Section [9. l.li Under this correspon- 
dence, the conditions on q in Theorem 19.121 characterize g as a multiplier to A. 

Next we prove Theorem 19.121 

Proof. First note that 

A^ = A L. 

Let q he a 1-form with values in o((M^'^)'^) = sl{C^). Suppose that qA = and 
qA^ C A. Let l,l',u,v be a frame of with /,/' € r(L). The fact that q vanishes in 
A, equivalent to 

(9.26) {ql) A + / A {ql') = 0, 

shows that ql has no component in (n) nor in (v). On the other hand, since qA^ C A, 
we have, in particular, 

(9.27) (qu) Al + uA{ql) er{{l Al')), 

forcing the component of ql in (/') to vanish. Hence ql £ T{{1)), and, by symmetry of 
roles, ql' G T{{1')). Equation (|9.26|) shows now that, if ql = al, with a E r(C), then 
ql' = —al' . By the skew-symmetry of g, it follows that 

-a'^{l Al',u Av) = -{I A I', qu A qv). 

Equation ()9.27p forces, on the other hand, the component of qu in {v) to vanish. 
Similarly, the fact that 

{qv) Al + v A{ql) G r((/ A /')) 

shows, in particular, that the component of qv in {u) vanishes. Thus a = 0. We 
conclude that qL = 0. Yet again by qA-^ C A, it follows that Ivnq C L. It is clear that, 
conversely, if = and lm.q C L, then qA = Q and qA^ C A. We conclude that q 
takes values in A A A"*-, or, equivalently, gA = and qA^ C A, if and only if 

qL = 0, Img C L, 

i.e., q defines a 1-form with values in End(C^/L,L). Note that 

A A a(^) = a a a^ n (aV e aV^). 
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Now observe that if q preserves 5+ A S- then, given s+ G r(S'+) and s_ G r(S'+), the 
component of gs+ in (s_) vanishes, as well as the component oi qs- in (54.) does, which 
amounts to q preserving both 5+ and S^. It is clear that, conversely, if q preserves 
both 5+ and S-, then q preserves 5+ A S'_, a'^S^ and A^S-. Hence q takes values in 
(A^y © A^y-*-), or, equivalently, q preserves both V and V-^, if and only if q preserves 
the eigenspaces of S. In its turn, q preserves S± if and only if q commutes with S in 
S±, respectively. 

Now recall Lemma 15.101 establishing that, li q £ $7^(A A A*^^^) is real and cf^^'q 
vanishes, then G 0^'°(A A A°'^), or, equivalently, G il°'^(A A A^'°). In that case, 

AS+) = = q°^^{L+ A S-), or, equivalently, L_ A ^^'05+ = = L+ A 
and, therefore, 

as q^'^S+ C -L+ and q^'^S-. C L_. Hence 

Img^'°C5_, lmq^^^cS+, 

showing that 

^^1,0 = _iql,0 ^ ^ ^1,0^ ^^0,1 ^ .^0,1 ^ ^ ^0,1 

and, ultimately, that Sq = *q, completing the proof. □ 

Following the characterization of the harmonicity of S presented in |12] . we have, 
more generally: 

Theorem 9.13. Suppose q G Q,^(Endj{C^ / L, L)) satisfies condition (j9.25p . An im- 
mersed bundle L of j- stable 2-planes in is a q-constrained Willmore surface if and 
only if either of the following equations is verified: 

i) d*J\fs + 2d* q = 0; 

a) d * {A + q) = 0; 

Hi) d* {Q + q) = 0. 

Before proceeding to the proof of the theorem, observe that equation (j9.2ip estab- 
lishes, in particular, 

(9.28) d*A = d*Q. 
Now we prove Theorem 19. 131 

Proof. In view of (|9.25p . 

(9.29) d^s * q = d^^Sq = (VsS) Aq + Sd^^q = Sd^^q, 

and, therefore, we have d* q = [Ms A *q] = —[q A *Ms] if and only if dP^q = 0. In 
particular, if L is a constrained Willmore surface, then 

d*Afs + 2d* q = d^'^ *Afs + [Afs A *Ms] - 2[q A *Afs] = 0. 
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Yet again in view of (fO^ . (d^s * q)S = (P'^{*qS) +*qA (VsS) = -dP^q, whereas, 
fohowing (lOOl) . Sd^s ^ q = -d'^'^q. Thus 

Sd^s * q = (d^s * q)S. 

Similarly, as 

(9.30) *AfsS = -Q + A = -S*Afs, 

we have 

(d^s *Ms)S = d^^i*MsS) + *Ms A (VsS) = d^^-Q + A), 

whereas 

d^s ^j^^ = (5(_Q + A)) = {VsS) A{-Q + A) + S d^^ i-Q + A) = S d^^ i-Q + A), 
and, therefore, 

Sd'^-^ *Afs = -{d^^ *Ars)S. 
On the other hand, together, ()9.25p and (j9.30p establish 

[Ms A*q]S = -S[Ms A*q]. 

It follows that, if equation i) holds, = * AAs + 2d'^s ^ g 2[Afs A then, 
equivalently, d^^ * Ms + 2[Ms A *q] = = 2d^^ * q, hy separating 5-commuting and 
S'-anti-commuting parts. 

Equation (j9.28p establishes the equivalence of i) and either equations ii) or in), 
completing the proof. □ 

We complete this section with an approach to constrained Willmore surfaces in 
4-space in terms of flatness of connections. Let q € ^^(Endj{C^ /L, L)). For each 
A G C\{0}, define a connection on by 

4'? := Vs + X-^M'/ + \M^/ + (A-2 - + (A2 - 

For each A, the connection d^'', on A^C'^, relates to d^''^ via equation (j9.8p . and so do, 
therefore, the respective curvature tensors, 

R'^v\ai A 0-2) = (iJ^'s Vi) A 0-2 + CTi A (iJ^'s V2), 

for (Ti,(T2 G r(C^). Hence L is (^-constrained Willmore if and only if dg''^ is flat, for all 
A G C\{0}. For A G C\{0}, define an orthogonal transformation of A^C^ by 

' A-i on a2 S+ 
t{X):=I{ 1 onS+AS^ . 

A on a2 S- 

Given A G C\{0}, we define a new connection on A^C^ by 

:=r(A)o4%r(A)-^ 
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as well as, fixing a choice of ^fX, and, witfi respect to (and independently of) this 
choice, a new connection on by 

4,, :=r(A)o4''or(A)~\ 

for r G r(5/(C^)) as defined in Section ro.l.li These definitions only depend, indeed, 
on A^, as, in particular, the next lemma makes clear (note that ^ is related to d^2 ^ 
by equation (j9.8p ). The curvature tensors of d^2 ^ and dy"^ are related by 

showing that the flatness of d^2 ^, or, equivalently, that of d^2 g, for all A G C\{0}, 
provides another characterization of the g-constrained Willmore condition of L. It is 
obvious but it will be useful to remark that, for each A, the d^2 ^-parallelness of a bundle 
C is equivalent to the d^2 ^-parallelness of A^VF C A^C"^. 

Lemma 9.14. For each A G C\{0}, 

4,, = d + (A-^ - l)(gi'° + + (A^ - l)(Q°'i + 

Proof. Fix A G C\{0}. The fact that both q^'^ and q'^'^ preserve S+ and S_ 
establishes, in particular, 

r(A) o qo t(A)~^ = q. 
Similarly, in view of the P^-parallelness of S+ and S- (cf. (j9.13p ). 

t{X)oVsot{X)-^ =Vs. 
On the other hand, according to (^7l6\\ . ([QTTl) and (l9lB . 

r(A) o A^'° o t(A)-i = AA^'°, r(A) o A^'^ o t{X)-^ = X'^A^'^ 

and 

r(A) o Qi'O o t(A)~i = A-iQi'°, r(A) o „ ^(A)-^ = XQ^'\ 

Hence 

= ^5 + - + + (A2 - 1)(Q0'1 + gO'l) + A + Q, 

completing the proof. □ 

9.3. Transformations of constrained Willmore surfaces in 4-space 

Under the standard identification sl{C'^) = o(A^C^), 1-forms with values in AA A^^^ 
correspond to S'-commuting 1-forms with values in Endj(C^/-L, L), for S the mean cur- 
vature sphere congruence of L = A. For such a form q, condition d^q = establishes 
Sq = *q. A surface L in 5^ is a g-constrained Willmore surface, for some 1-form q 
with values in Endj(C^/L, L) such that Sq = * q = qS, if and only if d * {Q + q) = 0, 
for the Hopf field Q G il^(Endj(C^)). The closeness of the 1-form *{Q + q) ensures the 
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existence of G E r(Endj(C'^)) with dG = 2* {Q + q), as well as the integrability of the 
Riccati equation dT = pT{dG)T — dF + 4:pqT, for each p G ]R\{0}, fixing such a G and 
setting F := G — S. For a local solution T G r{Glj{C^)) of the p-Ricatti equation, we 
define the constrained Willmore Darhoux transform of L of parameters p, T by setting 
L := T^^L, and extend, in this way, the Darboux transformation of Willmore surfaces 
in presented in |12] to a transformation of constrained Willmore surfaces in 4-space. 
We apply, yet again, the dressing action presented in Chapter [6] to define another trans- 
formation of constrained Willmore surfaces in 4-space, the untwisted Bdcklund transfor- 
mation, referring then to the original one as the twisted Bdcklund transformation. We 
verify that, when both are defined, twisted and untwisted Backlund transformations 
coincide. We prove that constrained Willmore Darboux transformation of parameters 
p, T with /9 > 1 is equivalent to untwisted Backlund transformation of parameters a, 
with real. Constrained Willmore Darboux transformation of parameters p, T with 
/? < 1 is trivial. 

Let L = A C M^'^ be a g-constrained Willmore surface in S^, for some 1-form q 
with values in Endj(C^/L, L). Let S be the mean curvature sphere of L and V be the 
complexification of the central sphere congruence of A. Let pv be reflection across V. 
Provide M with the conformal structure induced by A. For simplicity, in what follows, 
given a G C\5^ non-zero and a dy'^ -parallel null line subbundle of A^C^ such that, 
locally, 

(9.31) pvL^ n (L")^ = {0} = pvL^ n (L")^, 
we consider the alternative notation 

with no risk of ambiguity with the multiplier to A. Recall that, for such a and L", we 
define another constrained Willmore surface in 5^, the Backlund transform A* of A of 
parameters a,-L°, or, equally, — a,/3yL", by setting 

(9.32) (A*)0'1:=(m)-'(1)(m)(0)A0'\ 
provided that A* immerses. 

9.3.1. Untwisted Backlund transformation of constrained Willmore sur- 
faces in 4-space. In this section, we apply, yet again, the dressing action presented 
in Section 16.51 to define another transformation of constrained Willmore surfaces in 
4-space, the untwisted Bdcklund transformation, referring then to the Backlund trans- 
formation defined by (j9.32p as the twisted Bdcklund transformation. The terminol- 
ogy is motivated by the fact that, whilst pq{\) relates to p(7(— A) via the twisting 
PvPqWpv = m(~A), performed by pv, the untwisted transformation will be given by 



164 A. C. QUINTINO 

(A*)0'i = P(l)-ip(0)AO'i for P(A) = g-^R{X) G r(0(A2C^)), with g e T{SO{R^'^)), 
for some R{X) € r(0(A^C^)) for which no such a relation with R{—X) is estabhshed. 

First of ah, observe that, given w := vq + + / 0, with vq G r(5_|_ A S-), 
v+ G T{a'^S+) and V- € r(A25_), w is null if and only if 

(9.33) {vo,vo) = -2{v+,v^). 

The nullity of w is equivalently characterized by, at each point, either f _ = = {vq, vq) 
or both V- ^ and 

(9.34) ?;+ = (^;o,^;o)(?^-,~)^^~• 



Lemma9.15. LetaeC\{0}. Let vq e r{S+ A S^), v+ e r{A^ S+) and e r{A^S^) 
be such that vq + v+ + v- is null. In that case, T{a){vo + v+ + v-) is real at a point p 
in M if and only if, at p, either 

v^ = = V-, (v^) = (vo) 

or 

\{vo,vo)\=l, {v^,vZ) = - \ a\~^, v^=-vo. 



Proof. Our argument is pointwise, so we work in a single fibre. 
Set w := Vq + v+ + V-. From the definition of T(a), it follows that {T{a)w,T{a)w) 
has rank 1 if and only if either 

f + = = u_ , I'o = Xvq 

or 

t>_ 7^ 0, ITj: = A I a 1^ f_, Vq = Xvq, I A p= 1, 

for some A G r(C). In particular, because w is null, if V- is non-zero, then, according 
to (|9.34p . T{a){w) is real if and only if 

(9.35) {v-,vZ) = a\~'^\ {vo,vo) \ 
and 

(9.36) ij^= -i I a {vo,vo){v-,vZ)~'^vo. 

Note that, if V- is non-zero, equation (I9.35|) forces {vq,vo) to be non-zero. On the 
other hand, in view of the nullity of w, if {vqjVq) is non-zero then so is V-. The proof 
is complete by observing that, in that case, together, equations (j9.35|) and (|9.36|) force 
1^0 = — (^^0) ^o)~"'^i'0; so that Vq =1 {vo,vo) Vq and, ultimately, | (uo,fo) |= 1. D 
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Choose a non-zero a G C\S^ and a '^-parallel null line subbundle of A^C^ such 
that, locally, T{a)L" is never real. The existence of such a choice of is established 
in the following lemma. 

Lemma 9.16. Let 1° be a non-zero section o/ A^S'+. Let C A^C^ be a dy'^ -parallel 
null line bundle defined naturally by dy'' -parallel transport oflp, for some point p G M . 
Then T(a)L" is never real in some open set containing p. 

Before proceeding to the proof of the lemma, observe that, at each point, the non- 
reality of T(a)L" is equivalent to the real subspace T(a)L" + T(a)L" of (M^'^)*^ being 
2-dimensional, or, equivalently, non-null. 



(9.37) r(a)L° n (r(a)L")^ = {0}, 



which characterizes the non-degeneracy of r(a)L" © r(a)L". 

Proof. At the point p, L° is spanned by Ip, so that, by construction, at this 
point, T{a)L°' is not real. On the other hand, at each point, the non-reality of t[q)L^ 
is characterized by ()9.37p . or, equivalently, by 



(r(a)/,r(a)/) / 0, 

fixing I € r(L") non-zero; showing that the non-reality of {T{a)L°')x is an open condi- 
tion on X G M. □ 

At each point, the non-reality of r(a)L", characterized by equation (j9.37p . estab- 
lishes a decomposition 

(9.38) A^ = r(a)L" © (r(a)L° © r(a)L°)^ © r(a)L°. 
For A G C\{±Q,±a"i} and 

(9.39) r,(A) := + 0, 

1 — A — a ^ 

set then 

ra(A) on T(a)L° 

ra,L"(A) := / < 

ra(A)~^ on r(a)L° 
defining this way a map Tq, j^a into r(0(A2C^)) with 



1 on (r(a)L" + r(a)L^ 



?^«,L-(A 1) = ra,L"(A), 
for all A, which, therefore, extends holomorphically to P^\{ibQ!, iba~^} by setting 



ra,L"(oo) := rQ,,L<.(0). 
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We may, alternatively and for simplicity, write r(A) for Va^L^W with A G P^\{ibQ!, ±a 
It will be useful to observe that, in the case is real, we have 

(9.40) r{oo)=r{0)-\ 



Once and for all, fix a choice of y^ra(O), set 

and consider the corresponding r(0),r(oo) G r(Sl(C^)), for which equation (j9.9p then 
applies: 

(9.41) r(0) o j = j o r(cx)). 

It follows, in particular, that, at each point, the j-stability of r(0)5+ is characterized 
by 

r{0)S+ = r(oo)5_, 

or, equivalently, by the non-complementarity of r(0)S'+ and r(co)S'_ in C^, 

(9.42) (aV(0)5+) n (aV(oo)5„)^ / {0}. 

Next we characterize the j-stability of r(0)S'+ in terms of the projections of 
with respect to the decomposition (|9.15|) . 

Lemma 9.17. Let r := vq + v+ + V-, with vq G T{S+ A S-), v+ G r(A^S'+) and 
V- G r(A^S'_), 6e a non-zero section of L". Let vre and 7r_L denote the orthogonal 
projections of a'^C^ onto T{a)L°^ © r(a)-L" and {T{a)L'^ © r(a)-L°)-'", respectively. At 
each point at which does not vanish, the bundle r(0)S^ is j -stable if and only if 

(9.43) v+^O^v_ 
and, given u+ G r(A^5+) not zero, 

(9.44) I (r,n+) II (r,n^) |-i=| r,(0) |2| a \~\ 
together with 

(9.45) T^i.u+ 7^ 0, (7r_Ln+) = (7fXM+) 
and 



(9.46) (7rer(0)n+, 7rer(0)u+ ) / (^xr(0)n+, 7rxr(0)«+ ). 



Proof. Our argument is pointwise, so we work in a single fibre. 
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Let s+, s'_^ be a frame of 5+. Then r{0)S^ is j-stable if and only if 

(9.47) r{0){s+ A = Xr{oo){js+ A js'_^_), 

for some A G r(C). Note that such a A has necessarily unit length. Indeed, 

r(oo)(js+ A js'+) = r(0)(s+ AsV), 

so that 

'^(oo)(is+ A js'^) = Ar(oo)(js+ Ajs^) = ^'^(0)('5+ ^ «+) =1 ^ 1^ r{Qo){js+ Aji 
Write s+ As^ = ar(a)r + 6r(a)F + 7r_L(s+ A with a, 6 G r(C). Then 
r(0)(s+ As+) =ara(0)T(a)r + 6ra(0)"^r(a)F + 7r_L(s+ As'+), 

whereas 

r(cx))(js+ AjsV) = 6r„(0)-V(a)r +ar„(0)r(a)/" +7rx(s+ AsV)- 
Hence equation (j9.47p holds if and only if 

aro(O) = Xbra{0) "\ 6ra(0)~^ = Aar~(0), 7r_L(s+ A = A7r_L(s+ A s'+) 
or, equivalently, at each point, either 

(9.48) a = = b, 7t±{s+ A s+) = A7r_L(s+ A s^), 
or a, 6 7^ and 

a6"^ I rQ(0) X = a'^b\ r«(0) 7r_L(s+ A /+) = A7r_L(s+ A s'+)- 

Note that ()9.48|) contradicts the complementarity of A^S+ and A^S"-. Set 

X := {T{a)r,T{a)l'^) / 0. 
In view of the nullity of s-|_ A s'^, 

(9.49) (7r±(s+ A s+),tt±{s+ A = -2a6X, 
equation a6^^ | rQ,(0) p= a~^6 | rQ,(0) |~^, equivalent to 

I M=l « Ika(o) 

establishes 

2 I a |2| r„(0) f\ X \ = \ {7r±{s+ A s'+),Tr±{s+ A s'+)) \ 
and, in particular, that, if, at some point, a ^ 0, then, at that point, 

{tt^{s+ A s'^),Tr^{s+ A s\)) ^ 0. 

It follows, in particular, that, if it±{s+ A s'^) = A7r_L(s+ A s'^), then 

(9.50) (^xr (0) is+ A s'+) , 7rxr(0)(s+ A 5'+) ) ^ 0, 
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as 7r_|_r(0)(s+ A s'_^) = vr_|_(s+ A s'^). On the other hand, as remarked previously, r(0)S-i 
is j-stable if and only if (r(0)(s+ A s^), r(0)(s+ A s'_|_) ) = 0, or, equivalently. 



(7rer(0)(s+ A 7rer(0)(s+ A ) = -(^±r(0)(s+ A s'+),7T^r{0){s+ A s'^ 
in which case, in particular, having in consideration (|9.50p . 



(7rer(0)(s+ A 5'+), 7rer(0)(s+ A s'^) ) / (7rxr(0)(s+ A s'^),7r±r{0){s+ A s'^) ). 
We conclude that the bundle r(0)S'+ is j-stable if and only if a, b, vr_|_(s_|_ A s'_^_) / and 
(9.51) I & 1=1 a II rc,(0) p, 

together with 

7r_L(s+ A s'_^) = ab~^ \ ra{0) ^ 7r±{s+ A 5+) 

and condition (j9.46p . Now write w+ = 0+ s+ A s'_^_ and = a_ js+ A js'^, with 
a+, a_ e r(C). Set 

N ■.= {s+As'_^,js+Ajs'^)>0. 

We have 
as well as 

6 = X-^(s+ As+,r(a)/") =aa_ X^^iV. 

In particular, a (respectively, b) vanishes at some point if and only if 0+ (respectively, 
a_), or, equivalently, v+ (respectively, V-) does. We verify, on the other hand, that 
equation (|9.5ip holds if and only if 

I o_ 1=1 a+ II ra{0) 1^1 a |~^, 

or, equivalently, if condition (j9.44p is satisfied. It follows, in particular, that, together, 
conditions (|9.43p and (|9.44p ensure that 

^e?'(0)(s+ A s+) = A7rer(cx))(is+ A js+), 

for A := ab'^ \ ra{0) S^, which together with condition ()9.45p . and given that 



7r_Lr(0)(s+ A s+) = 7r_L(s+ A s+) = 7r±r{oo){js+ A js'^), 

amounts to 

r(0)(s+ As+) = A VTer (00) (js+ A js'+) + ^ vr_Lr(cx))(js+ A 
for some G r(C). In fact, we verify that ^ is unit: 

I (7r_L(s+ A s'^),TT±{s+ A s+)) 1 = 1 C Pi (vr±(s+ A s'^),ir±{s+ A s'^)) 
and condition (j9.43p ensures, on the other hand, according to (j9.49p . that 
(9.52) (7r^(s+ A sV),^±(s+ A «'+)) / 0. 



CONSTRAINED WILLMORE SURFACES 169 

For simplicity, write vr^ for 7r0r(cx))(js_|_ A js^)- By the nullity of s+ A s'^, it follows 
that 

= (r(0)(s+ A sV), r(0)(s+ A s'^)) = A2(7r^, vr^) + e{7r^{s+ A s'+),7r^{s+ A 
as well as 

= (r(oo)(js+ A js+)),r(oo)(js+ A js+))) = (7r^,7r^) + i7T±{s+ A s+),7rx(s+ A s+)). 
Hence 

(9.53) (71-0' ^e) = -(7r±(s+ As+),7r_L(s+ As'+)) 

and, therefore, = A^, which, as ^ and A are both unit, forces A,^ G {— 1,1,— 
Together with (j9.52p and (|9.53p . the nullity of r(0)(s+ As^) excludes the cases ^ = ±iX. 
Indeed, if r(0)(s+ A s'_^) = Avr^ ± iA7r_|_(s_|_ A s'^), then 

= (Avr^ ± iA7r_|_(s+ A s'_^), Avr^ ± iA7r_|_(s+ A s'_^)), 

respectively, leading to a contradiction: 

= A2(7r^,7r^)-A2(7rx(s+As'+),vrx(s+AsV)) = -2A2(7rx(s+ A s'+), ^±(s+ A 5'+)) / 0. 

Together with condition (|9.46p . and given that r(0)(s+ A s^) and r{oo){js+ A are 
complex conjugate of each other, the nullity of r(0)(s-(- A s^) excludes, on the other 
hand, the case ^ = —A: if r(0)(s+ A s'^) = Avr^ — A7r_|_(s+ A s^), then 

= (Avr^-A7r_L(s+As'^),7r^ +7r_L(s+ A s'+)) = A(7r^,^)-A(7r_L(s+As+),7r_L(s+ A s'+) ) 

and, therefore, (7r0,7r^) = (7r_|_(s+ A s^), vr_i_(s_|_ A s'_^) ), or, equivalently, 

(7rer(0)(s+ A 5'+), 7rer(0)(s+ A s'^)) = {Tr^r{0){s+ A 5'+), ^xr(0)(s+ A 5'+) ). 

We conclude that ^ = A, completing the proof. □ 

At each point, the non-j-stability of the bundle r(0)5+, of 2-planes in C^, is equiv- 
alent to its complementarity to ^^(O)^^- = r{oo)S- in C^. Choose for which, 
furthermore, locally, r(0)S'+ and r{oo)S- are complementary in C^. The existence of 
such a choice is established in the following lemma. 

Lemma 9.18. Let 1°' be a non-zero section 0/ A^S'+. Let C A^C^ be a dy"^ -parallel 
null line bundle defined naturally by dy'^ -parallel transport oflp, for some point p £ M . 
Then there is some open set containing p in which T{a)L'^ is never real and r(0)S'+ 
and r {00) are complementary inC^. 

Proof. By construction, 

so that, at the point p, T{a)L°' is not real and, therefore, r is, indeed, defined; whilst 
Lemma |9 . 171 ensures that, at p, r{0)S-^- nr(oo)S'_ = {0}. On the other hand, according 
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to (|9.42|) . at each point, the non-j-stabihty of r(0)5-|- is characterized by 

(r(0) A2 5+)n(r(0) S+)^ = {0}, 



or, equivalently, by (r(0) n+, r(0) u_|_ ) 7^ 0, fixing U-^- G r(A^S'+) non-zero; which shows 
that the non-j-stabihty of (r(0)5+)^ is an open condition on x G M. And so is the 
non-reahty of {T{a)L")x, as remarked previously. □ 

Set 

:= r(0)5+, 5* := jS^ = r(oo)5_ 

and, considering projections vrs* : C'^ ^ S'^ and vrg* : ^ S*_ with respect to the 
decomposition 

C^ = sies*_, 

define two fine bundles by 

(9.54) L; := 7r5;r(oo)L+, L*_ := jL\ = tts* r(0)L_. 

As we know, L" is a '^-parallel null line bundle if and only if pyL" is a dy°''^-parallel 
null line bundle. Note that the reality of T{a)L°' is equivalent to that of T{—a)pvL°' , 
and that 

'l"a,L°' = 1"-a,pvL°'- 

We define the untwisted Bdcklund transform L* of L of parameters a,L°', or, equally, 
—a,pyL"^, by setting 

A^L* := L\AL*_. 

The real line bundle A^L* determines a j-stable bundle L* of 2-planes in C^. 

Theorem 9.19. L* is a constrained Willmore surface in 5^, provided that it immerses. 

The proof of the theorem will follow some preliminaries, presented next. 

At each point, the complementarity of and 5* in establishes a decomposition 

A^c^ = A^s; e 5; A 5* © A^si. 

Define then, for A G C\{0}, another orthogonal transformation of A^C^ by 

' A-i on a2 5; 
T*(A):=/J 1 onSlASl . 

A on a2 S* 

Set 

(9.55) V* := 5; A S*_ 

and let pv* denote reflection across V* . Observe that t(— 1) = pv and r*(— 1) = pv*, 
and that, for A G C\{0}, 

(9.56) r(-A) = T(A)/>v, r*(-A) = T*(A)py* 
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and 

(9.57) 7(A) = t(A-1), ^) = t*(X-'). 

For A G C\{0}, set 

R{X) :=r*(ArV«,L.(A2)r(A) Gr(0(A2c4)), 
which win play a crucial role on what follows. Fix g S r(«S'0(M^'"'^)) such that 

9Pvg~^ = Pv* 

and set also 

P(A) ■.= g-^R{\). 

The holomorphicity of P{\) at A = 0, equivalent to that of R{X), is directly ensured 
by Lemma |6.28| and, similarly, after an appropriate change of variable, so is the holo- 
morphicity of P{X) at A = oo. Set then 

(A*)i'° :=P(l)-ip(oo)Ai'° 

and 

(A*)0'i :=P(l)-ip(0)A°'^ 

Equivalently, 

(A*)i'° = R{oo) (L+ A 5„), (A*)°'i = i?(0) (L_ A S+), 

as -R(l) = /. Observe that (A*)^''^ and (A*)'^'^ are complex conjugate of each other: 
having in consideration (|9.57p . 

(A^ = hmA^oo r* (A) V(^)t(X - ^ ) L+ A S_ 



limA_or*(A-i)r(0)r(A) (L_ A 5+) 



Fixing a choice of \/A, 



and 



t(A)=/. 
r*(A) = /. 



\/A on S-^- 
\/A on 



VA-1 onS; 
^ VA onS* ' 

and, therefore, given s+ G r(S'_|_), i?(0)s+ = lim;^_^o (^5:j. ^(-^^) ■s+ + A~^7r5* r(A^) 
On the other hand, as r(A^) is holomorphic at A = 0, it admits a Taylor expansion 

r{X') = r{0) + X'^ r{X') + ^^. r{X') + .... 
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around 0, making clear that 

(9.58) limA^o A~ V(A^) = liniA^o A-V(O). 

Hence R{0)s+ = r(0)s+ + vr^* (limA-^o A^""^ r(0) s+). Now the holomorphicity of R{X) 
at A = forces Trs*_ r(0)s+ to be 0, estabhshing i?(0)s+ = r(0)s+. Thus R{0)S+ = 3%. 
A similar, even slightly simpler computation establishes i?(0)L_ = 7r5'*r(0)L„. We 
conclude that 

(9.59) (A*)°'i = 7r5. r(0)L_ A 8% 
or, equivalently, by complex conjugation, 

(A*)i'0 = 7r5;r(oo)L+A5*. 

Thus 

(A*)i'°n(A*)°'^ = A^L* =: A*. 

The choice of the notation A*, already attributed to a twisted Backlund transform of 
A, is not casual, as we shall verify in the next section. 
Now we proceed to the proof of Theorem 19.191 



Proof. Note that, according to (|9.56p . 

(9.60) P(-A) = g~'T*{-X)r^,LAX^)r{-X) = g-'pv*R{X)pv = PvP{X)pv 

The proof will consist of showing that 

A ^ 4'^ := P{X) o 4''' o P[X)-^ 

admits a holomorphic extension to A G C\{0} through metric connections on A^C^. It 
will then follow from Theorem 16. 251 that A* is a constrained Willmore surface, provided 
that it immerses, with no need for condition (16.23P to be verified, as it would solely 
intend to ensure that (A*)i'° and (A*)°'i intersect in a rank 1 bundle, a fact that is 
already known to us. 
Since dYn is metric, 

as well as, in view of the parallelness of T{a)L°' with respect to (i^2 , 

dr.,,r((r(a)L"e7(^)^) C QH{T{a)Ln^). 

Let TTrL '■ A^C^ T{a)L°' and tt:^ : A^C^ T{a)L°' be projections with respect to 
the decomposition (j9.38p . Let tt^ and 'ir± be as in Lemma [9. 171 As 

(r(a)L°)^ = r(a)L° © (r(Q)L° © r(a)L")^ 
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and 



r(a)L° ^ = r(a)L° (T(a)L" r(a)L")^, 
we conclude that tt^l o o TT:^ = = TT:^ o (i^2 ° 7r± > showing that sphts as 

for the connection 

on A^C"^, and 

/3^2 := vrx o o 7r^ + o d^,^^ o vr^ e n\T{a)L^ A (T(a)L" 7^^) ^). 
For simphcity, denote ra(A^) G C (as defined in (|9.39|) 1 by a;^2. Clearly, for each A, 

r(A2) o Dl, o r(A2)-i = D^,, r{X') riX')-^ = a^. /?^,. 
Now decompose d]^2 ^ as 

for A e C\{0, ±a}, with A ^ A{\^) G ili(o(A^C'^)) holomorphic. It follows that 

4'" = 5"V*(A)-V„,i.(A2)o4_^or,,L.(A2)-V*(A)<7 

= g-V*(A)-il)^, r*(A)5 + g-\*{\)-^(3l, T*{\)g + ^{\), 

for ^'(A) := 5-1t*(A)-V(A2)(A2 - a2)^(A2)r(A2)-ir*(A) g and A G C\{0, ±a, ±a "i}. 
Set T(A) := (A^ - a^)r{\^)A{\^)r{\^Y^ . The skew-symmetry of ^(A^) establishes 

yl(A2)r(a)L" C (r(a)L°) ^, A(A2)r(a)L° C r(a)L°^ 

and, consequently. 



vr^ ^(A^) TT^i = = vr^L ^(A^) vr^. 



On the other hand, it is clear that 

TT^ r(A2) yl(A2) r(A2)-ivr,L = a^i vr^ ^(A^) a-^^ vr^^ = a"! tt^ A(A2)7r,i 
and, similarly, 

TT.i r(A2) A(A2) r(A2)-ivr^ = a^^ ^(A2)vr^. 
Hence 7r:;r^T(A) tTtL = = 7rT-iT(A) tt:^. It follows that 

T(A) = (A2-a2)(7r,i^(A2)^,i + 7r^^(A2)7r^ + 7rx^(A2)7r^) 

+ / (A' - « (vr± A(A2) vr.i + A(A2) vrx) 

1 — a ^ 
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Hence, by setting 





1 — a 



-^{a^ - a ^) (7r_L A{a^) tt^l + tt:^ A(a^) iT±)T*{a)g 



and 




g-'T*{-a)-'Dl 




,2 



+ g-W*{-a) 



1 



1 — a 



{a^ - a ^) (7r_L yl(a^) Uri + tttt; A(a^) 7r_L)T*(-a)5r, 



we extend holomorphically (A i— > dp'') to A G C\{0, ±a through what, by continuity, 
are metric connections on A^C^. 

The existence of a holomorphic extension to C\{0}, through metric connections on 
A^C^, can be proved analogously, having in consideration the parallelness of r(a)L" 
with respect to the connection 



Suppose L* immerses. Note that P{1) ^P(— 1) = 1) = Pv*PVi whilst, on the 
other hand, according to ([OO]) . P(l)^ip(-1) = P{1)-'^ pvP{l)pv- We conclude that 
pvPiiy^ = P{l)~^pv and, therefore, as pyV = V, that pvP{l)-'^V = P(l)-V. 
Equivalently, 



V* is the complexification of the central sphere congruence of A*. Denote the mean 
curvature sphere of L* by S* . In view of (|9.55p , the eigenspace of S* associated to the 
eigenvalue i is either 5*!^ or 5* . Suppose it is 5* . In that case, (A*)'^'-'^ = (L*nS'!^) AS** , 
which, in view of the complementarity of and S"* in C^, contradicts (|9.59p . Hence 
S"^ is the eigenspace of S* associated to i. The choice of notation is consistent. It 
follows, in particular, that the equalities (j9.54p are not merely formal either. 

9.3.2. Twisted vs. untwisted Backlund transformation of constrained 
Willmore surfaces in 4-space. Twisted Backlund transformation of constrained 
Willmore surfaces in 4-space is closely related to untwisted Backlund transformation. 
As we verify in this section, when twisted Backlund transformation parameters con- 
stitute untwisted Backlund transformation parameters, the corresponding twisted and 
untwisted Backlund transforms coincidePI 




-2 



r(a) o dy'^ o r(a) ^. 



□ 



V* = P(1)~V, 



In Appendix B below, we verify that twisted and untwisted Backlund transformation parameters 
conditions at a point are not equivalent. 
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Choose a non-zero a G C\S^ and a d^'^-parallel null line subbundle of A^C'^ 
such that, locally, T{a)L°' is never real, r(0)S'+ and r{oo)S- are complementary in C^, 
and condition (j9.3ip is satisfied. The existence of such a choice of is established 
in the next lemma. First observe that, according to (j9.33p . given w := vq + v+ + V- 
null, with vq £ T{S+ AS-), v+ £ T{a'^S+) and € T{a'^S-), pyw is orthogonal 
to w, at some point, if and only if, at that point, {vo,vo) = 0, or, equivalently, as 
A'^S+ n (a'^S-)^ = {0}, either t;+ = or = 0. 

Lemma 9.20. Let be a non-zero section of A^S- with (t;„,irr) ^ 1. Let vq be a 

section of S+ A S- with {vo,vo) = {v-,in) and {vo,vo) = j{v-,vZ). Define a null 
section of A^C'^ by := vq — ^~ + Let L" C A^C^ be a dy'^ -parallel null line 
bundle defined naturally by dy"^ -parallel transport of 1^, for some point p £ M . Then 
there is a (non-empty) open set where L" is never orthogonal to pvL°', L"' is never 
orthogonal to pvL" , T{a)L^ is never real and r(0)5'+ and r(oo)S'_ are complementary 
inC^. 

Proof. At the point p, is spanned by 1^. The fact that, at the point p, in 
particular, {vq, vq) is not zero establishes the non-orthogonality of L° and pvL" at this 
point. The non-reality of T(a)L" at p follows then, according to Lemma [9. 151 from the 
fact that I {vo,vo) |= {v-,vZ) ^ 1. Let tt± denote the orthogonal projection of A^C^ 
onto (r(a)L" © r(a)L")"'". The non-j-stability of r(0)S'+ at the point p is established, 
according to Lemma |9.17|, by the fact that {'7t±V-) ^ {tt±vZ), as we verify next. First 
of all, note that T(a)r = -^a-^vZ + vq + av-. Set X := {T{a)r ,T{ajl^ ) / 0. Then 
vZ = X"i(ur,r(a)/" )r(a)r + X-^{— ,t (a) l°)T{ajl^ + Tr_i_—, or, equivalently, 

{v-,vZ)^^XvZ = aa^^v- -|- (- | a -|- | a |^)~ 

- ^a^^vo -I- al^-l- {v-,in)~^XTr±in, 

and, therefore, 

{v-,vZ)^^X TT±in = —aa^^V--\--a^^vo — avo 

- I « + I " P -{v-,—)-^X)—. 
Hence the linear dependency of 7r±vZ and its complex conjugate implies, in particular, 

(9.61) aa~^ = aa~^ 
and 

(9.62) {^a-^ + a)v^={^a-^ -a)vo. 
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Condition (j9.6ip consists of the reality of c? ^ whereas equation (j9.62p forces, in partic- 
ular, 

(1 - 2a2)(l - 2o?) 
^°-(l + 2a2)(l + 2a2)^°- 

As vq is non-zero, we conclude that, if (vrxirr, 7r_|_f_) has rank 1, then ^"^"^ = ±1, 
which contradicts the fact that a is non-zero. 

Now consider projections vr-^ : A^C^ — > L", p^ja ■ A^C^ — > pvL" and ■n_\_t : 
A^C^ [L'^ © pyL")-*- with respect to the decomposition 

provided by the non-orthogonality of and pyL"^, consequent to the non-orthogonality 
of L° and pyL". Set 

a — a~^ lap —1 
A := = ' G M. 

a + a ^ I a p -|-1 

Then 

pvq{a)l°' = Apv'Kjiil°' + /3vvr_L' T + A~ 

and, therefore, 

(pyg(a)r,g(a)r) = A^{T,j^l'',pv^j^n 

+ (7r±'/", /oy 7r_L' r) 

At the point p, 

for some a,b £ C, and, therefore, 

7r_L/r = vo-{a + b)v^ - + a - &)~ + (1 + ^(a - b))v^. 

The orthogonality relations (vr_L//",Z") = = {7T±al°', pyl") establish then a = ^ and 
6 = |. It follows that, at the point p, 



2 



Ultimately, the fact that A is real, and, therefore, and A~'^ are positive, shows that, 
at p, 

{pvq{aT,q{a)n^^. 
The proof is complete by observing that the non-orthogonality of pvL°' and L", 
characterized by {pvl,l) 7^ 0, fixing / G r(L") non-zero, is an open condition on the 
points in M. And so is, similarly, the non-orthogonality of pvL°' and L". And so are 
the non-reality of T{a)L" and the non-j-stability of r(0)S'+, as observed previously. □ 
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For such a choice of parameters, we are in a position to refer to both R{X), as 
defined in the previous section, and {pq)~^{l)pq{^)- 

Proposition 9.21. 

(9.63) RiX) = {pqr\l){pq){X), 

for all X. 

The proof of the proposition is based on Lemma 16.281 

Proof. Equation (j9.63p holds for A = 1. The proof will consist of showing that := 
r*(A)~^ r(A^) T{X)q^^{X)p^^{X){pq){l) is holomorphic in (and, therefore, constant). 
For that, first note that, at most, ^ has simple poles at 0, oo,iba and ±a~^. The 
holomorphicity of ^ at 0, equivalent to the holomorphicity of t*(A)~^ r(A^) t(A) at 
A = 0, is already known to us, from the previous section, as well as the holomorphicity 
of ^ at A = CO. Observe, on the other hand, that we can decompose r(A^) as 



r(A2) = ri(A)r2(A) = r2(A)ri(A), 



for 



cv^^ onT(a)L^ 



and 



ri(A) :=I{ 



r2(A) ■.= I{ 



1 on (r(a)L" + r(a)L°) 

c'^^jr^ onr(a)L° 



X+a 



on r(a)L" 



1 on (T(a)L° + r(a)L°)- 



X+a 



-1 



X+a 



on r(a)L" 



with c := ^jz^- After appropriate changes of variable and having in consideration 
(j9.56p and (j9.57p . we conclude the holomorphicity of ^ at any of the other candidates 
for poles. □ 

Thus: 

Theorem 9.22. When both are defined, twisted Bdcklund transformation of parameters 
a,L" coincides with untwisted Bdcklund transformation of parameters a,L". 

Proposition l9.30] below provides a characterization, for the particular case is real, 
of untwisted Backlund transformations of parameters a, defining twisted Backlund 
transformations of the same parameters. 

9.3.3. Darboux transformation of constrained Willmore surfaces in 4- 
space. Characterized by the equation d*{Q + q) = 0, for some q G i7^(Endj(C^/L, L)) 
in certain conditions, a constrained Willmore surface L in 5^ ensures the existence of 
G G r(Endj(C^)) with dG = 2 * (Q + q), as well as the integrability of the Riccati 
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equation dT = pT{dG)T — dF + 4:pqT, for each p G M\{0}, fixing such a G and set- 
ting F := G — S. For a local solution T G T{Glj{C^)) of the p-Ricatti equation, we 
define the constrained Willmore Darhoux transform of L of parameters p, T by setting 
L := T^^L, and extend, in this way, the Darboux transformation of Willmore surfaces 
in presented in |12j to a transformation of constrained Willmore surfaces in 4-space. 

Consider G £ r(Endj(C'')) with 

dG = 2* (Q + q) 

(cf. Proposition I9.13P and set 

F ■.= G-S. 

For p £ ]R\{0}, consider the /o-Riccati equation 

(9.64) dT = pT{dG)T - dF + ApqT. 

Because L is g-constrained Willmore, we have 

dq=[Ms ^q]=Ms^q + q^ Ms, 
so that the integrability condition for equation (|9.64|) . 

= d{pT{dG)T - dF + ApqT) 

= pdT A {dG)T + pT{d^G)T - p T{dG) A dT - d^F + ApdqT - Apq A dT 
= p{pT{dG)T -dF + Ap qT) A {dG)T - p T{dG) A {pT{dG)T - dF + Ap qT) 

+ ApdqT - ApqA {pT{dG)T -dF + Ap qT) 
= -pdF A {dG)T + Ap^qT A {dG)T + pT{dG) AdF- Ap^T{dG) A qT 

+ Ap [Ms ^q]T- Ap^q A T{dG)T + ApqAdF 
= -pdF A {dG)T + pT{dG) AdF- Ap^T{dG) A qT + Ap[Ms A q]T + Apq A dF 

is, equivalently, characterized by 

= -Ap{*AA*Q + *AA*q + *qA*Q)T 

+ ApT{* Q A*A + *Q A*q + *q A*A) 

- Sp^T *{Q + q) AqT + 8pqA*{A + q) 

+ Ap{AAq + QAq + qAA + qA Q)T. 

Obviously, given oj and 7 1-forms with values in a same bundle over M, * toA^ = — w A* 7 
and, in particular, *a;A*7 = cijA7. Hence equation (j9.64p is integrable if and only if 

= -Ap * A A*QT + ApT{*Q A*A + *Q A*q + *q A*A) 

- 8p^T * {Q + q) A qT + 8pq A *iA + q) + Ap {Q A q + q A A)T. 
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We introduce now the concept of left and right-K and K type, which will prove very 
efficient in showing the vanishing of each of the terms above. Given ^ G r2^(End(C^)), 
we say that ^ is of left-K (respectively, right-K) type if * ^ = S*^ (respectively, = S,S), 
referring to left-K and right-K type in the case *^ = —5^ or, respectively, *^ = —^S. 
For example, q is of both left-K and right-ii' type, whilst A is of \eh-K type and, 
therefore, given that it anti-commutes with S, of right-X type, as well; whereas Q is 
of both \eh-K and right-i^ type. It is obvious that the Hodge * - operator preserves 
types. Observe also that, given of right-K (respectively, right-ii') type and ^2 of 
left-K (respectively, Mt-K) type, A ^2 = A = ^iS A S^2 = -^1 A ^2, and, 
therefore, ^1 A ^2 = 0. We conclude in this way the integrability of equation (|9.64|) . 
ensuring the existence, for each p G M\{0}, of a solution T G r(Endj(C^)). Observe 
that the Riccati equation (|9.64|) has a conserved quantity, namely, given a solution T, 
if (T - Sf{po) = {p^^ - 1)/, at some po e M, then 

(9.65) (T - Sf = (p-^ - 1)1 
everywhere. In fact, setting 

Xo := (T - sf - p-^I + 1 = T^ -TS - ST - p'^I, 

we have 

dXo = {(IT - dS){T - S) + {T - S){dT - dS) 

= {pT{dG)T -dF + ApqT - dS)T - {pT{dG)T - dF + ApqT - dS)S 
+ T{pT{dG)T -dF + ApqT - dS) - S{pT{dG)T - dF + ApqT - dS) 

or, equivalently, as dS = dG — dF, 

dXo = {pT{dG)T-dG + ApqT)T-{pT{dG)T-dG + ApqT)S 

+ T{pT{dG)T -dG + ApqT) - S{pT{dG)T - dG + ApqT) 
= pT{dG){T^ -TS- p-^I) + (T^ -ST- p~^I)p{dG)T 
+ ApTqT + 4pg(r2 -TS-ST- p~^I), 

having in consideration that S * Q = S{—SQ) = SQS = —{*Q)S and that, according 
to (lO^ . 

(9.66) S* q = -q = {*q)S. 
These relations make clear, on the other hand, that 

pT{dG)ST + pTS{dG)T = pT{-4q)T. 
We conclude that Xq solves the first order linear equation 

dX = pT{dG)X + Xp{dG)T + ApqX, 
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on X, and, therefore, that, if Xo(po) = at some pomt pq G M, then Xq = 0. It 
fohows that, by imposing, as initial condition. 



T{po) = Sipo) + / 



for some po S M, some choice of a/ p^^ — 1, and some subspace W{po) of C^, chosen 
as itself, in the case p < 1, and as a non-j-stable 2-plane, otherwise; we define a 
local solution T G r(Glj(C^)) of equation ()9.64p with a conserved quantity satisfying 
equation (|9.65p . For such a solution T of the p-Riccati equation (|9.64p . we define the 
constrained Willmore Darboux transform of L of parameters p, T by setting 

L := T-^L, 

for the section of Endj(C^) given by T^^{p) := T(p)~^, for all p. Observe that 
constrained Willmore Darboux transformation of parameters p, T with p < 1 is trivial. 
In fact, if p~^ — 1 > 0, then T = S + \l p~^ — 1 1, for one of the square roots of p~^ — 1, 
and, therefore, L = L, by equation (j9.1Up . Of course, since L is a j-stable 2-plane, so 
is L. As 

dT^i = -T-^{dT)T-^ = -pdG + T-\dF)T-^ - 4pT~\ 
and both Q and q vanish on L, whilst 

ImdF C L, 

we have 

{dT~^)L C L 

and, therefore, given / G r(L), 

d{T-'^l) + L = {dT-^)l + T-^dl + L = T'^dl + L, 
showing that the derivative (5 of L relates to the one of L by 

6 = T-^6T<. 

In particular, L is immersed. Equation (j9.65p establishes, in particular, 
= (T - S)^S - S{T - Sf = T^S - ST^ 



and, therefore. 

Thus 

Set then 



T^S = ST^. 
T-^ST = T-^ST'^T-^ = TST-^. 
S := TST-^ = T-'^ST, 
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which, as we verify next, consists of the mean curvature sphere of L. Obviously, SL = L 
and * 5 = S o 5. According to (j9.65|) . on the other hand, 

(9.67) = TS + ST + p-^I, 

so that 

S = T-\T^ -TS- p-^) = T-S- p-^T-^ = F + T-{G + p-^T'^) 
and then 

dS = p{T{dG)T + AqT) - {p-^T-\dF)T-^ - AT-\). 

As QL = = qL and Imq, 1mA C L, it is now clear that {dS)L C L, as well as, from 
S * Q = Q and S * A = -A, that 

SdS - *dS = pTS{dG)T + ApTST'^qT - p-^T-^S{dF)T-^ + AT'^Sq 
- pT* {dG)T -Ap* qT + p-^T-^(*dF)T-^ - AT'^ * q 
= Ap{TQT + TST~^qT -*qT). 

Thus (SdS — *dS)L = 0. This proves that S is the mean curvature sphere of L, as well 
as that the Hopf fields of L relate to the Hopf fields of L by 

Q = p{TQT + TST^^qT - *qT) 

and, in view of the fact that A = ^ * dS + Q, 

A = pTST~^qT -p* qT- pTqT + 2p*qT + p-^T-^AT-^ + p-^T'^qT-^ + 2T-^ * q. 

Aiming for a simpler relation between A and A, observe that, since dS is S'-anti- 
commuting, 

SdS = S{doS-Sod) = -{dS)S, 

dS reduces to the difference of the S'-anti-commuting parts of p{T{dG)T + AqT) and 
p-^T-^{dF)T-^ - AT-^q. The S'-anti-commuting part of T{dG)T is 

]^{T{dG)T + ST{dG)TS) = T{*Q + S * QS + * q + S * qS)T = 2T * QT, 

and, similarly, that of T^^{dF)T^^ is 2T^^ * AT^^; while the S'-anti-commuting parts 
of qT and T^^q are ^{qT + TST^^qST) and ^{T^^q + T^^ SqT^^ ST), respectively. It 
follows that 

dS = 2{*Q- {p-^T-^ * AT-^ - T-^q - T'^ * qT'^ST)) 
and, ultimately, that 

A = p-^T-^AT-^ -T^'^* q + T-^qT-^ST. 

Set 

q := T-^qT € n\End{C^/L, L)). 
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Theorem 9.23. L is a q- constrained Willmore surface in S"^. 

Proof. Obviously, Sq = * q = qS. As we have previously observed, the /S-anti- 
commuting part of d{F + T) = p(T{dG)T + 4gT) is 2 * Q. On the other hand, as 
commutes with 5, so does T"^, 

ST'^ = T-^T'^ST-^ = T-'^S, 

which, together with equation (|9.67p . shows that 

I = {TS + ST + p-^I)T-^ = T-^S + ST-^ + p-^T'^. 

Thus 

S{T{dG)T + AqT)S = TS{dG)ST + 4T(/ - T-^S - p^^T~^)qST 

= TS{dG)ST + A{TqST - SqST - p-^T-\ST). 

It follows that the S'-commuting part of d{F + T) is 

^{d{F + T)- Sd{F + T)S) = pT{*Q - S * QS + *q - S * qS)T 



Hence 



and, therefore. 



+ 2pqT - 2pT * qT + 2pSqST + IT'^qST 
= 2T^^ * qT 
= 2* q. 

d{F + T) = 2*iQ + q), 



d*{Q + q)= 0, 

completing the proof. □ 

We complete this section by noting that 

S+ = T-^S+ = TS+, S- = T-^S- = TS^ 

and, consequently, 

L+ = T-^L+, L^=T-^L_. 

9.3.4. Backlund transformation vs. Darboux transformation of con- 
strained Willmore surfaces in 4-space. Constrained Willmore Darboux transfor- 
mation of parameters p, T with p < 1 is trivial. We establish a correspondence between 
constrained Willmore Darboux transformation parameters T with /> > 1 and pairs 
a,L"; —a^pvL°^ of untwisted Backlund transformation parameters with real, and 
show that the corresponding transformations coincide. Non-trivial Darboux transfor- 
mation of constrained Willmore surfaces in 4-space is, in this way, established as a 
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Suppose p > 1 and T be constrained Willmore Darboux transformation parameters 
to L. Fix a choice of \/ — 1. Then 

T-S = ll "^ ^^ 

\ -VP-I - 1 onjW ' 

for some non-j-stable bundle W of 2-planes in C^. Set 

(9.68) q2 := 2i/Jx/p~i - 1 - 2p + 1. 

Lemma 9.24. T/ie bundle W is d^2 -parallel. 



Proof. For simphcity, set := \/ p"^ — 1 and X := T — S*. Note that 

= -2ipp-2p + l. 

Hence, according to Lemma 19.141 

= d + 2pp*{Q + q)-2p{Q + q) 
= d + pp dG + p * dG, 

as well as 

= d - ppdG + p *dG. 
On the one hand, straightforward computation establishes 

(pi - X) o dl,^^ o {X + pi) + {pi + X) o o (X - pi) = 

= 2p{dX + p{*dG)X + pp^dG - pX{dG)X - pX* dG), 
or, equivalently, 

(9.69) (pi - X) o df^^g o {X + pi) + {pi + X) o o {X - pi) = 2p{dX - $), 

for 

$ := pX{dG)X + /9[X, + {p- l)dG. 
On the other hand, in view of (j9.66p . together with S * Q = Q = —{* Q)S, we have 

$ = pT{dG)T - pT{dG)S - pS{dG)T + pS{dG)S 

+ pT * dG - pS *dG - p{*dG)T + p{*dG)S + pdG - dG 
= p T{dG)T + 2pTQ + 2pTq - 2pQT + 2pqT - 2p SQ - 2p Sq - 2pTQ 
- 2pTq + 2pSQ + 2pSq + 2pQT + 2pqT - 2pQS - 2p * q + 2pQS 
+ 2p* q — 2 * Q — 2 * q 
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and, therefore, 

(9.70) $ = pT{dG)T -dG + Ap qT, 

or, equivalently, dX = <I>. Thus 

{pi - X) o o {X + pi) + {pi + X) o df„2,g o {X - pi) = 0. 

Obviously, 

X + pi = 2pTTw, X — pi = —2p7rj]v, 
for TTw : ^ W and : jW projections with respect to the decomposition 

= We jW. It follows that, given a £ T{W), {pi - X) o dfa gCr = 0, or, equivalently, 

Xd^2^ga = pd^^2^ga, 

completing the proof. □ 



For either choice of a = Vc^, define a null line subbundle of A^C^ by 
(9.71) := r(Q)-i W. 

Note that = pvL°'- The d^2 ^-parallelness of W is equivalent to the d^'^-parallelness 
of The complementarity of W and jW in C'', jW ^ {f\^W)-^ = {0}, is equivalent 
to the non-reality of T{a)L°^. Observe that r(0) := 'f',/^ ^-(^,/^•^-l;y2^r{^) and T — S 
share eigenspaces: 

/ \/r~(0) onW 



r(0) 



Vra(0)-i onjW 



Fixing a choice of \/—p according to the choices of y^p ^ — 1 and y/r\Jfi), we get 
Vr'a(O) = V^{\/p~^ - l + «), and, consequently, y^rQ,(0) = ^/^{-^/ p~'^ - l + i). 
We conclude that 

(9.72) r{{)) = ,/^{T-S + i). 

Hence 

r(0)5+ = 5+, 

establishing, in particular, the non-j-stability of r(0)5+. 

Note that, since \/ p^^ — 1 and — y^p"^"^^ are complex conjugate of each other, 
is real. Thus a"^ is unit if and only = ±1, which, in view of p 7^ 1, is impossible. 
It is immediate to verify that is non-zero. 

Conversely, given a non-zero a G C\5^, with real, and a dy '^-parallel null 
line subbundle of A^C^, with T{a)L°' non-real, equation (j9.68p determines 
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as well as a choice of -y/ p^^ — 1, whereas equation (j9.7ip determines a non-j-stable 
d^2 ^-parallel bundle W of 2-planes in C^. Obviously, the pair (— a,pyL"^) determines 
the same pair {p, W). Set 

r:=// V^^^ +5. 

Observe that 



r(a) o o T(a)-i W = r(a) o 4'" o r(a)~i jW, 

the (i^2 ^-parallelness of W is equivalent to the parallelness of jW with respect to the 
connection 

r(a) o ° T(a)^i = T(a o '''' o r(a) = (if ~2 g- 
Given that is real, we conclude that jW is ^-parallel. It follows, in particular, 
that, for /i := — 1 and X := T — S , 

or, equivalently, 

(//I - X) o df^,, o{X + pI)=0 = (pi + X) O df_2,, o (X - ^/). 

Prom equations ()9.69p and ()9.70p - which derive solely from the fact that T satisfies 
equation (j9.65p . independently of T being a solution of equation (j9.64p or not - we 
conclude that T is a solution of p-Riccati equation (I9.64p (with a conserved quantity 
satisfying equation (j9.65p ). 

This correspondence between constrained Willmore Darboux transformation pa- 
rameters p,T with p > 1 and pairs q;,L"; —a,pvL" of untwisted Backlund transfor- 
mation parameters, with real, establishes, furthermore, a correspondence between 
transforms, as we verify next. 

Suppose that the parameters a, L° define an untwisted Backlund transform of L 
(i.e., that L* immerses). Following ()9.72p . and in view of 

lm{-S + i) C 

we conclude that, with respect to the decomposition of into the direct sum of 5+ 
and S^, 

7rs+r(0)r-iL+ = L+. 

Equivalently, 

TTs* r(cx))L+ = T~'^L+, 

with respect to the decomposition of into the direct sum of S'^ and 5* . In fact, 
given S r(L+), 7r5* r(oo)/+ is a section of T^^L^ if and only if, for some A S C, 
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r(cxD)/+ — AT ^l^ is a section of r(oo)S'„, or, equivalently, recalling (j9.40p . 

1+ = X7rs4r{0)T'H+). 
We conclude that L*_^_ = L+, or, equivalently, 

L* = L. 

If L* does not immerse, we define the untwisted Backlund transform of L of pa- 
rameters a, L" to be L. In this sense, we have just proven the following: 

Theorem 9.25. Constrained Willmore Darhoux transformation of parameters p, T 
with p > 1 is equivalent to untwisted Backlund transformation of parameters a, L° 
with o? real. Constrained Willmore Darhoux transformation of parameters p, T with 
p < 1 is trivial. 

In particular, twisted Backlund transforms of parameters a, with real, T{a)L°' 
non-real and r(0)S'+ non-j-stable, are constrained Willmore Darboux transforms. Next 
we examine what they correspond to under the correspondence established above be- 
tween untwisted Backlund transformation of parameters a, with real and con- 
strained Willmore Darboux transformation of parameters /?, T with p> 1. 

In what follows, let p, T be constrained Willmore Darboux transformation param- 
eters, with p > 1, and q,L" be corresponding untwisted Backlund transformation 
parameters, under the correspondence established above. 

Lemma 9.26. L° is orthogonal to pyL'^ o,t a point in M if and only if, at that point, 
either W f\ S+ ^ {Q] or I^ n 5_ / {0}. 

Before proceeding to the proof of the lemma, it is opportune to emphasize the 
following fact. 

Lemma 9.27. Let wi := + , W2 := W2 + W2 beaframeofWwithwf^T{S±), 
respectively, fori = 1,2. Then, at each point, Wr\S± 7^ {0} if and only ifw'fAw^ = 0, 
respectively. 

Proof. Let p be a point in M. Let w := awi + bw2 G '^{W), with a, 6 G r(C), 
be not-zero at p. Then w{p) is in S±{p) if and only if, at the point p, one has either 
6 7^ and w'2 = —^w^ or 6 = 7^ a and = 0, respectively. On the other 
hand, if, at p, wf A = 0, then either Wi{p) £ W{p) H S±{p), respectively, for some 
i = 1,2; or w'^{p) = Xwf{p), for some A E C\{0}, in which case —Xwi{p) + W2{p) S 
W{p) n 5'±(p)\{0}, respectively. 

□ 



Now we proceed to the proof of Lemma 19.261 
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Proof. Let wi := + ,W2 := + W2 be a frame of W with wf^ G r(5±), 
respectively, for i = 1,2. Recall that pv = ''"(—I)- At each point, the orthogonality of 
L" to pvL" is characterized by 

{p{wi A W2),wi A ^2) = 0, 

or, equivalently, 

(9.73) {w^ Aw:^,w^ AW2) = 0. 

On the other hand, at each point, equation (j9.73p holds if and only if either wf = 
or A = 0, which, according to Lemma [9.271 completes the proof. □ 



Lemma 9.28. If, at some point , n 5+ = {0} = W r\ S-, then, at that point, 
q-_ija (a)L" is not orthogonal to pvQ-^-ija {q)L'^ ■ 



Proof. Our argument is pointwise, so we work in a single fibre. 

Suppose n 5+ = {0} = W r\ S-. In that case, according to Lemma I9.26| is 
not orthogonal to pvL°', or, equivalently, (A^r(a)jVF) n (A^t(— = {0}, which 
characterizes the complementarity of T{a)jW and T{—a)jW in C^. Set A := _i 
and fix a choice of \/]4- Then 



■(a) = / 



\^ on T (a) jW 
\/A'^ onT{-a)jW 

Let wi := + ,W2 ■= W2 + W2 be a frame of W with wf G r(5-i-), respectively, 
for i = 1,2. is spanned by 

r := T{a)-\wiAw2) 

= a wf A W2 + wf A W2 + Wi A W2 + a^^w^ A W2 . 

The proof will consist of showing that {pvql", ql"') 7^ 0, or, equivalently, in view of the 
nullity of ql°^, that 

for : A^C"^ A^Sj^ and vr/^2 5_ : A^C^ — > A^S^ projections with respect to 

decomposition (j9.15p . 

Fix a choice of ^/a. Then 



r(a) 

whereas 



r(-a) = / 



^/oL ^ on 5+ 
^/a on S- 

i\foL^^ on 54 
—i^/a onS- 
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and, therefore, 

T{a)jW = {ui := ajwf + jwi,U2 := ajw^ + jw^), 

whereas 

T{—a)jW = {vi := —ajwi + jwi,V2 '■= —ajw2 + j'u;^). 
Given i = 1, 2 and , bf,cf,df e r(C) for which 

wf = afui + bfu2 + cfvi + dfv2, 

respectively, the fact that W (1 S-\- = {0} = n 5_, or, equivalently, 

(9.74) jwf A jwt jwi A , 
forces 

(9.75) 4 = a+, 4 = bf, c- = -a-, d" = -6". 
Hence 

qwf = afa{\/A^VA~^)jwl+af{\/A±VA~'^)jwY 

+ bfa{VA^ VA-^)jw+ + bf{VA±VA-^)jw2, 
respectively, for i = 1,2; and, therefore, 

qwfAqwf = {afbf-bfaf)a'^{VA^VA~^)'^jwfAjw^ 

+ {afb^ - bfa2)a{A - A^^){jwl A jw^ + jw^ ^jwt) 

+ {0.1^2 - ^f«2 ) W^^^'^ fjWi AjW2, 

respectively, as well as 

qwf A qw^ = {A- A~^){alb^ - bfa^){a'^jw'l A + jw^ A jw^) 

+ aafa~{{y/A-VA~^f - {VA + VA-'^f)jwf A jw^ 
+ a{a+b-{VA-VA-^f -b+a-iVA + VA-^f)jwt Ajw 
+ a{afb^iVA + VA-^f-bta^{VA-VA-^f)jw^Ajw 
+ ab+b^{{y/A-VA-^f - {\^+ VA-^f)jwt A jw^ , 
for i ^ k. It follows that 

and 

for 

X+ = a{VA + VA-^f{(4bt-btat) + a-\VA-VA-^f{aib2-b];a2 
+ {A- A-i)(a+62 - b+a^ + a^b+ - b^at) 
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and 

a''^X^ = a(^-^-i)2(a+6+-6+a+)+a-^(Vl+\/I"^)^(ar62 -6ra^) 
+ {A- A'^){alh^ - b^a^ + a^b^ - b^a^). 

According to (|9.74p . 

{jwf A jw^Jw^ A jw^) / 0, 

so that [pyql"', ql") vanishes if and only if X+ does. As is real, or, equiva- 

lently, a is either real or pure imaginary, we have 

4a±3 



and 

— a ^ 

respectively, whilst, depending, respectively, on a being real or pure imaginary, 

A- A-^ = 



— a 



Hence the orthogonality of pvql'^ to ql^ is characterized, equivalently, by the equation 

= Q2(a+6+-6+a^)2 + (a^ + a-^)(a]^6^-6]^a+)(a5"62 -^^^2) 
^ (a^ + a~^){a^b2 — 6^a^)(a^6^ — b^a^ + a-ibl^ — h'^a^) 
^ {a~^ + a){a^b2 — b^ a2){a^b2 — b^a^ + o|j'6^ — 6^a^) 
+ a^^{a^b2 — b^a2)^ + {aib2 — bfa2 + — 6]^a^)^, 

depending on a being real or pure imaginary, respectively. Observe now that, on the 
other hand, according to (|9.75p . 

= 2 {afiw^ + bfjw2), = 2a{a^jnv[ + b^jw^), 

and, therefore, 

jwf = -2 (a+ lUj" + 6+ w^), j^i;- = -2a (a" + 
for i = 1,2. It follows, in particular, that 



A jwj = 4 (afft^ - bjaj) A ^2 

and, consequently, that 



{jwf A jwf ,wf A tf^) = 4 (a^6^ — bfaf) {w^ A ^2 , wf A tf^), 
or, equivalently, 

n + h+ h+r,+ - 1 {W+ Aw+Jwf Ajwf) 



4 (ju^i A jti;2 , Ji^i A jwf) 
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Similarly, from 



we conclude that 

1 {w^ ^w2,jw'^ ^jw2) 



Aa'^ {jwf Ajw^Jw^ Ajw^) 
On the other hand, 



jw^ A = 4 a {a~la2 w^^ A wf + a]''62 A W2 + bi'a2 '"^2 '"^1' + ^i'^2 ^2 
showing that 

^+^- _ _ 1 («^^" A ti;^ , jwf A jti;^ ) 



2 



4a ( A jw^ , jiw^; A ju;^ ) ' 
as well as 

^+^- ^ J__ A W2,jw{ Ajw^) 

1 2 /Itt: , 



4a A jw^Jw^ A ju;2 
Similarly, the fact that 



A jf/;^ = 4a {a-^ at'^^i A + b2wf A 1^2 + ^1 02^'"^2^ A u/]^ + ^1 ^2^ '"^2^ ^'^2) 
establishes 

O2 



4.a [jwj A jw^ , jw^i A jw;2 ) 
and 

, - + 1 {w^ f\ , A 3W2) 

W "2 = 1=7-^ . I . _ r^— • 

4a A Aju;2) 

Set 

Y± := A W2,jw^ Ajw2), 

respectively, and 

Y := {wf A W2 , jw^ A jw2 ) + {wf A W2 , jw^ A j?J7^ ) 

+ A W2,jWi A jW2) + A W2,jwf AjW2)- 

It follows that pyP is orthogonal to ql"' if and only if 

a a^a 

depending on a being real or pure imaginary, respectively. But, obviously, depending 
on a being real or pure imaginary, respectively, 

= =±(a^ + a 5^ = ±(a + a ^). 

a a^a 

Set 

f := F + y+ + y_ = A u;2, J^i A jw2) / 0. 
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To complete the proof, we are left to verify that 

a'^Y^ + a~^Y^ + a'^V'^ + a^Y+{Y - Y+) + a'^YiY -Y) + a'^Y^iY - F_) ^ 0, 
or, equivalently, as Y is not zero, that 

a^Y+ + a-^Y + a~^Y_ / 0. 

According to (j9.7p . for i 7^ /c, 

A , A jw^ ) > 0, 

and, therefore, 

y > 0. 

On the other hand, the fact that n 5+ = {0} = W H or, equivalently, 

wf A W2 7^ 7^ tDjf A 11)2 , 
intervenes, yet again, to ensure, according to Remark 19.31 that 

y± > 0. 

The fact that G I^\{0} completes the proof. □ 
Lemma 9.29. The following are equivalent, respectively and pointwise: 

a) c ^^s±®s±^s^] 

Hi) A^S± n (L")^ / {0}. 

Proof. Since W has rank 2, or, equivalently, a'^W has rank 1, it is clear that 
W nS± ^ {0} if and only if A^W C A^S± e S± A S:^, respectively. The fact that 
r(a) preserves a'^S± and S± A S'zp establishes then the equivalence of i) and ii). The 
equivalence of ii) and Hi) is obvious, in view of the complementarity of 5"+ and S- in 
C^. Lastly, it is obvious that a subbundle of A^C^ is orthogonal to a'^S± if and only 
if its projection onto A^5zp, respectively, with respect to the decomposition (jQ.lSp . is 
zero. The fact that L" is a line bundle completes the proof. □ 

We refer to an untwisted Backlund transformation of parameters a, for which, 
locally, 

^ A^S+ eS+AS^ and ^ a'^S^ (BS+AS^, 

as regular; as well as to a constrained Willmore Darboux transformation of parameters 
p, T for which, locally, 

wns+ = {0} = wnS-, 

for W the eigenspace of T — 5 associated to the eigenvalue — 1. The regularity of 

an untwisted Backlund transformation of parameters a, with real is equivalent 
to the regularity of the corresponding Darboux transformation of parameters p, T with 



192 



A. C. QUINTINO 



p > 1. The fact that regularity can, equivalently, be characterized by 

a'^s+ n = {0} = A^^^ n (L")^ 

makes clear that it is an open condition on the points of M. 
According to Lemmas 19.261 and 19.281 we have: 

Proposition 9.30. An untwisted Bdcklund transformation of parameters a, with 
o? real defines a twisted Bdcklund transformation of parameters a, L°' if and only if it 
is regular. 

Hence, following Theorem I9.25t 

Proposition 9.31. Twisted Bdcklund transformation of parameters a, with o? real, 
T{a)L°' non-real and r(0)S'+ non-j-stable is equivalent to regular constrained Willmore 
Darboux transformation of parameters p, T with p > 1. 



APPENDIX A 



Hopf differential and umbilics 

According to (j5.2p . given z and lo holomorphic charts of (M, Ca), vanishes if and 
only if does. 

Proposition A.l. Suppose A C M^'^ is an isothermic surface in 3-space. Then, given 
Voo G M^'^ light-like, the umhilic points of the surface in S^^ defined by A are the points 
at which the Hopf differential of A vanishes. 

To prove the proposition, we start by estabUshing a relation between the Hopf 
differential of A and the (classical) Hopf differential of a^: 

Lemma A.2. Let v^o G M"+i'i be non-zero, Uoo be the surface defined by A in S^j^, 
and be a normal vector field to aoo- Let z be a holomorphic chart of M. Then 

(af„o = A(fc^Qe), 

for Q : Noo S*"*" the isometry defined in Section \2.^ and A G r(M) defined by = 

AcToo- 

Proof. Recall, yet again, that o'l^TS^^ consists of the orthogonal complement 
in M'^"'"-^'-^ of the non-degenerate bundle {(Too,Voo)- Let ttNoo denote the orthogonal 
projection of M""*"^'^ = d(Too(TM) eA^oo © (t'oo, ctoo) onto Noo- Following equation (f83|) . 
we have {{aoo)zz,S,) = {'n-Naoi'^oo)zz,S,) = (tt^x (croo)^^, QO- On the other hand, writing 

= AiToo with A G r(M), we have af^ = A(cJoo)2z + '2Xz{aoo)z + ^zzf^oo and, therefore, 

(A.l) ial,0 = KMzz,0, 

which, together with equation (18. 6p . completes the proof. □ 

Now suppose A C M ' is an isothermic surface in 3-space. Let Voo G M"^'^ be hght- 
like and cJoo be the surface in 5*^1^ defined by A. Cf. Theorem \S.(5l Uoo is isothermic. 
Let x,y be conformal curvature line coordinates of cJoo- Fix ^ G r{Nao) unit. Let A^o 
denote the shape operator of Uoo with respect to ^. Then 

for some ki,k2 G r(M), the principal curvatures of aoo, locally, in the domain of the 
chart z := x + iy oi M. In view of the conformality of the coordinates x and y, z is, up 
to a change of orientation in M, a holomorphic chart of (M, Ca). In these conditions: 
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Lemma A. 3. The (local) principal curvatures, ki and k2, of (t^o relate to the Hopf 
differential of K by 

e^{ki-k2) = A{k',Q0, 

with n G r(M). 

Proof. The fact that x,y are conformal, dx'^ + dy'^ G Ca 9 goo, estabhshes, in 
particular, 

for some u £ r(M), and, therefore, 

goo{AUS^),6^) - goo{Al^{dy),6y) = e"(A:i - fcs). 

On the other hand, according to equation (j2.2p . 

goo{Aio{Sx),Sx) - goc,{Ai^{5y),5y) = {U^{Sa;,6^),0 - {'noc,{Sy,6y),0- 

Since the conformal coordinates x,y are curvature line, it follows, by equation (jS.ip . 
that 

e^{ki -k2)= 4(noo(<5., <5,), e) = 4(7r^^ (doo).., 6, 
for ttat^ the orthogonal projection of U.^'^ = da^oiTM) © N^o ® {voo,croo) onto 

and, consequently, e'^{ki — k2) = ^{{(^oo)zz,0- Now write cr^ = Afioo, with A G r(M). 
By equation (jA.ip . we get e"(/ci — ^2) = 4A^-'^(o"f^, ^) and the conclusion follows then 
from Lemma |A.2[ □ 

Proposition lA.ll follows. 



APPENDIX B 



Twisted vs. untwisted Backlund transformation 

parameters 

Twisted and untwisted Backlund transformation parameters conditions at a point 
are not equivalent. On the one hand, the choice of L°' as a null line bundle defined 
naturally by '^-parallel transport of Ip, for a non-zero section of A^S'^ and p a 
point in M, establishes the existence of untwisted Backlund transformation parameters 
a, L", at the point p, with pvL°^ orthogonal to at p. On the other hand, the choice 
of -L" as a null line bundle defined naturally by dy ''-parallel transport of 1^, for some 
point p £ M and some 

r := VO + V+ + V- G T{^^<C^) with vq € T{S+ A 5_) purely 
imaginary unit, V- E T{/\^S-) with 

(B.l) {v^,—) = ]^\a\-\ 

and i;+ = — ^ establishes the existence of twisted Backlund transforma- 

tion parameters a^LP^ ^ at the point p, with T{a)L" real at p. Indeed, the conditions 
on vq, V- and v+ ensure immediately the non-orthogonality of and pvL'^ and the 
reality of t{q)L°^, at the point p, which, together, ensure the non-orthogonality of 
and pvL"^ at p, as we verify next. We work in the fibre at p. Computation shows that, 
as L° is null and not orthogonal to 



for 



q{a)l" =Vo + Xqv^ + X^v^ + X+— 



2{vQ,vo) 2(i;o,i;o) 8(t;_,— ) 



^ ^ I [vo^Vq) ? {vo,Vo) In 1 

46(i;_,— )2 4(i;_,— ) 4^ 2 



(f_,f_)2 16(f_,i;_)2 4(t;_,t;_) 4' 



The intervention of the reahty of T{a)L°' is dehberately left to the next stage. 
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and 

^ 2{vo,vo) 2{vo,vo) 8{v^,~) {vo,vo) 

{vo,vo) ^ {vq,vo) ^^.i^ {vo,vo) ^ {vo,vo) ^ iv-,in). 



2{v-,v-) 4iv-,v-) 2{vo,vq) 8{v-,v-) 2(wo,wo) 

and, therefore, 



4(?;_,— ) 32(w_,— )2 

_ {vo,voy + (^-,^)^ 3(^0, -;;o) _ {vo,voy{vo,vo) 
(^;^ 2 16(^;_,— )2 

_^ ^^-2 (^0^^)^ + 2{vo,v^){v^,—) + (i'-,~)2 ^ 

2(wo,i'o) 

■ _2 (t'0,^^o) .-2 (^0>^o)(^0'^) , .-2 (^0'^o)^(^0>^o) 
^ 4 ^ 4(^;_,— ) ^ 32(?;_,— )2 ' 

with 

a — a ~^ lap —1 
a + a ^ I a 1^ +1 

On the other hand, in view of the reahty of T(a)/", or, equivalently, of the fact that vq 
is a purely imaginary unit, together with equation (jB.ip . the coefficients Xq, X„ and 
simplify to 

Xo + 1 = I a |-i +1 I a 1)^ - A-\^ \ a -\ \ a \f , 
X.=A{\\a\^ +\? + A-\\\a\^-\f 

and 

X+ = A{\ I a +\ I a 1)^ + ^-1(1 I a | | a rl)^ 
respectively. In that case, 

(^^0, vo)-\pvq{aT, q{a)n = (Xq + 1)^+ \ a \-^ X_X+, 

whilst the reality of A ensures the reality of Xq, as well as the positiveness of X_X+, 
leading us to conclude that 

(pv9(a)r,g(a)r)/0. 
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